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Abstract

This paper studies the effects of investment choice between assets of varying lig-
uidity. Omne type of investment is more liquid, i.e., its return is more pledgeable,
and the other is more productive. I characterize competitive equilibria and study how
exogenous changes in liquidities of investments affect interest rate and investment com-
position. Relative change in liquidities rather than the absolute changes determines
the nature of effect on interest rate and investment composition. The steady state
equilibrium interest rate decreases (increases) when the liquidity of the productive
(liquid) type goes up. I discuss an application to the effect of changes in contracting
technology via securitization on U.S. real interest rate. Competitive equilibria may be
constrained inefficient and the inefficiency is due to the endogeneity of entrepreneurs’
choice between liquidity and return. This endogeneity leads to a pecuniary externality
in portfolio decisions of entrepreneurs. When liquidities of both types are low this ex-
ternality leads to inefficiently liquid equilibria with negative interest rate, that is, one
less than the economy’s growth rate. For the inefficient equilibria, a negative interest
rate indicates that the interest rate is in fact too high. In this case lowering the interest
rate further can make Pareto improvement. I show how government regulation of the
investment portfolios can achieve efficiency. Introducing government bonds does not
help, even lowering steady state welfare, when they raise the interest rate. Government

bonds make Pareto improvement only when they do not change the interest rate.
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1 Introduction

Effects of illiquidity® on allocation of resources, both in the short and long run, is a major
theme in macroeconomics. It encompasses a wide spectrum of issues, from positive effects of
financial development on investment and interest rate to normative consequences of public
liquidity provision policies. Critical in all these is how the aggregate level of liquidity and
its allocation respond to various types of institutional changes or macroeconomic policies.
Hence a key factor is how much resources private agents allocate to liquid as opposed to
illiquid investments given the prices and possibly other macroeconomic conditions.

This paper studies a model of liquidity choice where private agents invest in projects with
varying liquidity. Agents face a trade off between liquidity and return to their investment
portfolios. I analyze competitive equilibria and show that the decentralized allocation may
become inefficiently liquid.? Inefficiency arises because prices influence liquidity choice of
agents in need of external finance, whose portfolios have limited pledgeability, by affecting
how much they end up pledging to outside investors. I investigate whether and how a
planner can improve social welfare by regulating the private sector or by other means such as
introducing government bonds when the competitive equilibrium is inefficient. Competitive
equilibria are shown to have positive properties that provide new insights on how financial
development affects interest rate and investment in an economy. Nature of these effects
depends crucially on relative changes in liquidity of different types of investments, rather
than the absolute changes.

The model economy consists of overlapping generations of entrepreneurs who live for
three periods: young, middle aged and old. There is a continuum of each generation present
in each period and there are no aggregate or idiosyncratic risks in the economy. When
young, entrepreneurs receive a fixed endowment of perishable consumption good (and noth-
ing thereafter) which cannot be stored. Middle aged entrepreneurs have an opportunity to
invest in a portfolio of investments. There are two types of constant return to scale invest-
ment technologies: one is more productive and has a higher return per unit of investment

(productive type) and the other has a higher pledgeable return per unit of investment (liquid

IThe term “liquidity” here refers to the ability to transfer wealth across different time periods by pledging
the returns to a real or financial investment. In other words, my focus is on an intertemporal notion of
liquidity or, using the terminology of Brunnermeier and Pedersen (2009), funding liquidity. I use the term
“liquidity” to mean “pledgeability” throughout the paper, unless otherwise stated.

2Throughout, the term efficiency means constrained efficiency. “Constrained” means that the social
planner faces the same constraints, i.e. limited pledgeability, as the private agents do.



type), that is, a bigger part of its return can be credibly used as collateral.> Middle aged
uses her wealth which is the principal and interest on the loan she made when young to the
middle aged in the previous period (current old) plus funds she borrows from the young in
the current period. There is a competitive credit market in every period in which borrowing
by the middle aged is constrained by the total amount of pledgeable return to her investment
portfolio. Higher wealth as well as a more liquid portfolio allows the middle aged to borrow
more from the young. Hence a liquid portfolio allows for a bigger investment size while a
productive one raises the average return to the investment. Finally, entrepreneurs consume
only when old.

I characterize the competitive equilibrium and the steady state and study their posi-
tive properties. More specifically, I do comparative statics with respect to liquidities of the
two types of investments to see how they affect equilibrium prices and quantities. Con-
tracting technology, contract enforcement, corporate governance and bankruptcy laws affect
liquidity of investments. Hence these comparative statics have positive implications about
how changes in contracting technology, contract enforcement, corporate governance and
bankruptcy laws affect aggregate macroeconomic variables. I show that an increase in the
liquidity of the less (more) liquid type of investment leads to a lower (higher) steady state
interest rate. This asymmetric interest rate effect is precisely due to heterogeneity as in
the benchmark model without heterogeneity, an increase in the liquidity of the investment
always leads to a higher steady state interest rate. This interest rate effect can be under-
stood as follows. An increase in the liquidity of the productive type has two effects. First,
for any given investment portfolio, it increases the liquidity of that portfolio which, in turn,
raises the investment demand and the interest rate. Second, an increase in the liquidity of
the productive type makes the productive type more attractive to investors. This leads the
investors to substitute away from the liquid type into the productive but still less liquid
type which reduces the interest rate. It turns out that the second effect, i.e. the substitution
effect, dominates the first one and so the steady state interest rate falls as the liquidity of
the productive type increases.

This interest rate effect is consistent with the decline of the real interest rates in U.S.
since 1990s as documented by Caballero et al. (2008). A series of financial innovations and

regulatory reforms that took effect in late 1980s and early 1990s, led to a dramatic expansion

3T use the concept of pledgeability of return in the sense used in Farhi and Tirole (2009, 2010a,b). This
concept is also close to the extent of frictions in bilateral commitments in Kiyotaki and Moore (2002, 2005,
2008).



in securitization of residential mortgages and sale of mostly illiquid loans in the secondary
market. The growth in securitization, as a new contracting technology, made productive
but less liquid investments more liquid which, through the lens of this model, depressed the
interest rate.? Caballero et al. (2008) provide a prominent explanation for the decline of the
real rates in U.S. after 1990s. This model provides a complementary explanation to theirs.

The trade off between liquidity and return presented in this paper is, to the best of my
knowledge, a novel source of inefficiency in private liquidity provision which has not been
explored and studied explicitly in previous works. I show that the trade off between liquidity
and return gives rise to an externality in the private portfolio choices of the entrepreneurs
that works through the interest rate. When entrepreneurs have relatively low initial wealth,
they might end up investing too much in the liquid type of investment while the efficient
allocation requires investing only in the productive type. Investment in the liquid type when
entrepreneurs have low initial wealth does not bid up the equilibrium interest rate sufficiently
to make this inefficient investment unprofitable. In general equilibrium, however, the initial
wealth of each generation of investing entrepreneurs is endogenously determined. Low initial
wealth is an equilibrium outcome when liquidities of both types are relatively low since a low
fraction of the returns to investment in any period can be invested by future entrepreneurs.
Hence, when liquidities are low this externality can lead to inefficiently liquid equilibria.

Similar to Lorenzoni (2008) this externality is pecuniary and acts through the borrowing
constraints. One difference is that the externality in this paper works through an intertem-
poral price, i.e., the interest rate. Moreover the inefficient sale of productive assets in an
environment with aggregate uncertainty, is the key in Lorenzoni (2008) that leads to an
externality, while here, it is the demand for investible resources in an economy without any
uncertainty that entails an inefficient outcome.

I further study some important properties of inefficient equilibria. I show that in an
inefficiently liquid steady state, interest rate is non positive (not higher than the growth
rate). This is because, the inefficiently liquid steady state equilibria arise when both types
of investment have relatively low liquidity. There are three differences between the type
of inefficiency discussed in this paper and the inefficiency in the traditional overinvestment
models of overlapping generations, e.g. Diamond (1965). First, there exist inefficiently
liquid equilibria with a zero interest rate in steady state. In contrast, an equilibrium with

zero interest rate cannot be inefficient in the traditional models. Second, a negative® (lower

4For a discussion of financial innovations, regulatory reforms and their effects on the mortgage market
look at Gerardi et al. (2010).
5Note that there is no growth in either the endowments or population of the agents in this model. However,



than the growth rate) interest rate in the traditional models is indicative of inefficiency while
an equilibrium with negative interest rate can be efficient in this model. Third, and most
importantly, a Pareto improvement in an inefficiently liquid equilibrium induces an even
more negative interest rate. In traditional overinvestment models an interest rate below the
growth rate of the output must be raised to make a Pareto improvement. In contrast, a
negative interest rate in an inefficiently liquid equilibrium indicates that the interest rate is
in fact too high. Hence, a Pareto improvement leads to an even more negative interest rate.
This implies that the level of the interest rate can be a misleading indicator in determining
the type of inefficiency in the economy and the direction of the policy response.

Finally, I study the role of macroeconomic policy. I show that, given an inefficient
equilibrium, a planner can achieve efficiency, i.e. a point on the Pareto frontier, by regulating
the fraction of resources that is invested in the liquid type by entrepreneurs. I also study
the welfare effects of an important class of public liquidity, i.e. government bonds. I assume
that government bonds are fully liquid due to the ability of government to tax. I show that
government bonds can make Pareto improvement only for inefficient equilibria where there
is strictly positive investment in both types in the long run. In this case, government bonds
crowd out the liquid type and crowd in the productive type so that the demand for funds and
hence the interest rate remains unchanged in equilibrium. Entrepreneurs can substitute fully
liquid government bonds for the liquid type to gain extra amount of pledgeable return which
can be used to borrow more funds that can be invested in the productive type. Since the
interest rate does not increase, entrepreneurs’ return goes up while their debt payment stays
the same. This increases entrepreneurs’ consumption and leads to Pareto improvement.

The trade off between liquidity and return can be observed in both real and financial
sectors. First, consider investments in the real sector. Bigger and more mature firms tend
to have lower cost of external financing, i.e., their investment is more liquid, due, for in-
stance, to their reputation and higher value of their collateral while smaller firms within the
same industry grow faster and face costlier external financing. High tech startups, e.g., I'T
ventures, can provide another example in this regard; they have higher returns relative to
less knowledge intensive firms but are subject to many kinds of agency problems because of
the very new and advanced nature of their technology which generally result in a very low

borrowing capacity.® The same trade off can be observed when a firm can invest in different

all results of the paper survive a positive growth in endowments or population.
60f course ventures have much riskier payoff as well, but note that riskiness per se does not lead to
illiquidity of the investment.



types of projects: to build a new plant, i.e., accumulate more physical capital, or to invest
more in the specific human capital in the same plant, i.e., accumulate more organizational
capital. The latter option creates less collateralizable assets” and is therefore less liquid but
may have a higher return to investment. Financial sector can also provide examples of this
trade off. A bank that can make different types of loans which need different levels of spe-
cific monitoring skills to collect their payments is an example. Loans that needs higher skills
become less liquid. This is because monitoring makes these loans more specific to the bank
and makes it more difficult to sell them in the secondary market. Moreover, more intensive
monitoring may generate private information about the type of investment or investors for
the bank. Private information can lead to adverse selection and hence lower liquidity of the

loan. ®

1.1 Related Literature

Farhi and Tirole (2010a) is closely related to this paper and is used as a benchmark for
the analysis. Model structure is the same and the only difference is that in this paper
entrepreneurs have access to different types of investments with different liquidity. Het-
erogeneity in investment types leads to different positive and normative results that are
complementary to the ones obtained in Farhi and Tirole (2010a). The way limited pledge-
ability is modeled in this paper is similar to Farhi and Tirole (2009, 2010b) and Matsuyama
(2007) while it has a close connection to Holmstrom and Tirole (1998) and Kiyotaki and
Moore (2002, 2005, 2008).

Normative results in this paper are in contrast with those of Woodford (1990) and Holm-
strom and Tirole (1998). Low liquidity generated by the private sector is at the heart of
inefficiency in Woodford (1990) and Holmstrom and Tirole (1998). Their policy recom-
mendation, therefore, is to create more liquidity by introducing government bonds into the
economy to achieve efficiency. In this paper, too much liquidity is what makes the decen-
tralized allocation inefficient. Hence government bonds have a very different, potentially an
opposite, effect on the welfare. The nature of inefficiency also differs from that of Diamond
(1965). A negative interest rate, i.e., one that is less than economy’s growth rate, in Dia-

mond (1965) implies that the interest rate is too low. In contrast, a negative interest rate in

"This can be due to more specificity of organizational capital or because of the inalienability of the human
capital as suggested by Hart and Moore (1994).

8For the role of loan specificity see Diamond and Rajan (2001). For an explicit model on monitoring that
leads to adverse selection see Parlour and Plantin (2008).



an inefficient equilibrium in this paper indicates that the interest rate is in fact too high.

Similar to this paper, Kehoe and Levine (1993) and Lorenzoni (2008) feature pecuniary
externality as the source of inefficiency in the credit market. Pecuniary externality in these
models arise because prices, e.g., asset prices, spot prices or interest rate, appear in con-
straints different from the budget constraint.

There is a substantive literature on the macroeconomic implications of liquidity provision
by the private sector. Most of this literature ignores heterogeneous assets with differing
liquidity and liquidity choice by private agents. In models without this kind of heterogeneity,
as in Farhi and Tirole (2010a) and Woodford (1990), an exogenous increase in the liquidity
of investment leads to higher interest rate. In this model, an increase in the liquidity of the
productive (illiquid) investment can lower the interest rate. Public liquidity, e.g, government
bonds, also has different effects on the private investment and the interest rate in the two
models.

Matsuyama (2007) studies a model with heterogenous assets of different liquidity. In
contrast to this paper, Matsuyama (2007) assumes that each investment project has a fixed
size and each entrepreneur can invest only in one type of project. Matsuyama (2007) focuses
on the dynamics of aggregate credit and capital stock when investment composition plays
an important role for given returns and liquidities of investment. The goal of this paper,
however, is to study normative implications of heterogeneity in investment liquidity as well as
the effects of exogenous changes in liquidity of investment on the economy. There are also two
different types of assets with different liquidity in Giglio and Severo (2010), namely tangible
and intangible capital. The paper develops a model to study how an increasing importance
of intangibles in production in developed countries can lead to asset price bubbles. Only
tangible capital can be used as a collateral for investment which leads to overaccumulation
of physical capital and a low interest rate. In this environment asset price bubbles can be
sustained. The liquid and illiquid capitals in Giglio and Severo (2010) are used in a Cobb-
Douglas production technology. This implies that there is a high degree of complementarity
between the two. In this paper, however, the liquid and illiquid types are perfect substitutes.
Hence Giglio and Severo (2010) is closer to an economy with one type of asset, e.g., Farhi
and Tirole (2010a), than this paper.

The paper proceeds as follows. Section 2 describes the model and characterize compet-
itive equilibria and the steady states. Section 3 discusses positive properties of equilibria,
its interpretations and applications. Section 4 studies the efficiency of competitive equilib-

ria and how a planner can Pareto improve the competitive equilibrium allocation when it



is inefficient. In Section 5, I introduce government bonds and analyze their positive and

normative implications. Finally, Section 6 concludes.

2 Model

2.1 Agents, Preferences and Technology

The model economy is an overlapping generations of entrepreneurs without any kind of
uncertainty. Each individual lives for three periods and there is a unit measure of each
of young, middle aged and old cohorts in each period. Each entrepreneur receives a fixed
endowment e > 0 of non-storable and homogenous consumption good when young and no
endowment thereafter and consumes only when she is old.

The choice of overlapping generations is mainly for simplicity and tractability. One can
think of the agents in this economy as firms in the real or financial sectors facing alternating
investment opportunities and borrowing constraints. The main feature of the model is the
ability of these firms to choose a portfolio of investment projects while pledging the return
to their portfolio to outside investors, i.e., non investing firms with otherwise idle resources.
In this sense, this model is similar to Kiyotaki and Moore (2002) and Kiyotaki and Moore
(2005) and has a close connection with Woodford (1990).

At any period the middle aged has the opportunity to invest in two types of investments
which pay off in the next period. Investments differ in their return and liquidity. Investment
of type j € {1,2} has a constant return to scale of R; and an amount #; R; of the return can
be pledged to the investors. Limited pledgeability of return can arise in many contexts and
for a number of different reasons including moral hazard and limited commitment. Following
Kiyotaki and Moore (2002, 2005, 2008) and Farhi and Tirole (2009, 2010a,b), I summarize all
these frictions in the variable 0;, j € {1,2}. Irefer to 6, R; as “liquidity” of type j investment.
However when (R;, Ry) are fixed and within the appropriate region of parameters, I refer
to 6;,7 € {1,2} as well as 0;R;,7 € {1,2} as liquidity of type j investment. I make the

following assumption about the return and liquidity of investments:

ASSUMPTION 1. Ry > Rs > 1 and 01 R; < 05R, < 1.

Assumption 1 is made for two purposes. First, it guarantees the existence of the com-
petitive equilibrium and the stability of the steady state. Second, it captures the trade off

between liquidity and return across the two types of investments; type one investment is



more productive but less liquid while type two is more liquid and less productive. It is help-
ful for future analysis to define a benchmark economy in which there is no trade off between

the two types:

DEFINITION 1. The Benchmark Economy is an economy where Ry > Ry > 1 and
1> 91R1 > 92R2.

Note that in the benchmark economy, type one investment dominates type two both in
terms of liquidity and return. This implies that entrepreneurs never invest in type two in
equilibrium and so the economy collapses to one with a single type of investment similar
to Farhi and Tirole (2010a). The benchmark economy is used throughout to provide better

understanding of the positive and normative analysis.

2.2 Problem of the Middle Aged Entrepreneurs

In each period a competitive credit market opens up where young and middle aged en-
trepreneurs can lend and borrow. Every young born at period ¢ > 0 inelastically supplies all
her endowments in the capital market. The middle aged at time ¢ who has transferred funds
from period ¢ — 1 by investing in the projects of middle aged at ¢ — 1, demands additional
funds from the young constrained by the limited pledgeability of her investment portfolio.
She chooses her optimal investment portfolio given the ongoing interest rate r, and resources
that has been transferred from period ¢ — 1 to period ¢.

Let zq; and xo; denote investments in types 1 and 2 and i; denotes the new funds raised
by the middle aged at ¢ using the resources of young entrepreneurs in period t. Given the

interest rate r;, a middle aged entrepreneur at ¢ solves the following problem:

Cip1 = max Ryxy + Roxoy — (1 + 1)y (I)

it,21¢,22¢ >0

s.t. T1¢ + Loy < (1+Tt_1)€+it,

(1 + Tt)it S 91R1$1t + 92R2x2t .

The first constraint in the maximization above is the resource constraint of the middle
aged entrepreneur. (1 4 r;_j)e is transferred from period t — 1 to t by the middle aged
entrepreneur through investing her endowment e, in the projects of middle aged of period
t — 1. The second term, i, is the total external funds that the middle aged at ¢ raises by

borrowing from the young entrepreneurs at ¢. The second constraint is the manifestation of



the limited pledgeability of the investments; the middle aged entrepreneur can not borrow
more than what she can credibly commit to pay in period ¢t 4+ 1. For type j € {1,2} the
maximum that can be credibly promised to the lenders is 6;R;z;; and so the total amount
of pledgeable return is given by the right hand side of the second constraint. Finally, 7,
denotes the consumption of the old entrepreneur in period ¢ + 1.

The resource constraint is always binding in I. If the interest rate is not too high, the
borrowing constraint has to be binding as well. In this case one can eliminate xy; and z9; in

the above problem and reach the following reduced form:

LEMMA 1. In any competitive equilibrium where 141, < Ry for allt, the borrowing constraint
of the middle aged entrepreneur binds in every period. Moreover the problem of the middle

aged entrepreneur can be written in the following form:

max A0, R;ry)i, + ®(0, R;1_q)e (1)
011 (14 14-1) e<i, < O2Ro(1+141) ¢
1—|—Tt—91R1 1‘|‘Tt_92R2

where,

A0, R: 1) (W) _ <(1 —01)R; — (1—0a)R,

1
022 — O R 0oy — O Ry ) (L+72),

(02 — 61) Fa iy 91)3132) (14 req).

OO, R;ry 1) = < 6T — 0.

The bold symbols (8, R) is the vector of liquidities and returns of the two types of investments,
z'.e., (91, 92, Rl, RQ)

In Lemma 1 the term A is the net marginal (and average) return to increasing investment
size i; when borrowing constraint is binding. The two bounds in the constraint of problem
IT corresponds to the two limits; when 4, hits the lower bound the entrepreneur invests only
in type one or the productive investment and when it hits the upper bound only in type two
which is the liquid investment, depending on the sign of A. Define r5(0, R) as the (gross)

interest rate in period t that makes A equal to zero:

(02 — 01)R1 Ry
(1—60)R; — (1 —62)Ry " (1)

1—|—TA(0,R)



Then the entrepreneurs’ optimal liquidity demand is characterized as follows:

(i = (e . o< mal0.R),

. 0 Ti— 0 Tt— i

e () e (S ) o] - itr=rao.R), @
. (01Ri(1+r—1) i
(U= (ﬁ) € if 7 > r2(6, R).

Figure 1 is an illustration of middle aged demand for funds given by 2 and the inelastic
supply of funds by the young entrepreneurs at time t. Wealth of the middle aged at t is
wy—1 = (1 + r;_1)e which is determined in period ¢t — 1. As the figure shows, middle aged
entrepreneurs specialize in type one or two when the supply curve crosses the demand on
its left or right arms respectively. Entrepreneurs mix if the intersection happens on the flat
part of the demand curve, characterized by r, = r,(0, R). A higher period t — 1 interest
rate, i.e. higher w;_;, makes the two arms of the demand curve shift to the right but has no

effect on its flat segment.

2.3 Competitive Equilibrium
In each period there is a fixed supply of funds e. Market clearing condition dictates:

ii=e, Yt>0. (3)

Combining market clearing 3 and the optimal investment decision of the middle aged en-

trepreneur 2, I derive the optimal path of the interest rates at any competitive equilibrium:

92R2(2 + Tt—l) —1 if 92R2(2 -+ Tt—l) —-1< TA(G, R) ,

Ty = 91R1(2 —+ Tt—l) —1 lf 91R1(2 -+ Tt—l) —-1> TA(G, R) y (4)

| A (0, R) otherwise

10



Supply and Demand for Funds

S —
1y =ce

Tt

it

Figure 1: Supply (red) and demand (blue) for funds at any period ¢ as a function of the
interest rate. w;_; denotes the wealth of the middle aged, i.e. (1 + 7,_1)e. The two arms on
the demand curve correspond to investing only in type 1 or 2. The flat segment in between
corresponds to r; = 75 (0, R) where entrepreneurs mix.

Using the middle condition in 2, the dynamic upper and lower bounds on the interest rate

is:
91R1(2+7’t—1)_1§7ﬂt §92R2(2+Tt_1)—1. (5)
Now, I can define a competitive equilibrium:

DEFINITION 2. A competitive equilibrium is a sequence {iz, X1z, Tog, T}, of investments
and interest rates and an initial value of r_q that satisfy conditions 1 to 5, x1; and xo solve
problem I and 1+ r, < Ry for allt > 0.

Using market clearing 3, the optimal investment decisions in 2 and the borrowing con-

straint, one can compute the composition of the aggregate investment portfolio of the middle

11



aged entrepreneurs at any date as follows:

;

ZL’lt:O,l’gt:(Q—l—’f’t_l)e if rt<rA(9,R),

- (e .
ro = (OGRS ) e i r=ra(0. R),

T = (2+7r-1)e,x9 =0 if r,>1r\(0,R).

\

Entrepreneurs specialize in the productive type when interest rate is relatively high and
invest only in the liquid type when the interest rate is relatively low. When r; = r, (60, R)
entrepreneurs mix in which case individual’s investment composition is indeterminate but
the aggregate investment composition is determined.

Before showing the existence and uniqueness of the competitive equilibrium it is useful
to first characterize the steady state equilibria. To this end, let me define the following three

regions of the parameter space:

DEFINITION 3. Define I as the set of (0, R) that satisfies Assumption 1 and also -2 <

1—0, Ry
Ry. Then the three regions of ' are defined as follows:

Liquid Region is defined as Fy = {(0, R) € F| ( b1y ) < < b1ty ) < (14rx(0,R))}.

1-01R1 1-62R2

Mixed Region is defined as F,, = {(6, R) € F| < 01l ) < (147r(0,R)) < < 0212 >}

1—61R1 1_62R2

[liquid Region is defined as F; = {(0, R) € F|(1+7r,(0,R)) < ( 0111 ) < ( 02 Ry >}

1-601 Ry 1-02R>

Notice that all three regions, F, F}, and F; have nonempty interiors. In the definition

above I require that elements of F satisfy an additional condition namely, 1310?11%1 < Ry. This
condition is to ensure that the steady state interest rate in the ulliquid region is strictly below
R, so that the borrowing constraint is binding in the steady state.’ This particular partition
of F' is important because each region has a unique and different steady state equilibrium

with different characteristics as suggested by the following lemma:

9When 1319R}1% > R;, an steady state equilibria exists in the illiquid region where the borrowing constraint

does not bind.1 1111 this steady state equilibrium 1 + r* = R;.

12



LEMMA 2. FEach of the three regions in Definition 3 has a unique and stable steady state

equilibrium. More specifically:

it = (k) 1 WO.R)ER.

ri =ry(0, R) if (0,R) € F,,.

m

e = (95 ) -1 #O.R)€F.

\

Moreover at the steady state, the entrepreneurs specialize in the liquid and productive type
of investments in regions Fy and F; respectively. Entrepreneurs invest in both types in F,,

where the amounts of each type is given by 6.

Having the steady state equilibria characterized in Lemma 2, I close this subsection
by the following proposition that establishes the existence and uniqueness of competitive

equilibrium:

PROPOSITION 1. Given any (0, R) € F, and an initial condition 1 +r_; < Ry, there exists
a unique competitive equilibrium that converges to the steady state corresponding to (6, R),

giwen by Lemma 2.

3 Properties of Equilibria

In this subsection, I study positive properties of competitive equilibria. I analyze the three
regions in Lemma 2 and do comparative statics in F' with respect to @ = (01, 0,) for a given
vector of returns R = (R, Re). Given R, values of 6 correspond to different liquidities of
the two investment types which reflect different legal and institutional environments, i.e.,
contract enforcement, contracting technology, bankruptcy laws, corporate governance etc.

Figure 2 is an illustration of the three regions for Ry = 4 and Ry = 3 and different
values of @ = (61,0). The light gray, medium gray and dark gray indicate Fy, F,, and F;
respectively. The white area below the positively sloped straight line is the region where
Assumption 1 is violated, that is, 8, Ry < 6;R;,. This area corresponds to the benchmark
economy in Definition 1.

The figure shows that close to the origin, i.e., when #; and 5 are both very low, one can

13



have all three kinds of steady state equilibria but this is not the case when liquidities are
high. In the latter case no steady state equilibrium lies in the liquid region. The following
lemma shows that in fact Figure 2 represents more general properties of the three regions

for any given vector of returns:

PROPOSITION 2. For a given vector of returns R satisfying Assumption 1, when 0 is small

enough (close to the origin) one can have all three types of steady state equilibria. Given the

11
1+R17 1+R1

the values of Oy for which (01, 0,) belongs to the liquid region lies strictly above the respective

vector of the returns R, for any @ in the liquid region 6 < ( ). For any value of 6,

values of Oy for which (0y,60y) belongs to the illiquid region. Moreover the boundary of the
liquid region is a non-monotonic curve cutting ¢, = 0 line twice; once at the origin and again

at @ = (0, ﬁ) In contrast the inner boundary of the illiquid region is a strictly increasing

and convex function of 01 which reaches the maximum possible of Oy = R%. Finally, the top

11
1+R1’ R2

right corner of F in the space of liquidities, that is, 6 = ( ) belongs to the illiquid

TegLOMN.

A few observations are in order. Suppose for the moment that 6, is fixed at 0 = 6,
where 6, < ﬁ. As one moves along ¢; dimension in Figure 2, one first passes the liquid
region at lower values of #; and then enters the mixed region for medium values of ¢; and
finally leaves the mixed region to enter into the illiquid region. This part is very intuitive
as for low values of #; the liquidity cost of investing in type one is very high. As the value
of 6, increases and gets closer to its upper bound the liquidity gains of investing in type
two diminishes further and so it becomes very costly, in terms of the forgone returns to
investment, to invest in type two.

Let the thresholds of #; after which one enters the mixed and illiquid regions be 67(6s)
and 61 (6y). By Lemma 2, §¢(6,) is increasing in , which is intuitive since higher values of
6, implies higher cost of forgone pledgeable return per unit of investment in type one. By
Lemma 2, however, 67(6,) is not monotonic. When 0, is raised, the threshold to enter the

mixed region increases at first but beyond some value of 8y, 67(f,) begins to decrease and

_1
1+ R

Now let me do the same comparative statics fixing #; = 6;. There is no liquid steady

even for 6y > the economy fails to have any liquid steady state equilibria.

states for high values of #; since type one investment has enough liquidity itself. For these

values of 6, low 6, leads to an illiquid steady state but as one increases 6, and after some

threshold, one enters the mixed region where the entrepreneurs invest in both types in the
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Figure 2: Image of Fy, F,,, and F; for Ry = 4 and Ry = 3 over the space of (61, 6s).

steady state. This is because higher , makes type two investment more and more attractive
relative to type one. The threshold to enter the mixed region is increasing in #; by Lemma 2
due to the fact that it gets more difficult for type two to compete with type one when type
one has higher pledgeable returns.

For lower values of #; where liquid steady states exist, when 6, is increased, one first
passes the illiquid region and then enters the mixed and liquid regions subsequently similar
to the previous case. If one increases 6, further, one enters the mixed region for the second
time and entrepreneurs start investing in type one again. One can notice a similar pattern
for high 0, = , at the bottom of Figure 3 where the ratio of liquid investment to the total in
the mixed region is a humped shaped curve. This pattern is stated formally in the following

lemma:

LEMMA 3. Given any R satisfying Assumption 1, the ratio of investment in the liquid type

to the total investment at the steady state, i.e. xlxﬁ, 1s non monotone in Oy and has an
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Figure 3: Fraction of liquid investment to the total investment at the steady state for two val-
ues of ¢, and different values of 6,. The top and the bottom figures correspond respectively
to #; = 0.055 and 6; = 0.09.

interior maximum for relatively low values of 6. In contrast, this ratio is always weakly
decreasing in 6y and strictly decreasing in 6y in F,,. Moreover, the steady state interest rate,
i.e. 1+7r% for z € {{,m,i}, is non monotone in 6y, strictly decreasing in F,, and strictly

increasing in F;, while it is weakly increasing in 65 and strictly increasing in 0y in F,,.

Suppose 0y increases while #; is held constant. On one hand, this increase makes the
liquid type investment more attractive and so encourages the middle aged entrepreneurs to
raise its share in total investment at any given interest rate. On the other hand, this increase
in liquidity of the liquid investment tends to raise the interest rate at the steady state which,
in turn, discourages the entrepreneurs from investing in the liquid type. By Lemma 3, for
high enough values of 6, the second effect dominates the first one. In this case, any further
increase in 6 bids up the interest rate so much that entrepreneurs are forced to lower the
share of liquid type in their portfolios.

The mixed region, F;,, is the interesting region to look at how interest rate changes with
01, since share of liquid investment is simply zero or one in the other two regions. Observe
that:
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Ora(0,R) _ (1—0o)RiRs(By—Fa) (7)
00, ((1 —6)R; — (1 — 92)R2)2

OraO.R) _ (L=0)RiRy(Ri—Ra) (8)
00, ((1 —0)R, — (1 — 92)R2)2

8 is intuitive but 7 is less straightforward. An increase in 6; raises the average liquidity
of any portfolio and so raises the demand for funds at a given interest rate. This tends
to bid up the steady state equilibrium interest rate. In contrast, an increase in ¢; makes
the productive type more attractive for a given interest rate. This, in turn, encourages the
entrepreneurs to substitute productive for liquid investment. Since productive type is still
the less liquid one, this tends to lower the interest rate. It turns out that the second effect
dominates the first one in the mixed region which results in a strictly lower interest rate.

Figure 4 confirms the above intuition in a partial equilibrium setting. It shows how
demand for funds at ¢ changes when 6; changes unexpectedly to a higher value #]. If the
old interest rate at 6; is very high, the new demand for funds at the old interest rate will be
higher. This bids up the interest rate to clear the market and leads to a higher new interest
rate at ). When the interest rate at 6; is somewhere between the two mixed region interest
rates (the two flat segments of the demand curves), however, a change in #; to ¢ makes
the entrepreneurs switch from a purely liquid to a purely illiquid portfolio, hence a lower
demand for funds. This leads, in turn, to a lower interest rate than the old one.

Figure 5 is a contour plot of the steady state interest rate in the three regions where steady
state interest rates are constant on the isolines. Suppose that there are small increases in
liquidities of the two types, say A#; and A#,, at a point inside the mixed region. The
direction of change in the interest rate and investment composition depends only on the

Aby A

relative change in the liquidities $z* rather than the absolute changes. If A7

than the slope of the isoline at that particular point, the interest rate decreases (increases). In

is less (more)

this sense, the model highlights the importance of relative change in liquidities for analyzing

the effects of financial development on the economy.
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Figure 4: Change in demand for funds at time ¢ when 6; increases to 6.

3.1 Interpretations and Applications

For fixed values of returns, liquidity of the two types 8 = (6#1,6,) depend, among other
things, on the quality of contract enforcement, contracting technology, bankruptcy laws,
corporate governance as well as technological features of the investment types. The two types
can represent different investment opportunities within a country. For instance, liquid type
(productive type) can be investment in more (less) tangible assets, e.g., manufacturing versus
services, or more (less) redeployable assets, e.g., established versus newly formed industries,
respectively.'® Financial development in the form of an improvement in contract enforcement,
contracting technology, bankruptcy laws or corporate governance raises the liquidity of the
two types 6. Lemma 3 predicts that the direction of change in the equilibrium interest
rate and the aggregate composition of investments in the two types depend crucially on the

relative changes in liquidity of the two types where there are positive investment in both

0For the effect of tangibility on liquidity see Qian and Strahan (2007) and for the effect of redeployability
of collateral see Shleifer and Vishny (1992) and Benmelech and Bergman (2009).
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Figure 5: Contour plot of the steady state interest rates (red lines) for the three regions.
Interest rate is highest at the top left corner.

types, i.e., in F,,. An increase only in liquidity of the liquid type, i.e., more tangible or more
redeployable investment, unambiguously translates into a higher interest rate. It increases
the share of investment in the liquid type if the liquid type is currently not very liquid
and reduces its share otherwise. In contrast, an increase in the liquidity of the productive
type reduces the interest rate and unambiguously increases the share of investment in the
productive type.

One may also think of this model as description of a global economy. Liquid and pro-
ductive types correspond to investment in financially developed countries with low growth
and low return to investment, e.g., U.S. and Euro area, and those with underdeveloped
financial institutions, high growth and high return to investment, e.g., China and India,
respectively. To be more precise, suppose that there are global banks or other financial
intermediaries which can invest costlessly in any country’s corporate sector. They borrow
funds from global investors who can lend to the global banks from their country of origin.

In this case, (0, R) denote the liquidities and returns to investment in the two types of
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countries’ corporate sectors and r is the interest rate paid by the global banks to the global
investors. Note that both global banks and global investors have to be small enough to act
competitively. As before, if the mixed region is a better description of the world economy,
what matters for the direction of change in the interest rate and the investment composition
is the relative changes in the liquidities of the two types, i.e., relative changes in quality of

legal and financial institutions in the two types of countries.

3.1.1 Securitization and U.S. Real Interest Rate

One particular application of Lemma 3 concerns the effect of securitization on the real interest
rate in U.S. The fact that steady state interest rate is strictly decreasing in #; in the mixed
region can provide a candidate explanation for the decline of the real interest rates in U.S.
after 1990s. Caballero et al. (2008) provide a prominent explanation for the decline of the
real rates in U.S. after 1990s. They argue that savings in some countries, e.g., China, have
gone up while the financial markets in those countries have been unable to create enough
stores of value to absorb this shift in savings. Hence, the excess savings have been invested
in the more financially developed countries such as U.S. and have depressed the real interest
rates. The explanation offered in this paper should be seen as a complement to theirs rather
than a substitute.

The illiquid investment in this model can represent residential mortgages and similar
types of loans that used to be highly illiquid before the growth of securitization in recent
decades. The liquid type can represent other types of investments by financial intermediaries
such as Treasury bonds, investment-grade corporate bonds, commercial paper and common
stocks. The growth in securitization and the creation of a large and liquid secondary market
for different types of loans and specially residential mortgages can be interpreted as an
increase in ;. Moreover, despite the increase in the liquidity of residential mortgages, they
are still less liquid than liquid financial assets such as Treasury bonds, investment-grade
corporate bonds or commercial paper, that is, §; Ry < 6, R5. Note that 65 need not be fixed
in order to have the steady state interest rate decreasing in ¢,. It is evident in Figure 5 that
as long as increases in 6; and 6, happen in appropriate proportions, the steady state interest
rate decreases.'!

Loutskina (2011) reports that the amount of home mortgages outstanding has grown
from $1.5 trillion at the beginning of 1986 to $11.1 trillion by the end of 2007. Securitized

1Tn general within the mixed region and at any steady state interest rate 7*, as long as g—gf < %,

one has dr* < 0.
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home mortgages has grown 16-fold from $410 billion to $6.4 trillion within the same time
period. These figures show the importance of residential mortgage market and significance
of mortgage securitization. Gerardi et al. (2010) and McConnell and Buser (2011) discuss
in some details the regulatory reforms and subsequent financial innovations that led to
the explosive growth in securitization of residential mortgages and other types of loans.
Numerous regulatory reforms contributed to the growth of securitization in the mortgage
market. They include changes in accounting rules which allowed originators to sell their
mortgages without booking a large accounting loss and led to creation of a liquid secondary
market. Other reforms preempted state laws that constrained the types of mortgage products
originators could offer or solved technical problems facing mortgage-backed securities. These
regulatory reforms that facilitated the process of securitization and sale of mortgages in the
secondary market became effective in the late 1980s and early 1990s.

Another implication of Lemma 3 is that the fraction of resources invested in the pro-
ductive but less liquid type increases by #; in F,,. This effect is also consistent with the
available evidence. Loutskina (2011) presents evidence that while the liquidity of the loan
portfolio of banks has increased significantly, the fraction of liquid securities held by banks
has shrunk during the same time period. She constructs two measures: one measure for lig-
uidity of loan portfolios and another for liquidity held by banks. Liquidity of a loan portfolio
is measured as a weighted average of the bank’s potential to securitize each type of loan
where the weights are the share of that loan type in the loan portfolio. Liquidity held by a
bank is measured as the share of liquid assets in the total assets. Liquid assets includes items
such as U.S. Treasury securities, U.S. government agency and corporate obligations, all other
bonds stocks and securities and Fed funds sold and securities purchased under agreements
to resell.'? Loan portfolio and liquidity held by a bank can be thought of as the productive
type and the liquid type in this model. Note that residential mortgages are a big fraction
of total loans outstanding. According to Table.1 in Loutskina (2011), share of residential
mortgages in the total loans outstanding has grown from 35% in 1986 to about 60% by 2007.
Top panel of Figure.2 in Loutskina (2011) shows the time trends in the two measures of
liquidity held by banks and liquidity of loan portfolios. A secular increase in the liquidity of
the loan portfolio, i.e., increase in #;, has been accompanied by a significant decline, since

early 1990s, in the liquidity held by banks, i.e., share of liquid type in the total investment.

128he uses different items for different time periods to measure liquidity on the bank’s balance sheet.
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4 Welfare and Efficiency

In this section I study the welfare properties of competitive equilibria in the three regions
of Definition 3. It is important to be explicit about the welfare measures based on which I

want to assess the efficiency of equilibria:

DEFINITION 4. An allocation in the overlapping generations economy is called Constrained
Pareto Efficient if a social planner cannot reallocate the resources to make at least one
entrepreneur strictly better off while keeping all others at least as well off and the reallocation
respects the pledgeability'3 constraint in I. More formally, an allocation {cf,x},, x5, }320 is
constrained Pareto efficient if it is feasible, i.e. it satisfies the following series of constraints
forallt > 0:

et + T+ vy < Rywy—1 + Roxoy g + €,
9)

T+ vy <O Rz + 02 Rowoq + €.

and there does not exist any feasible allocation {c;, x1;, X9}y such that ¢, > ¢ for allt >0

with at least one strict inequality, given initials x; _ = x5 _, for j € {1,2}.

Equipped with the above definition, I can evaluate the equilibrium welfare of the model
economy for different parameter values. The benchmark economy helps to understand the

results in a more subtle manner:

PROPOSITION 3. Any competitive equilibrium in the benchmark economy is constrained
Pareto efficient.

4.1 Efficiency of Competitive Equilibria

In this section I study constrained Pareto efficiency of competitive equilibria in the over-
lapping generations economy. Classical models of overlapping generations in which Pareto
inefficiency arises include Samuelson (1958) and Diamond (1965). Diamond (1965) presents
an environment where overinvestment in capital takes place and shows that it leads to inef-
ficiently high capital stock. A celebrated test of inefficiency due to overinvestment, at least

in theory, is whether the prevailing interest rate is less than the growth rate of the output.

137 use the term “pledgeability constraint” instead of “borrowing constraint” in the analysis of the social
planner problem.
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Investing too much reduces the return to capital to a level below the growth rate of aggregate
output. Similar to Samuelson (1958), Pareto inefficiency induced by overinvestment implies
an interest rate that is too low. A Pareto improvement by the social planner that reallocates
part of the inefficiently accumulated capital stock to consumers would raise the interest rate.

In contrast with the benchmark economy where there is only one type of investment and
in the absence of the liquidity and return trade off, I show that competitive equilibria can
be constrained Pareto inefficient in regions of parameters where Assumption 1 is satisfied. I
further show that the interest rate in a constrained Pareto inefficient equilibrium is too high
despite being negative and, in contrast with the conventional type of inefficiency, a Pareto
improvement lowers the already negative interest rate.

For the moment consider only steady state equilibria. Let (6, R) € F, U F,,, where
investment in the liquid type is strictly positive in steady state. Suppose the planner reduces
the aggregate debt payments of all middle aged entrepreneurs in every generation to the
young, (1 4+ r%)e, z € {m, ¢}, by an amount 6 > 0 by substituting the productive for liquid
investment. Let the increase in x1 be € > 0, then the resource constraint implies that z, has
to be reduced by € + § to make this increase possible. Given 9, the maximum possible ¢ is

determined when the pledgeability constraint binds:

0 = (92R2 — 91R1)6 + 92R25,

1—0:R,

T %R, —O.R,

The two sides of the equation above is simply changes in the two sides of the pledgeability
constraint. The change in the consumption level of the old is Rie — (¢ + §) Ry 4 6 and hence
for z € {m, ¢} is equal to:

1 —05Rs 1—-60,R,

AV = (22l p g Lo yp s 10
: (@&—%Rll (+%m—&m)2+) (10)

Note that the change in consumption of the initial middle aged is always strictly positive:

R, — Ry
AVh=(14+ - ~= . 11
Yo ( +921132—9131)5>O (11)

The initial middle aged is strictly better off because the planner reduces her debt payments
to the young by substituting productive type for the liquid type while, in contrast with
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Figure 6: An illustration of inefficiently liquid and inefficiently illiquid equilibria and the line
corresponding to 7y = 0, for Ry =4 and Ry = 3.

future middle aged, her receipts from the initial old do not change.'* Therefore if AV > 0,

the steady state allocation is constrained Pareto inefficient. Now one has:
AV?* >0 < r2(0,R) <0. (12)

Hence, the region of (6, R) where this reallocation leads to a higher consumption for at least
one generation (every generation when AV > 0) coincides with the steady state equilibria
of Fy U F,,, where 75(0, R) <0, that is, the light gray region in Figure 6.

The above reallocation can also work outside the steady state. In any competitive equi-
librium corresponding to (8, R) € F, U F,,, condition 12 determines whether a similar real-
location can lead to a Pareto improvement. This is of course not the case for (6, R) € F;

because by Lemma 2, any competitive equilibrium converges to an illiquid steady state where

“Note that the initial old pays off her debt, which is given as an initial condition and is not changed by
the planner, to the middle aged at ¢ = 0, consumes and dies.
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there is no investment in the liquid type, i.e., 5° = 0. I can summarize the results in the

following proposition:

PROPOSITION 4. Consider any competitive equilibrium with liquidities and returns given
by (,R) € F,UF,,. Ifry(0,R) <0, the competitive equilibrium is constrained Pareto
mefficient. Moreover, the equilibrium interest rate at the steady state is strictly negative when
(0, R) lies in the interior of the inefficient region, i.e. {(6,R) € F, U F,, | rA(6,R) < 0},

and zero on part of its boundary that lies in F,,.

This is in sharp contrast with the efficiency properties of the benchmark economy. In an
economy where the private entrepreneurs have access only to one type of investment, say
the first type (61, R1), there will be no inefficiency by Proposition 3. In this paper, I have
added an endogenous choice between liquidity and return. The results above shows that
this endogeneity can lead to inefficient private allocations with too much liquidity. These
inefficient competitive equilibria, therefore, are in fact inefficiently liquid. 1 show below that
typically there are subregions in both liquid and mixed regions where competitive equilibria
are constrained Pareto efficient.

The social planner can also do the opposite by increasing the aggregate debt payments by
0 > 0 when there is strictly positive investment in the productive type along the equilibrium
path. In that case condition 12 will be reversed to AV > 0,z € {m,i}, if and only if
rA(@,R) > 0. When (8,R) € F,, U F; and r,(0, R) > 0, this reallocation increases the
utility of every generation starting from ¢ = 1 but is not a Pareto improvement because the
initial middle aged would suffer.

Note, however, that the overlapping generations economy can be reinterpreted as follows.
There is a continuum of each of three types of individuals living forever with the same
technology and asynchronicity between receiving endowment, production and consumption
opportunities. More explicitly type j € {0, 1,2} receives endowment e¢ > 0 in periods
(7 + 1 mod 3) + 3k, produces in (j + 2 mod 3) + 3k and consumes in periods (j mod 3) + 3k
for all k£ € {0,1,2,...}. Let all individuals discount future consumption at a constant rate
B € (0,1) so that the utility function of type 5 € {0,1,2} is:

o0
k
Uj = E BECjy3k
=0

This economy is similar, though not isomorphic, to the one in Kiyotaki and Moore (2002) and
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Figure 7: The insufficiency of the interest rate for determining the constrained steady state
efficiency.

Woodford (1990).'> With this interpretation, one can show that the proposed reallocation
above would be a Pareto improvement, i.e., at least one type is made strictly better off
while the other two are at least as well off, for a high enough discount factor 5. The set
{(8,R) € F,,,UF; | rx(0,R) > 0} is the region which lies above 7, (8, R) = 0 line in Figure 6
with dark gray color. In contrast with the notion of inefficiency in this model, the inefficiency
under the above reinterpretation is similar to the one in Woodford (1990) in that there is
insufficient liquidity and the interest rate is too low while being positive.

Sign of the interest rate, as a standard indicator of inefficiency, is not a sufficient determi-
nant of the inefficiency in this model. The bold gray line in Figure 7 corresponds to the zero
steady state interest rate, i.e., r;° = 0. This line cuts the liquid region into two parts with

negative and positive interest rates in steady state equilibrium. The inefficiently liquid equi-

15Tn Woodford (1990) it is shown that the infinite horizon model is equivalent to the overlapping generations
presented in Diamond (1965) along the relevant dimensions.
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libria in F} is a proper subset of F, with strictly negative interest rate. There is a nonempty
subset of F} featuring negative interest rate in steady state that are not inefficiently liquid.'¢
Figure 6 suggests that for every R = (R, Ry), the set of inefficient equilibria is nonempty.

The following lemma summarizes some of the properties of the inefficient region in F:

LEMMA 4. For any R satisfying Assumption 1 the following are correct. The sets of
inefficiently liquid competitive equilibria in F' are nonempty with strictly positive measure.
There are inefficiently liquid equilibria in any arbitrarily small neighborhood of the origin.
The set of inefficiently liquid equilibria in Fy is a proper subset of Fy if and only if % < 1.
Finally, let S; denote the unique intersection of rx(0, R) = 0 with the boundary of F;. Then
all (8, R) which correspond to inefficiently liquid equilibria have liquidities, i.e., @, less than
S;.

As Figure 6 and Proposition 4 suggest, the economy becomes too liquid when liquidities
of investment types are relatively low.!'” Another implication of Proposition 4 is that when
the difference between returns to the two types is very high, all equilibria in F; become
inefficiently liquid. This is illustrated in Figure 8. In other words, an increase in the difference
between returns to the two types expands the inefficiently liquid region. I close this section by

characterizing the set of constrained Pareto efficient allocation in the following proposition.

PROPOSITION 5. Let (B, R) € F. If ra(6,R) > 0, any allocation {ct, x11, xo }72, that
satisfies 9 with equality for all t > 0 is constrained Pareto efficient. Consequently, any
competitive equilibrium corresponding to (0, R) is constrained Pareto efficient. If ry(0, R) <
0, any allocation {c;, x1y, xor 52 that satisfies 9 with equality for allt > 0 and has xop = 0, >
T for some T > 0 is constrained Pareto efficient. Hence, any competitive equilibrium in F;

1s constrained Pareto efficient.

4.2 Regulated Economy

In this section, I study a regulation that can implement the Pareto improving reallocation

proposed in Section 4.1. This regulation dictates the fraction of resources that can be

160One other point in Figure 7 is the fact that the zero interest rate line, r;® = 0, the line of zero interest
rate in the mixed region, r (0, R) = 0, and the boundary of the liquid region intersect at a point which is
not a coincidence.

1"Note that in one sense, liquidities, i.e., 8, are low for all (8, R) € F and that is why the borrowing
constraint is binding. Hence “high” and “low” should be understood in relative terms inside F'.
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Figure 8: This figure shows the expansion of the inefficiently liquid region when R = (4, 2).
In contrast with the case of R = (4,3), all competitive equilibria in liquid region F; are
constrained Pareto inefficient.

invested in the liquid type. Regulations that require financial institutions to keep a minimum
liquid asset ratio'® have been used in many countries as a monetary or macroprudential
instrument.'® In contrast, the regulation discussed in this section sets a maximum to the
total liquid assets held by the entrepreneurs since it is aimed at correcting a different type of
market failure in liquidity provision. A similar regulation, though with a different motivation,
is a minimum required “skin in the game” in securitization of bank loans. It implies that

banks may not securitize more than a certain fraction of their stock of loans and hence puts

18The base may include liquid liabilities, total liabilities, total assets, cash outflows in a given period of
time etc, depending on the context.

YFor historical record and motivation behind liquidity requirements see Gulde et al. (1997). This
type of requirements are still in place in many developing countries and they have been a corner-
stone in BASEL III. Look at: http://www.frbsf.org/publications/banking/asiafocus/2011/march.pdf and
http://www.bis.org/publ/bcbs188.pdf.
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a cap on liquidity of bank’s portfolio.?”

Note that an implicit assumption is that the planner can observe and monitor investments
by the entrepreneurs in the two types. This is important because one can show that a
maximum liquidity requirement cannot be implemented via a combination of (total) debt
and wealth taxes in this model.?!

Consider any competitive equilibria of the three regions and suppose that a social planner
(e.g. government) can regulate investment portfolios of the middle aged entrepreneurs. More
precisely suppose that the social planner can regulate the fraction ay; of total investment,
(1+r,_1)e+1;, at the hands of middle aged entrepreneurs at any time ¢ > 0, that is invested
in the liquid type. Therefore:

Lot

Qup = - .
o ¢ —+ (1 -+ Tt_l)e
In this case the entrepreneur only chooses the level of new funds raised i; and so the maxi-

mization problem of the middle aged entrepreneurs takes the following form:

max (1 —aw) Ry + auRs) (i + (1 + 121)e) — (14 11)dy (IV)

1t >0

s.t. (1 + Tt)’it S (91(1 — Oégt)Rl + egOégth) (Zt + (1 + rt_l)e)

The only constraint in the above problem is the borrowing constraint when the choice of
liquidity-return is regulated by the planner. Let R, = (1 — ay)R1 + apRy and o =
01(1 — ag)Ry + 0204, Ry be the return and liquidity of the regulated portfolio at time t.
Problem IV is the maximization problem of an entrepreneur that has access only to one type
of investment project with return R,; and liquidity of 7v,;. The optimal solution to IV is:

i = (5 ) e R =14,

it =0 if Roy <141;.

Notice that v, < 1 by Assumption 1. Also note that for any (6, R) € F', there exists an

€ > 0 such that (%) < Ry for all ayy € [0,€). This is because the inequality holds for

ayg = 0 according to the definition of F' and so by continuity it holds in a neighborhood of

20A minimum required “skin in the game” is part of the Credit Risk Retention in the Dodd-Frank act:
http://www.fdic.gov/regulations/reform/dfa selections.html#941.

21T do not provide the proof in this paper. With a debt and wealth tax the middle aged should pay
(14 74)(1 + r4)iy next period using her initial wealth of (1 — 7,,)(1 + r4—1)e. This implies that to implement
this liquidity regulation the planner must have more instruments such as taxation of each investment types.
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zero. If {ay}32, are all set to oy and this value is in the neighborhood above, the steady

state equilibrium of the regulated economy is:
1+rjj:< Ja ) (13)

Where variables without time subscript correspond to ay. The following proposition gives

the steady state utility levels for the steady states of the regulated economy as well as the

three regions of the original (unregulated) economy:

PROPOSITION 6. The steady state level of utility for any values of oy for which <11ﬁ> < R,

15 given by:

= (1) - (Faiman oo -

The steady state utility levels for the three regions in Definition 3 are, V,° = <(1_92)R2> e,

1—92R2
‘r 1-601)R
iss <( _91)R11> € and

ss (82 - QI)ZR%Rg
K ((921%2 =01 (1= )Ry — (1 - 92>R2>> N

z5°(0,R)
©3%(6,R)+z5°(0,R)

Moreover suppose (0, R) € F,, and that o, = <

economy corresponding to oy one has:

). Then in the requlated

1+ (0, R)=1+71% = (( (1 — )01 Ry + cubhRo ) |

1 —ay)(1—01Ry) + ap(l — 02Ry)

Vo0, R) = VS = <(1 —ag)(1 —01) Ry + a1 — 92)32) .

(1—a)(1— 01Ry) + ag(1 — O3Ry)

Consider a steady state of the mixed region where entrepreneurs invest in both types
of investment projects. Suppose the social planner sets the fraction of liquid investment
equal to the ratio of the liquid investment to total investment that prevails in the steady state
competitive equilibrium given by 6. Then, by the above proposition, the resulting interest
rates and utility levels of the steady state equilibrium and the regulated economy will be the

same. In this sense, there is a close relationship between the ratio of liquid investment to
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the total investment, the interest rate and utility level at any steady state equilibrium.
Note that the numerator and denominator of V. are weighted averages of those of V;**
and V;*°. This implies that V;* always lies between the two values of V** and V;**. The
following lemma provides conditions under which a social planner can achieve a higher level
of steady state consumption by regulating the mixture of liquid and productive types of

investments in each of the three regions:

LEMMA 5. For any values of (6, R) € F, the following statements are correct. V;°(6, R) —
V250, R) and ry(0, R) have the same sign. V;*(0, R) — V5(0, R) is positive if and only if
ra(@,R) >0 and (6, R) ¢ F,. V;*(60, R) —V?>*(0, R) is negative if and only if rA(6, R) <0
and (0, R) ¢ F;.*?

Lemma 5 shows a close connection between sign of 75 (€, R) and the possibility of raising
the steady state utility via regulation. This is in fact what one could expect from the results
obtained in Section 4.1. For instance suppose that r,(6, R) < 0 and so one must have
V50, R) > V>#(0, R). Let ay be the ratio of liquid investment to the total funds invested
for the particular (@, R). Then the planner can set the fraction of liquid investment to total
equal to ay — € for € > 0 and raise the steady state utility of the entrepreneurs.

Notice that when 7, (6, R) < 0, the interest rate in the regulated economy will be lower
than the competitive equilibrium. The reason is that the planner reduces the liquidity of
the aggregate investment portfolio which reduces the demand for funds by the middle aged
entrepreneurs. In the opposite case where r, (60, R) > 0 and hence V;**(6, R) > V**(0, R),
the planner can raise the fraction of liquid investments ay, to ay + € for € > 0 to raise the
steady state utility which raises the steady state interest rate.

To see how the regulation affects welfare in the competitive equilibria and if it can make
Pareto improvements, one has to look at the dynamics induced by changing ay’s as well.
The following proposition shows that, taking the dynamics into account, the above intuition

about the steady state utilities and interest rates generalizes to any competitive equilibria:

PROPOSITION 7. Any Pareto improving reallocation of the type analyzed in Section 4.1,
when § is small enough in absolute value, can be implemented by regulating the investment
portfolios of the entrepreneurs. In an inefficiently liquid equilibrium, planner chooses a lower

liquid investment to total investment ratio, the steady state interest rate is non positive and

22The expressions of the type Z(0, R) for variable Z should be considered solely as functions of parameters
(6, R) € F in Lemma 5 which may or may not be an equilibrium utility level or interest rate for the particular
vector (0, R).
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the requlated interest rate is lower than in the unregulated equilibrium. Moreover, given any
inefficiently liquid equilibria where rA(0, R) < 0 or one where ry(0,R) = 0 in the mized
region, this regqulation can implement a Pareto improvement reallocation that results in a

constrained Pareto efficient allocation.

For the inefficiently liquid equilibrium, interest rate is non positive and the planner can
make Pareto improvement by reducing the equilibrium interest rate to an even lower level.
This is in contrast with the conventional type of inefficiency in the overlapping generations
models (e.g. Samuelson (1958), Diamond (1965)), where a negative interest rate has to be
raised by a planner to achieve efficiency. Hence, the level of interest rate can be a misleading

factor in determining and understanding of the nature of inefficiency present in the economy.

4.3 Discussion

The reallocations considered in this section clearly show that the aggregate resources that
are transferred between entrepreneurs from different generations may not be socially opti-
mal. Entrepreneurs may transfer too much resources to the next generation by investing,
more than optimally, in liquid type. The inefficiency of this intertemporal resource transfer
is confirmed by the observation in Section 4.2 that a social planner can make a Pareto im-
provement by changing the investment composition. To see how portfolio choices can entail

an externality consider the problem of the middle aged entrepreneurs again:
- Imax lelflt + R2x2t - (1 + Ttﬁt
1,214,226 >0
st xy+xy < we—g + iy,

(1 + Tt)’it S 91R1£L’1t + 92R2x2t .

wy—1 = (14 r4_1)e is initial wealth of the middle aged which is determined at ¢t — 1. Suppose
for the moment (0, R) € F, and let w;—y < (1 +74(0, R))e. In other words, entrepreneurs
have a relatively low initial wealth in period ¢t. Given these assumptions on model parameters

and initial wealth of the middle aged, the competitive equilibrium in the credit market at ¢
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is:
'ét =€
14 ry = ‘92R2(2 + Tt—l)

V = (1 — 05) Ro(wi_y +e)

In this equilibrium all middle aged invest only in type two, i.e., the liquid type. V is the
maximized value of the objective function of the middle aged at t. Now consider a government
which prohibits any investment in type two, i.e., it forces the middle aged to set xo; = 0. It
is easy to see that given the same parameters and initial condition on wealth of the middle

aged, the competitive equilibrium in the regulated economy is given by:

it = €

1 + f?"vt = ‘91R1(2 + Tt—l)

V= (1—01)R(we +e)

Since (1 —601)R; > (1 —02) Ry by Assumption 1, the regulation raises the consumption of the
middle aged, i.e. V > V. Absent regulation, middle aged entrepreneurs have more flexibility
in their investment but this flexibility in portfolio decisions can lead to an excessively high
level of interest rate.

As shown in Section 4.1, when (0, R) € F}, the equilibrium is constrained Pareto inef-
ficient if 7, (6, R) < 0. By Proposition 5,7,(8, R) < 0 is equivalent to (1:2351 > q:zz}gz,
where the two sides of the latter inequality are steady state utility levels when entrepreneurs

are allowed to invest only in productive and liquid types respectively. Under Assumption 1,

one always has (1 — 61)R; > (1 — 03)Rs. One needs, however, a stronger assumption, i.e.,

(1-61)R1 > (1—62)Ra
1-01 Ry 1—62Rs ?

consider the welfare of future middle aged at ¢t + 1,7 + 2, ... as well.

to have inefficiency in the fully dynamic setting because one should

In general equilibrium the initial wealth w;_; is determined endogenously. A low initial
wealth is an equilibrium outcome when liquidities of the two types are relatively low which
is what Figure 6 and Proposition 4 suggest. Low liquidities of investment types are also the
reason the inefficiently liquid steady states have non positive interest rate.

The above observation suggests that countries with low level of financial development
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but high growth opportunities may be more prone to this type of inefficiency.?> These
economies are thought to suffer from shortage of stores of value due to low liquidity of
return to investment. Investment in real state and foreign safe assets, e.g., U.S. treasuries,
are among the liquid but unproductive investments that have served as important stores of
value in these countries. The analysis above suggests that these countries may be investing
too much in these liquid but unproductive assets (liquid type), as opposed to illiquid but
highly productive projects, e.g., industries with high growth potential, (productive type).*!
If these economies are inefficiently liquid, the policy implication will be a maximum liquidity
requirement for the real and financial sectors of these countries which is different from both
standard prescriptions and common practice.?” Also in this case the efficient interest rate is

lower than the prevailing rate in these countries.

5 Public Liquidity

In this section I study the effects of public liquidity provision in the form of government
bonds. Theoretically, as it is argued in Holmstrom and Tirole (1998), government bonds are
liquid due to the exclusive ability of the government to tax the private sector. Krishnamurthy
and Vissing-Jorgensen (2010) provide convincing evidence that the low yield on government
treasuries is due to their liquidity services to the private agents.

I analyzed the competitive equilibria of a model without any government in previous
sections. I studied positive properties of equilibria and showed that for certain regions in
the space of parameter values, the competitive outcome fails to achieve efficiency. I want
to see how the introduction of publicly supplied liquidity by government affects equilibrium
prices and quantities and whether it can improve the welfare of the competitive equilibria
in different regions of F'. There are at least two objectives for this exercise. First, I want
to compare the effects of public liquidity on welfare in this paper to environments without
heterogenous investment opportunities, i.e. Farhi and Tirole (2010a), Holmstrom and Tirole
(1998) and Woodford (1990). This comparison helps one better understand the unconven-

tional nature of the Pareto inefficiency of the competitive equilibria in this paper. Second,

23This model is not quantitative and so it is difficult to rule out the possibility that countries with developed
financial sectors may suffer from the same type of inefficiency. Nonetheless, countries with underdeveloped
financial sectors are certainly the more likely candidates.

24Proposition 4 shows that as the difference between the returns to the investment types increases, the
inefficient region expands. This means that a higher growth potential makes this type of inefficiency more
likely.

2For a theoretical justification of liquidity requirement see Caballero and Krishnamurthy (2006).
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the positive implications of introducing government bonds can be contrasted with those of
models without heterogeneity as a way to empirically distinguish between the two types of
models.

Intuitively, one may not expect any benefits to public liquidity provision in an inefficiently
liquid equilibrium. This is simply because in an inefficiently liquid equilibrium, the private
sector already provides more liquidity than the socially optimal level. This intuition turns
out to be correct for the inefficient equilibria in F, but matters are different in the mixed

region, F,.

5.1 Competitive Equilibrium with Bonds

Consider the model in Section 2 with only one difference: the young and middle aged en-
trepreneurs at any time ¢ > 0 can purchase a one period and risk free government bond
sold at par, denoted by b and b*. A unit of bond purchased at time ¢ is a promise by the
government to deliver one unit of consumption good plus the interest in period ¢+ 1. Since I
have stated all the steps to solve the maximization problem of the middle aged in Section 2,
I only show the final form of the maximization with government bonds as long as 1+1r; < R;

that can be compared to II:

max AO, R;ry)(iy — b)) + ®(0, R;1ry—1)e — 774 (11,)
91R1(1+7’t_1) . 92R2(1+7’t_1)
< - < .
<1+rt—«91R1 es=0) <\, o ) ¢

where @ is determined at time ¢ — 1 and A is given by:

(92 — 91)R1R2 . (1 — 91)R1 — (1 - 92)R2
0o Ry — 01 Ry O2Ry — 01 Ry

AO,R;1y) = ( ) (1+7r).

Problem II, is very similar to II. The main difference is that the middle aged entrepreneur
have a new opportunity to invest in b} units of government bond. The important assumption
here is that the total return to investment in bonds is pledgable so that bond purchases
essentially reduce the total debt payment by the same amount to (1 + r;)(i; — b}"). The
middle aged entrepreneur also receives the principal and interests on her bond purchases in

the previous period namely (1 4 r,_1)b;_;. Finally 77, denotes the lump sum tax that is
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levied on the old entrepreneurs before consumption takes place.?S I suppose that government

balances its budget every period so that for all ¢ > 0:
(1 + Tt)bt = bt+1 + Tt(il-l . (14)

Market clearings dictate that for all £ > 0:

it —+ bij =e, (15)
BB = by (16)

In order to ensure the existence of competitive equilibrium in which borrowing constraint is
still binding, one needs to restrict the supply of bonds. Let o, = % be the normalized supply

of bonds for all ¢ > 0°7; then one needs the following assumption:

ASSUMPTION 2. 0y < min(1l — 6,Ry, 1 — %) for allt >0 and o0 = lim;_,, 0y < min(1l —

1
1
OsRy, 1 — (1’1_—121) exists.

Note that by Assumption 2, 0 < min(1 —6yRy, 1 — fl_};}i ). Let ¥ = {0:}2,, then one can

redefine the three regions as follows:

DEFINITION 5. Define F(X) as the set of (6, R) that satisfies Assumption 1 and Assump-
tion 2, given the sequence ¥ = {o:};°,. Then the three regions of F(X) are defined as:

Liquid Region: Fy() = {(8, R) € F(3)| ((fj;%) < ((f_—c;%) < (1474(0, R))}.

Mixed Region: Fu (%) = {(60, R) € F()| ({5555 ) < (140, R)) < ({53%5% )}

Nliquid Region: F(X) = {(8, R) € F(£)|(1474(8, R)) < (%) < (%)}

Assumption 2 has the following interpretation. First, ¢ has to be smaller than 1 — 0y Rs,

otherwise no steady state with positive investment in type one or two exists. Second, one

61 Ry

also needsa<1—1 7
—v1

to ensure that the borrowing constraint is binding in steady state.

261 choose to levy the tax on the old for two reasons. First, if I impose the tax on young and middle aged
entrepreneurs, the value of the tax collected would affect the equilibrium conditions in a more subtle way. I
want to avoid this since effects of tax policy are not the focus of my study here and so I want to have the
taxation as neutral as possible. Second, imposing the tax on the young and middle aged complicates the
problem; for example if I impose it on the young I would obtain multiple steady state equilibria.

2"From now on, I use the terms “supply” and “normalized supply” of bonds interchangeably.
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The following lemma shows the existence and uniqueness of competitive equilibria and the

steady states:

LEMMA 6. For any (6, R) and ¥ satisfying Assumption 1 and Assumption 2 and for any
giwen initial condition 1 +r_1 < Ry, there is a unique competitive equilibrium that converges
to a unique and stable steady state corresponding to the region in Definition 5 containing

(0, R). The steady state interest rates for the three regions are:

(
(D) = (E555%)  #0.R) e (D),

1+ 73(8) =1+7,(0,R) if (6,R) € Fr(3),

L (D) = (59%5) i (0.R) € F(T).

Moreover at the steady state, the entrepreneurs specialize in the liquid and productive type of
investments in regions Fy(X) and F;(X) respectively but invest strictly positive amounts in
both types in F,(32).

A change in % which involves an increase in o, i.e. long run supply of government
bonds, has two effects. First, given a fixed R and as can be seen in Definition 5, it rotates
the boundaries of F;(X) and Fy(X) counterclockwise around the origin in the space of 6.
Looking at Figure 6, it is easy to see that as a result of an increase in o, both F;(3) and the
inefficiently liquid region become smaller. F;(¥) expands into the previously mixed region
and may or may not shrink at its top right and upper boundaries (due to Assumption 2).%
In this sense, government bonds eliminate part of the inefficiently liquid region as well as
part of the liquid region. Second, by Lemma 6, an increase in ¢ increases the steady state
interest rate in F;(X) and Fy(X), as it does in the benchmark economy with one type of
investment, for any given (6, R) € F(X) but has no effects on the interest rate in F, (%)
which is fixed at 75 (0, R).

The effects of government bonds on the steady state level of private investment also

5§ —
z =

differ markedly in liquid and mixed regions. Let ¢ x7® 4+ 5° denotes the total amount of

resources invested in the two types by entrepreneurs at the steady state. Using Lemma 6 and

281t depends on whether change in ¥ entails a change in maxz{o;}3°,. Notice also that I am using the fact
that the locus of 7o (6, R) = 0, which is the straight line that defines the upper boundary of inefficiently
liquid region does not depend on the value of o.
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market clearings 15, one can compute the effect of a small increase in the long run supply

of bonds ¢ on %’

0iss B 0Ry 2

o~ () 1) -
aiss

a;c_ | 0 R)EFm = —€. (]‘8)

17 is the same as the result obtained in the benchmark economy. An increase in the long
run supply of public liquidity o crowds out private investment ¢;° when public liquidity is
scarce, i.e., o is low, and crowds in private investment when public liquidity is abundant,

i.e., o is high. Note also that the marginal effect of public liquidity on private spending is

strictly increasing in the level of public liquidity, that i

On the other hand, 18 shows that government bonds always crowds out private investment

= 0. Using II, at the steady state, it is easy
to show that:

8:): 1+7“A(0,R) —92R2

= 1
8o bRy — 0RO (19)
a:L' 1 + rA(B R) 91R1

= — —e. 2
8o R, —OR, ¢ (20

Public liquidity, therefore, crows out the liquid type and crowds in the productive type in
the mixed region. The crowding out of the liquid type happens more than proportionately

so that the demand for funds and consequently the interest rate remain unchanged.

5.2 Welfare Effects of Government Bond

I showed in the previous section that an increase in supply of government bonds raises the
interest rate in F;(X) and Fy(3) but has no effects on the interest rate in the mixed region.
I further showed in Section 4.2 and Section 4.1 that a Pareto improvement would reduce
the interest rate in the inefficiently liquid region. This observation suggests that government
bonds may not help much to improve welfare in the inefficiently liquid equilibria. It is not
clear, a priori, how government bonds affect the welfare in the mixed region. To study the

welfare effects in competitive equilibria one needs to look at the steady state first:

LEMMA 7. Let V?*(X) denotes the steady state utility level for region z € {{,m,i} given
(0, R) € F.(X), when the long run supply of government bonds is o. Then the welfare effects
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of an increase in o are given as follows:

6W58<2)‘ o R2 -1 ss
80' =0 = 1 - 92R2 Tg ©

a%ss(z) ‘ o Rl —1 r%e
80' o=0 = 1— GlRl : '

oV >3(%) |
oo 770

5% denotes the steady state interest rate for region z € {,m,i} when there is no government

bonds in the economy.

Suppose ¥ is null, i.e., o, = 0 for all ¢ > 0, so that Fy(X) = Fy, F;(¥) = F, and
F,.(X) = F,,. T am interested in the effect of a small increase in the supply of government
bonds from zero to ¢ = € > 0, i.e., ¥ changes to ¥/ where o, = € for t > 0. By Lemma 8§,
the utility gain is positive in either of F, or Fj, if and only if the equilibrium interest rate
is positive. This immediately implies that government bonds reduce the steady state utility
in the inefficiently liquid part of F}. This is because by Proposition 7, the interest rate is
strictly negative in the inefficiently liquid part of Fj.

Therefore, effects of publicly supplied liquidity in F} is in conformance with the intuition.
Lemma 7 immediately implies that if a sequence of small enough government supplied bonds
Y. together with (8, R) satisfy Assumption 2, then ¥ cannot Pareto improve any inefficiently
liquid competitive equilibria without bonds corresponding to (6, R). Note that a necessary
condition for such a Pareto improvement is that the resulting steady state utility be no less
than the equilibria without bonds. Government bonds can potentially be beneficial when
the private sector generates less than socially optimal pledgable returns. This happens in
the type of inefficiencies studied in Woodford (1990) and Holmstrom and Tirole (1998). On
the other hand, government bonds can be harmful to the welfare, when the private sector
generates more than the socially optimal pledgable returns, since government bond would
encourage the private sector to generate even more pledgable returns. This is the case in an
inefficiently liquid steady state, as observed in Section 4.1.

The situation is rather different in the mixed region. Lemma 8 implies that the supply
of government bonds enhances the steady state utility if and only if the prevailing interest
rate is negative. By Proposition 7, this implies that the steady state utility gain is positive

in the inefficiently liquid part of F),. This is an indication that government bonds might be
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able to improve welfare in an inefficiently liquid competitive equilibrium. This is stated in

the following proposition:

PROPOSITION 8. Suppose a sequence of small enough government supplied bonds ¥ together
with liquidities and returns (0, R) € Fy satisfy Assumption 2. If (6, R) corresponds to
mefficiently liquid equilibria with a strictly negative steady state interest rate, > cannot Pareto
improve the competitive equilibrium allocation. More precisely, there exists € > 0 such that
for any X with a long run supply of bonds no more than ¢, i.e., 0 < €, ¥ cannot improve
welfare for a competitive equilibrium corresponding to (8, R) € Fy, as long as Assumption 2 is
satisfied and the steady state interest rate is strictly negative. Moreover for any (6, R) € F,,
corresponding to inefficiently liquid equilibria and also inefficient equilibria corresponding to
the unique point (0™, R*) € F, where r(0*, R*) = 0, i.e., steady state interest rate is zero,
there exists a small enough sequence of government supplied bonds Y which Pareto improves

the competitive equilibrium allocation.

As discussed in the previous subsection, public liquidity crowds out the liquid investment
more than proportionately to keep the demand for funds and interest rate unchanged. This
crowding out effect is also the reason why government bonds can make Pareto improvement
in the mixed region. By substituting one unit of investment in government bonds for one
unit in the liquid type, entrepreneurs can pledge more than before and so the borrowing
constraint becomes slack. They can use that extra amount of pledgeability to invest in the
productive type while interest rate does not increase. This raises their consumption and

results in a Pareto improvement.

6 Conclusion

This paper studies an economy in which agents choose a portfolio of two assets with different
liquidity and return. It highlights the positive and normative importance of an endogenous
liquidity choice by showing how it leads to starkly different conclusions from a model without
such a choice. The decentralized allocation may not be efficient and a planner can Pareto
improve an inefficient allocation by regulating the investment composition of private agents.
Effect of financial development, i.e., improvement in contract enforcement, contracting tech-
nology, bankruptcy laws etc, on interest rate, total investment and investment composition
depends on the relative change in liquidity of investments rather than the absolute changes.

As a result, financial development that affects illiquid investment disproportionately more
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than liquid ones can reduce the interest rate: the decline of U.S. real interest rate after 1990s
can be understood as a consequence of highly illiquid assets, i.e., residential mortgages, be-
coming more liquid through securitization. Finally, government bonds are introduced and
shown to have limited ability to improve inefficient allocations. They can make Pareto im-
provements only when they do not change the interest rate. In this case, government bonds
crowds out the liquid investment and crowds in the illiquid one.

During the recent financial crisis, Federal Reserve implemented various measures in order
to raise the liquidity of financial institutions.?” Holmstrom and Tirole (1998) and related
papers provide some theoretical foundations for these liquidity measures, that is, at the time
of an aggregate liquidity shock private sector may not supply a socially optimal level of
liquidity. While giving critical insights, this theoretical justification largely ignores the fact
that liquidity of investment is an endogenous choice. Although this paper is not about the
episodes of financial crisis, since it has no uncertainty, the model provides a framework for
thinking about how liquidity choice of the private sector responds to changes in supply of
public liquidity or financial shocks, i.e., exogenous changes in liquidity of investment.?® It is
fairly easy to introduce shocks to endowments or to liquidity of investment types 6, in the
model and study the implications of liquidity choice under aggregate uncertainty.

Using Kiyotaki and Moore (2008) framework, one can introduce infinitely lived agents
that can accumulate different types of capital with different liquidity. Various kinds of
shocks, e.g., productivity shocks, financial shocks etc, can be added to better understand
the quantitative importance of liquidity choice over the business cycle. Moreover, productive
(illiquid) type of capital in such a model can represent investment in knowledge intensive and
less tangible assets, in newly formed industries or in sectors that are more labor intensive.
Hence, it can be used to study the effects of long term changes in the quality of contract en-
forcement, contracting technology, bankruptcy laws and corporate governance on structural
change and TFP growth. In this application, different liquidities @ = (6;,62) may corre-
spond to different stages of financial development. With a global economy interpretation of
this model, as noted in Section 3.1, model’s implications for international capital flows and

interest rates can be studied in a similar vein.

298ee http://www.federalreserve.gov/newsevents/speech/bernanke20080513.htm
30Risfeldt and Rampini (2006) provide evidence that the costs of capital reallocation are countercyclical.
This can be due to countercyclicality of market liquidity and funding liquidity over the business cycle.
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A Appendix: Proofs

Proof of Lemma 1. In any equilibrium the resource constraint binds and so I can solve

for the value of x5 in the above and rewrite the problem as:

max (Rl - RQ)xlt —+ (R2 - (1 —+ Tt)) ’it —+ R2(1 —+ rt_l)e

1,21 >0
s.t. (1 + 1y — 92R2)it S (91R1 - GQRQ)SL’M + 92R2(1 + Tt_l)e,
0 < L1t < (1 + Tt—l)e + ’it .

One can immediately see from the above that 1 + r; > 6, R,. Otherwise it must be that
1+ 7 < 603Ry < Ry in which case i; can be raised unboundedly and there would not be any
maximum to the objective function. One must also have 1+ r; < Ry, otherwise the optimal
solution to the problem requires that 7, = 0. To see why rewrite the above with o in the
objective function. If 1+ r; > R; then by Assumption 1 both coefficients of x5, and #; are
strictly negative and so the best an entrepreneur can do is to set both to zero. This cannot
be an equilibrium since market clearing in the capital market cannot be satisfied.

Now suppose that the borrowing constraint does not bind for some ¢t > 0. Then since
the coefficient of x1; in the objective function of problem above, which is Ry — Rs, is strictly
positive by Assumption 1, 21, must be at the highest possible value which is (1+7,_1)e + ;.
At this value the objective function can be written as (Ry — (14 r¢))i; + Dy_1 where D;_4 is

determined at ¢t — 1. Moreover the borrowing constraint at this value of xy, is:
(1 +ry — HlRl)it < 91R1(1 + Tt_l)e .

Since the constraint is not binding one can raise 7; by an small amount ¢ > 0 so that the
constraint is still satisfied and the value of objective function is increased by (R; — (14 7))e.
This contradiction shows that the borrowing constraint has to be always binding. The rest

of the lemma is straight forward by using the borrowing constraint to eliminate ;. [ ]

Proof of Lemma 2. First, I show that these are the only steady state equilibria for the

three regions. Suppose that 75° is a steady state interest rate for z € {¢,m,i}. Consider an

steady state of the liquid region. If 1229}2%;32 < (1 4+ 73%), by 5 both of the upper and lower

bounds on the next period interest rate will be strictly smaller than r;°. It cannot be that

(14+7ry) < 1229};12%2 either. In that case using 5, the upper bound for the next period interest
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rate 03 Ry (2+7r;*), will be strictly bigger than 1+75® but strictly less than 12292%}2%2 and so strictly

less than 147, (0, R) (since (0, R) € Fy). Hence by 4 the next period interest rate will be the

upper bound itself which is a contradiction given that it is strictly bigger than 1+7;°. Hence

one must have (1+75*) = 1229}2%?%2 . In a similar fashion I can show that if there exists an steady
state for Fj, it must be (1 +77%) = 1210?}1%1. Finally, suppose that (1 +75¥) < (1 +7,(0, R))
in the mixed region, then using 4 and the fact that the economy is at the steady state, one
must have (1 4 73%) = % which gives % < (1 +ra(6,R)) that is a contradiction

given that the economy is in F,. Similarly one cannot have (1 +7,(8, R)) < (14 r3) and
so (14755) = (1+74(6, R)).

It only remains to check that these steady states exist. As I showed above the trajectories
of the interest rates are consistent with the equilibrium conditions 4 and 5 given an initial
interest rate 1 + r_; equal to the steady state. The values of i; are exogenously given and
equal to e and the values of xy; and x9; can be derived from 6. The only condition that

remains is that 1+ r, < Ry for all £ > 0. To see this note that under Assumption 1:
1+7r,(0,R) < min(Ry, Rs) .

Hence, the remaining condition is satisfied for the liquid and mixed regions. The condition

is also satisfied in the illiquid region since I assumed that 1219?}1%1 < Ry in Definition 3. Local
stability of the steady states in F, and Fj, follows from the fact that 61 Ry < 0,Ry < 1
by Assumption 1. If 14 r% # 1 4 rp(0, R) where z € {{,i}, suppose without loss of
generality that 1 + 7 —e < 1+ r, < 1+ r;®. For small enough € > 0, the whole interval
[14+ 75 — €, 1+ 1] is either strictly below or above 1+ 74(0, R). In either case, 4 and 5

imply 1 +r, <1+r, =60,R.(2+m1r) <1+7r?

z

and hence by Assumption 1, the interest
rates starting from a point in the interval [1 + r$° — €, 1 + 5], converge to the steady state
value. For the case where 1+ 73* = 1+ r5(0, R) where z € {{,i} or the mixed region, F,,,
where the steady state interest rate is 1 4+ r, (80, R), suppose without loss of generality that
1+ 71 <1+75(0,R) (the proof for the case 1 + 1,y > 1+ r5(0, R) is very similar). If
14750, R) € [1R1(2+71ri—1),02R2(2+1r4—1)], then 4 gives 1 +r; = 14+74(0, R). Otherwise
suppose that 0, Ry (24+7;_1) < 147,(0, R). Then 5 implies 147, 1 < 141, = 3 Ra(24714_1) <
14+ 7A(0,R). Hence, 1 + ryy,k = 1,2,3,... converges to 1+ r5(0, R). The proof is very
similar when 1+ 7,(0, R) < 6, R;(2 + ;1) and so this completes the proof. |
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Proof of Lemma 3. Claims about the steady state interest rate are established by 7 and
8 in the text. Let s;(0, R) = —2—

P be share of type 7 € {1,2} in total investment at the
1
steady state. By 6:

92R2 — (1 — 92R2)(1 + rA(O, R))
(HQRQ —91R1)<2+7’A(0,R)) ’

(1 — GlRl)(l + TA(G, R)) — 91R1
(HQRQ — 91R1)<2 -+ TA(O, R))

81(9, R) =

82(9, R) =

Now one can rewrite s1(0, R) as:

1
51(0, R) = 70O )
e 05Ry — 01 Ry

Numerator of the above is strictly increasing in 6; by 7 and the denominator is strictly
decreasing in 6;. This implies that s1(0, R) is strictly increasing in 6; when (6, R) € F,,

and hence monotone in 6; in all three regions. For s5(8, R) one has:

05,0, R)  (BoFs 91R1)8TA3(§2’R) — (1 =61R1)(1 +75(6,R)) — 61R1) Ra(2 + 75(6, R))
002 ((9232 — 01 Ry)(2+ 74 (6, R)))2

Arranging terms in the numerator, the above can be written as:

882(0, R) (CE(el)H% -+ b(91)92 + 0(91))R2

8‘92 B ((GQRQ — 91R1)(2 + TA(O, R))((l — Hl)Rl — (1 — 92)R2)>2 .

where a(6y), b(6,) and c(6;) are:
a(fh) = — RiR5(1+ Ri)(1 — (1 + Ri)6h)
b(01) =Ry RE(1+ Ry) + Ry Ro((Ry — Ro)(1 +2Ry) — Ry(Ry Ry — 1))
— RIRy(1+ Ry)(2+ Ro)07,
c(0)) =R1Ry(R; — Ry) — RiRo(Ri(2+ Ry) — Ro)01 + R2(1+ Ry)(RiRy — Ry + Ry)6?
L RY1+ RGP

To show that s5(0, R) has at most one (interior) maximum, it is enough to show that given

any 01, a(61)05 + b(6;)02 + c(f;) has at most one root as a quadratic polynomial of 6, inside
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F. By Proposition 2, 6; < Tlm and therefore a(6;) < 0. In the next step, I show that
¢(6y) > 0 for all 6, by proving that ¢(61) = Ry1(c(61) — R{(1 + Ry)63) > 0 inside F. If
¢(61) has no roots then ¢(61) > 0 since ¢(0) > 0. Therefore suppose 67 is the smallest root

of (6,) = 0:

Ry(Ri(2+ Ry) — Ry) — VA
2R5(R; — Ry) ’

A =(Ry(R1(2+ Ry) — Ry))* — 4R Ry(Ry — Ry)(1 4+ Ry)(RiRy — Ry + Ry).

07 =

Now one has:

Ro(Ri(2+ Ra) —Ro) VA 1
2Ro(R1 — Ry) 1+ Ry

(1+ Ry)? (32(31(2 4 Ry) — Ry))? — 4R Ro(Ry — Ry)(1 + Ro)(RyRy — Ry + RQ)) <

6; =

(Rall 4 RO(RA(2+ Ra) — Ry)) — 2Ra( Ry Rg))2 o

(1+ Ry) (31(1 £ RO)(1+ Ro)(Ri(Rs — 1) + Rs) — Ro(Ru(2+ R1) — Rg)) > “Ry(Ri — Rs).

The last inequality holds since:
Rl(l -+ Rl)(l + RQ)(Rl(RQ — 1) + Rg) — Rg(Rl(Q + Rl) — RQ) >

RiRy(1+ R)(14+ Ry) — RiRy(2+ Ry) > RiIRy >0 > —Ry(Ry — Ry) .

* 1 1
Hence 07 > 7 TR

a(fy) <0 and ¢(6;) > 0 in F, at least one root of a(f;)03 + b(61)0; + c(6;) for any given 6,
has to be non positive. Therefore a(f;)603 + b(6)02 + c(61) has at most one root in F for any

and since ¢; < in F' one must have ¢(#;) > 0 in F. Now since

0, and consequently s,(6, R) has at most one (interior) maximum. Note that when 8 is on
the boundary of F),, and Fj, s5(0, R) = 0 and hence %&R) > 0 given any #;. Now suppose
0, is the value for which the vertical line 6; = #, is tangent to the boundary of F}. Observe
that when 6, increases along ¢, = 6’~1 line, s5(0, R) reaches the maximum of one at the point
of tangency. Therefore beyond the point of tangency s3(0, R) must be strictly decreasing
in 6. This implies that for the particular value of 8, = 51, there is a unique maximum for
s2(0, R). Hence by continuity, there must be a unique maximum for s5(6, R) over the range

of 6, given any #; in a neighborhood of 0, which completes the proof. ]
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Proof of Proposition 1. First I show that for all¢ > 0, 1+7; < R;. Suppose 14+r;_1 < R;
for some ¢t > 0. Consider the window defined by 5, where 1+ r; € [61R1(2 4 r4—1),02Ra(2 +
ri-1)]. 2 Ro(2+74—1) < 14+75(0, R), 4 implies 14+71; = 02 Ro(2+711-1) < 1+75(0, R) < Ry.
The last inequality holds by Assumption 1. If 61 R1(2471;_1) < 14+77(0, R) < 03 R2(2+1,_1),
by 4 T get 147, = 14+7r,(0, R) < R;. Finally, consider the case 1+7,(6, R) < 61 Ry (2+74_1).
4 implies that 1 +r, = 1R (2 + r—1) < max(1 + ry_q, 129?}121) < Ry. The first inequality

holds because the value of 6; R1(2+ r;_1) is always between 1+ r;_; and %. The second

inequality is obtained by the assumption that 1+r;_; < R; and definition of F'. By induction,

1+7r_1 < Ry implies 1 4+ r; < Ry for all £ > 0. This proves the necessary condition for the
interest rates in the competitive equilibrium.

In the second step, I prove the existence and uniqueness. I show that given (6, R) € F and
the initial condition 1+r_1, a unique path of interest rates are defined by 4 and 5. Note that
given the path of interest rates I can simply solve for (14, o, 7;) for all ¢ > 0 using 3 and 6 in
each period. Suppose I have determined the unique interest rate 1+ r,_; for t — 1. Consider
the window, defined by 5, where 1 +1; € [(1R1(2+71r1-1),02R2(2+1r1-1)]. If OoRy(241-1) <
14+77(0, R) or 14+7r5(0, R) < 01 R1(2471,_1), using 4 gives 1+7r, = O3 Ro(2+71,_1) and 147, =
01 Ry (2 + ry_1) respectively. Finally, suppose 01 R1(2+7,_1) < 14+75(0, R) < 05Ry(241;_1).
Then, if 1 + 7, > 1+ 7,(0, R), by 4 one must have 1 + 1, = 61 R1(2 +1r,_1) < 1 +7,(0, R).
Similarly if 1+7r, < 14+7,(0, R), by 4 one must have 1 +7r, = ,Ry(2+71,_1) > 1+7,(0, R).
The two contradictions show that one must have 147, = 14r,(6, R). Hence, I showed that
given 147r,_1, there is a uniquely determined interest rate at time ¢, that is, 14r,. Therefore,
by induction, I have shown that given an initial condition 1 4 r_;, there is a unique path of
interest rates for all ¢ > 0.

In the third and final step, I show that the unique equilibrium path of the interest rates
defined in step two, converges to the unique steady state characterized in Lemma 2, for
given (0, R) € F and an initial condition 1 4+ r_;. Consider the case (8, R) € F} first.
Note that if 1 + 7,7 < 14 r,(6,R), using 4 and 5 implies 1 + r, = 02R3(2 + 11_1) <
max (1 + 71, 1%?}2%2) < 1+475(0,R). Hence, if 1 +7_1 <1+ 17,(0, R), the path of interest
rates is defined as 1 + r; = 03 R9(2 + ry_1) for all ¢ > 0. This path is clearly convergent to
147 = b2l2_ Now suppose 1+71_;1 > 1+74(0, R) which implies 1 +7r_; > 021t Define

1-02R> 1-02R>

the series {1+ 7} as 1 + 7 = OoRy(2 4+ 7q) forallt > 0and 1 +7_ 1 = 1+r_y. If
1+ Tt—1 S 1+ ,Ft—la 5) 1mphes 1+ Tt S 92R2(2 + rt—l) S 92R2(2 + ft—l) =1+ Ty, Hence by
induction one must have 1+ 7, < 1+ 7; for all £ > 0. Since by Assumption 1, Ry < 1, this

immediately implies that, there is a finite tq for which 147, < 1+7,(0, R). Therefore, this
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case is similar to the previous part of the proof and so convergence is established.
Now consider the case (8, R) € F,, where Definition 3 implies that 1219?;%1 < 1+

rA(0, R) < 1229%2. Without loss of generality suppose 1 + 71 > 1+ r,(0, R). Define
the series {1+ r,}° ;asl4+r, =66 Ri(2+r,_,) forallt>0and 1+7r_; =1+r_;. Itis
easy to see that there is a finite and unique ¢y > 0 such that 1 +r, < 1+ 7ry(0,R) <
1+ r,_,. Now one notes that if 1 +7,_; > 1+ 7,(0, R) for some ¢ > 0, one must
have 0o R2(2 4+ ry—1) > min(1l + 71, 1329}2%2) > 14 r,(0,R) and therefore 4 and 5 give
1+ 7 = max(01 R (2 4+ 1:-1),1 + ra(0, R)). Using this observation and by induction, for
—1 <t <ty —1onemust have 1 +r, = 1+ 1, > 1 +7,(0,R) and so OyR5(2 + ry) >
min(l + 71, 1329}2%2) > 1+ rp(0,R). Using 4 and the definition of ¢y, this implies that
141y, =max(01 R (24 14-1), 1 +72(0, R)) = 1 +1,(0, R). Therefore, the path of interest
rates converges to the steady state interest rate, 1 4+ r5(6, R), in finite periods. The proof

for the case 1 +r_; < 14 75(0, R) is very similar. Finally, if 1 +7_1 = 1+ r,(0, R), the

economy is already in the steady state and all future interest rates will be the same.
The proof for the illiquid region is very similar to the case of liquid region and so I do

not provide it here. m

Proof of Proposition 2. First, I compute the boundaries of the illiquid and liquid regions

as functions of #,. For the illiquid region the defining boundary is characterized by:

0 R
1+ 74(0, R) = (m) |

Using 1 and solving the above as a function of ¢, I get:

iy ((BR(1—0:(1+ Ry))
05(61) = ( Ro(1—61(1+ Ry)) ) '

This function is strictly increasing and convex in 6; since ¢, R; is increasing and:

d ((1—91(1+R2))): Ry — R,

w \0—a0+r)) " 0-na+m)e "

Also observe that 65(0) = 0 and so no matter how close to the origin, there are illiquid

equilibria in any neighborhood of the @ = 0. Now the characterizing equation for the liquid
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region is:

0, R
1+74(6,R) = (1_279;]%2) .

Collecting terms involving 6, or 6, on different sides I obtain two distinct curves:

20y — (01R1(1 + Ro) + Ro) + /(01 Ri(1 + Ry) + R2)2 — 40, Ry Ro(1 + Ry)

o(01) = 2R T Ry) ,
600} — (01R1(1 + Ry) + Ry) — /(1 Ri(1 + Ry) + Ro)? — 40, Ri Ry (1 + Ry)
balbr) = 2Ro(1 + Ry) '

Note that obviously 85(6;) < 52(91) and 65(0) = 0 and so the lower boundary characterizing
the liquid region passes through the origin. This means that there are liquid steady state
equilibria at any neighborhood of the origin.

Now let A(6;) = (01R1(1 + Ry) + Ry)?> — 460, R Ry(1 + Ry). Then the two curves 65(6;)
and 52(«91) touch each other when A(#;) = 0. This equation has two roots:

By (201 + By) = (1+ Ry)) + AT+ R (B — o))

0, = :
! Ri(1+ Ry)?
(" (01 + R) = (14 R2) = VAT + R) (R — Fa)
=1 Rl(l + R2)2
The smaller root is less than Tlm since:
0, < & (14 Ri)R; ((2(1 +Ry)— (14 Ry)) — V4(1 + Ry)(R, — R2)>
1+ Ry

< Rl(l + R2)2 = (1 + Rl)Rg(Q(l —+ Rl) — (1 + Rg)) — Rl(l + R2)2
< (1 —+ Rl)RQ\/4(1 + Rl)(Rl — RQ) = (Rl — R2)<2R1R2 + R2 — 1) <
(14 Ri)Rov/4(1+ Ry)(Ri — R») .

If I square both sides and cancel R; — Ry and collect the terms, I get:

& Ry < AR?R3 + SR?R2 + 4R \R3 + TR\ R2 4+ Ry + 4R?Ry 4+ 2R2 + 2R Ry + Rs .
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This is obviously the case given Assumption 1. The bigger root is greater than Tlm since:

§1>

e (1 ROR (201 R) = (14 o))+ VAT R (B — )
>Ri(1+Ry)* < (1+R)Ry(2(1+ Ry) — (1 + Ry)) — Ri(1 + Ry)?

> —(1+ R))Ry/4(1 + R)(R, — Ry) & (Ry — Ry)(2R1Ry + Ry — 1) >
—(1+ Ry)Rae/A(1+ Ry)(R1 — Ro).

The last inequality is obvious given that one term is positive and the other is negative.
. . = . .

Therefore the point at which the two curves 6,(6;) and 65(6;) touch each other inside F is

0, and also the fact that 6, < ﬁ proves that for high 6, there is no liquid steady state.

Next, I prove that 92(91) is strictly decreasing and €5 (6, ) is strictly increasing. The deriva-
tives are:

d%éfl) =, (31(1 + Ry) + (Ri(1+ Ry)(01R1(1 + Ry) + Ry) — 2R1 Ro(1 + Ry)) A(@l)_%) |

dﬁééel) =C, (Rl(l + Ry) — (R1(1+ R2)(01R1(1 4+ R) + Ry) — 2R1Ro(1 + Ry)) A(Hl)_%)

Cy is just a constant. It is easy to see that the term in parenthesis just before A(@l)_% is

14
always negative for 6; < 6,. Hence, d%éfl) should be strictly positive. Now for the other

case:

d, (0)
d91

& R2(1+ Ro)?A(61) < (R2(1+ Ry)%6, — RiRy(2(1+ Ry) — (1 + Ry)))’
& (14 Ro)?A(0)) < (Ri(1+ Ro)?6) — Ro(2(1+ Ry) — (1 + Ry)))”

S (1+Ry) <2(1+ Ry) — (1 + Ry).

<0

The last statement is correct given Assumption 1. In the last step I used the definition of
A(67) to cancel out all terms. What I proved show that for any @ € F; one must have

4
6 < (ﬁ, ﬁ) This is because I showed that 8, < ﬁ and that deflTSfl) is strictly

decreasing while 52(91) stays above 65(6;) and intersects with 6, = 0 at ﬁ.

In the next step I want to prove that the liquid region lies above the illiquid region. First,
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I observe the following:

8rA(0, R) . (1 - 91)(R1 - R2>R1R2 0
90, (=R —(1—0)Ry)?

b2ft2_and 1y (0,05, R) < 4B where (6,6,, R) and

16> R> 161 R,
0,, by the derivation above r,(6;,602, R) < ry (01,65, R)

Now suppose that 75 (61,602, R)
(01,05, R) are in F. Then if 0,

and hence:

IN IV

92 Rg

, 0. R
1—792R2 < TA(917927R) < TA(917927R> < o

- 1—91R1.

This is not possible since it implies that 63 Ry < 61 R; and hence (61,02, R) cannot be in F.

In the last step of the proof, I show that (R%v ﬁ) € F;. First, note that:

8rA(0, R) (1 - 92)(R2 - Rl)Rle

= <0.
00, (1 =01) Ry — (1 — 62)Ry)?
Second, observe that 63(6;) is strictly increasing, passes through the origin and also converges
to infinity when 6, gets close to ﬁ. This means that 63(6;) cuts the horizontal border
of F' that is 6y = R% at an interior point, say, (6, R%) where 0, < ﬁ. At this point
05(0,) = 1215?;%1. But since I proved above that %(ZR) <0, for any 6, € (0, ﬁ) I obtain:
élRl 91R1

05(61) < 05(6:) =

-0k, 1-0R

This means that 6, € F; for 6, € (0, Tlm)

Proof of Proposition 3. When R; > Ry > 1 and 1 > 6;R; > 0y R,, entrepreneurs only
invest in type one since type two is dominated both in terms of liquidity and return. Hence,
this economy collapses to the economy in Farhi and Tirole (2010a) with only one investment
type, (01, R1), and no bubbles or outside liquidity. Farhi and Tirole (2010a) show in their
Proposition 5 that under the assumption that R; > 1, all competitive equilibria are Pareto

efficient and hence constrained Pareto efficient as well. ]

Proof of Proposition 4. By Proposition 2, the competitive equilibrium converges to a
unique steady state corresponding to (6, R) € F, U F,,,. This implies that there exist 7' > 0
and € > 0 such that xo; > ¢ for t > T. Suppose one reduces xo; for t > T+ 1 by 0 + €
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and increases xy; for t > T+ 1 by € and for time 7', reduces xo7 and increases x17 both by

W(S Moreover, 6 > 0, € > 0 are such that ¢ + 0 < ¢ and:
21412 1

0 = (92R2 — 91R1)€ + HQRQ(S,

1—05R,
ROk

Similar to what is shown in the text, this reallocation reduces the debt payments of each
generation from T onward by 0 and leaves all middle aged at or after T strictly better off
when 7, (0, R) < 0. If rA(6, R) = 0 the reallocation does not affect the utility of middle
aged after T" but increases utility of middle aged at T'. This proves that the competitive
equilibrium is constrained Pareto inefficient whenever 75 (8, R) < 0.

If (8, R) € F,, then by definition 7, (0, R) < 0 implies a strictly negative interest rate at
the steady state. If (8, R) € Fy, by Lemma 5, 4 (0, R) < 0 implies:

92R2 6)1R1
1— 92R2 1-— 91R1

§1+7‘A(0,R)<1.

Hence by Lemma 2, the steady state interest rate is strictly negative which completes the

proof. [ ]

Proof of Lemma 4. The straight line corresponding to 7, (0, R) = 0is 65 (0,) = (g;(gf } ) th+

( Rf(lzgﬁzn)' This line intersects horizontal line §; = 0 at 62(0) = Rf(lgl 1321) which implies
02(0) > 0. Hence, Proposition 2 and Proposition 4 imply that an strictly positive neigh-
borhood of the origin, i.e., @ = 0, corresponds to inefficiently liquid equilibria. Since by
Proposition 2, any neighborhood of the origin contains liquid equilibria, by Proposition 4,
it follows that there are inefficiently liquid equilibria in any small enough neighborhood of
the origin. Note that by Proposition 2, the boundary of F; cuts the vertical axis §; = 0 at

the origin and 0 = and also the upper part of the boundary is negatively sloped in

0, 777)
(01, 602) plane. Therefore, it follows that r, (0, R) = 0 line passes through F, if and only if
its intersection with 6; = 0, that is (0, 65 (0), lies below or at 6 = (0

whenever % <1.
-

For the last part, let .S; denote the unique intersection of 75 (6, R) = 0 with the boundary

, 1+R ). This is the case

of F;. Observe that by Proposition 2, the inefficiently liquid region lie above the convex inner

boundary of F; and below r,(8, R) = 0. This completes the proof. |
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Proof of Proposition 5. For part of the proof, I use some of the results in Ghate and
Smith (2005), specially their Theorem 2.6. This theorem shows that complementary slack-
ness conditions are sufficient for optimality in a linear programming with infinite variables
and infinite number of constraints, when feasible points, constraints and objective functions
of both primal and dual problems are elements of appropriate spaces. A necessary condi-
tion for this result is that the feasible points of the primal problem, i.e. feasible allocations

{ct, X1ty w2t }72,, lie in L. To see this note that by 9 and Assumption 1:

1+ Ty < O1R1xy—1 + O3 Roxoi 1 + e < O Ry (2141 +x20—1) + €

This together with 9 give:

T+ T < i1+ 15
Ct SRl(i_1+ﬁ)+e.

1_1 is total investment at ¢ = —1 which is an initial condition to the problem. The above
proves that {c;, x1;, 29} € o for any feasible allocation.

Now let (8, R) € F' and consider an allocation {c}, x},, z5,}°, that satisfies 9 with equal-
ity for all ¢ > 0. If there exists a series of strictly positive weights {\:}52, € ¢ such that

* * * 00 .
{ci, x5, 25,152, solves:

(o]
max E AiCy
t=0

{ct,x18,226 } 22
s.t. ¢+ xy + vy < Rz + Rowogy1 + €
T+ 2oy <O Rywy—1 + 02Roz 1 + €

¢ >0,21, 20,29 >0

then {c}, z7,, x5, }7°, is constrained Pareto efficient. Let {n:, V¢, 014, ar, det } 72 be the Lagrange
multipliers for resource constraint, borrowing constraint and non negativity constraints on

T1¢, To¢ and ¢; respectively. As discussed above any feasible allocation is bounded. Hence
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the sufficient conditions for {c}, z3,, 5,}7°, to be a maximum are:

(
AM— 1+ 0=0,
(Riney1 — ) + (01 R1Yer — ) +01. =0,
(Rony1 — ne) + (O2RoYer — 1) + 02 =0, (SC)

ntzoa7t20>51t20a52t20a5ct20a

k(sltxlt =0, 0ot Tor = 0, Octct = 0.

for t > 0, provided that {n:, v, 01¢, dar, et } 72 € 1. First consider the case where r,(6, R) >
0. In this case, if I set {d1s, 0oz, 0et }5°, to zero, solving the first three series of equations in
SC, I obtain the following for ¢t > 0:

R — Ry
e = M, 7t+1:m)\t+1,
A 2_(1—91)R1—(1—92)R2>\ )
t - t )
i (62 — 1) Ri Ry i
0, Ry — 1R
AlZM(AO_Fr}/O)_

(92 - 91)R1R2

The coefficient in the second difference equation above is (1+7,(8, R))™!. Therefore for any

positive Ay and 7y, A; is given by the above and:

)\t — (1 +TA(0,R))_(t_1) )\1 )

Since rA(6, R) > 0, the resulting {\:}°, and consequently all {n:, V¢, 014, Oar, det } 22, lie in
(1. Therefore all the conditions above which are sufficient for optimality are satisfied and
{cf, x7,, 25,152, is constrained Pareto efficient.

Now, let 4(6, R) < 0 and consider a feasible allocation {c}, z7},, x5, }52, for which there
exists a T' > 0 such that 25, = 0 for t > T'. If one sets {014, 0ct }52 to zero, the first three set

of sufficient conditions in SC give the following for ¢t > 0:
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__Ri-Ry, 1
T T Ry — 0.Ry YT OuR, — 0, R,

(1 - 91)R1 - (1 - 92)R2 92R2 1

M = T T R T G ) T O — R
0, R — 01 Ry

(92 - 91)R1R2

ﬁt:)\m 521&7

52t )

A = (Ao + 70 — d20) -

Given any positive \g and 7y, suppose one sets 0oy = 0 for 0 < ¢t < T — 1. This implies
N = p7iA for 1 <t < T, where p = (1 +7,(0,R))"" > 1. Moreover, let dor = a'Ap
and 0y = a)\; for t > T + 1 where v and ' are positive constants to be determined. For

t > T + 2, the above equations lead to the following difference equation:

02 Ry N
(0 — 01) R1 Ry

1

N — —
)\ (2 — 61) Ry Ry

A1 = (p+ a1
This difference equation has a solution of the form A\;;; = m\; where m is the smallest root

of the characteristic equation:

1 92R2 92R2 2 da
m==(p+—22 _ — [(p+ - .
2 (’) (6> — 61)RiRs \/(’) (65 — 91)3132) (6> — 6)RiRs )

It is easy to see that:

o (O —0)RaRy(p— 1)
1—60R, '

m<1l <«

Hence if « is small enough and given the appropriate initial condition, i.e. Apio = mAryq,

one can generate {\:};2, € £1. For time T'+ 1 and T" + 2 the difference equation becomes:

o 92R2 /
. 92R2 1 /

and therefore Ay o = mAr,; if and only if:

92 R2 ’ 1 ’

(o+ P R B
( (92 - ‘91>R1R2 .

92 - 91)R1R2 “ )(p (92 - 91)R1R2 “

The above equation is linear in o’. Note that one always has 6, Rop < 1 and hence for small
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enough « there is a strictly positive solution for o/. Therefore a small enough @ > 0 defines
unique values of 0 < m < 1 and o/ > 0 such that {\;}32, and {n, V4, O11, Oar, Ot 12 are in ¢4
and satisfy SC. This proves that {c}, z],, x5, }i2, is constrained Pareto efficient.

Finally, let 75 (6, R) = 0 and consider a feasible allocation {c}, z},, 3, }:°, for which there
exists a T > 0 such that a3, = 0 for t > T. Setting {dy, 0e:}52, and {da }' to zero implies
A=A for 1 <t <T. Using SC for kK > 1 one can obtain:

k—2

ATyk = A — C( Z 52T+j) + vorip—1 -
=0
where ( = % and v = m. To satisfy the above condition, for any j > 0
define:
5 B ( >\T >j+1
2T+5 — )\T _'_C )

A \J
Ay = (A ( ) .
It is easy to see that { A}, and {m:, Ve, d1t, 0oz, Oet } 12 lie in ¢; and satisfy SC. This proves

that {c}, x¥,, x5, 132, is constrained Pareto efficient and completes the proof. ]

Proof of Proposition 6. Using the values of steady state interest rates in Lemma 2,
market clearings and the objective function in II, deriving V;**, V** and V;® is straight
forward. For the regulated economy remind that by IV the objective function when the

social planner sets oy = o will be:

Ss
Va

(1= )Ry + aRy)(2+7%) — (L +71%))e

Vo Vo
= o 1 —
(Ra( +1_%) 1_%)6

o Ra _f)/a e
= 71 . .

The first part above uses 13. For last part of the proposition observe that 6 gives:

~ (1 + rA(B, R)) — 91R1(2 + rA(B, R))
= (QQRQ —91R1)(2+7’A(9,R))
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The interest rate is:

T4rss =19 —
Y1 =g,
((1 —+ TA) — 91R1(2 + TA))HQRQ —+ (92R2(2 -+ TA) — (1 -+ TA))elRl
((1 -+ T’A) — 91R1(2 —+ TA))(l — 92R2) —+ (92R2(2 -+ T’A) — (1 -+ T’A))(l — «91R1)

(92R2 — 91R1)(1 + rA(O, R))
(‘92R2 - HIRI)

=1+7,(0,R).

Therefore the utility levels at the steady state should be the same. Note that 1+7,(6, R) <
min(R;, Ry) < Rz, by Assumption 1 and so the proof is complete. ]

Proof of Lemma 5. First, consider V;**(8, R) — V;**(0, R). Note that:

1-— QQ)RQ > (1 — 91)R1
1— HQRQ 1— HIRI

= (R2 — 1)(1 — 91R1) > (Rl — 1)(1 — HQRQ) =

V(6. R) > V(0. R) & |
Ry —1 - R, —1
1—05R, 1-0R,
(Ry — 1R Ry + 01 Ry) >(Ry — 02 R Ry + 05 Ry) &

(6 — )RRy > (1 — )R] — (1 — 63) Ry

B (02 — 01)R1 Ry
1+TA(0,R)— ((1—91)R1—(1—92)R2) > 1.

Now define the following terms:

[ (62 —01)R1Ry — ((1 —01)R1 — (1 — 6)Ry)
QZ(OaR) - ( (92R2 — 91R1) ) €,

(O2Ro((1 —601)R1 — (1 — 63)Ry) — (1 — 02R2) (02 — 01)R1 Ry

['y(0,R) = (1 —03Ry)((1 —61)R1 — (1 — 62)Rs)

Notice that the denominators of Q,(8, R) and I'y(6, R) are strictly positive. Moreover it is
easily seen that the numerator of I',(6, R) is positive if and only if 1+ r,(6, R) > 1 and
the numerator of €,(6, R) is positive if and only if 1 + r, (0, R) < % =1+7r%6,R)
or equivalently (68, R) ¢ F,. €,(0, R) is the welfare gains per unit of reduction in x; of

investing the freed resources in xo and I'y(0, R) is the maximum amount of reduction in z;
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that can possibly occur (see Section 4.1). By Proposition 6:

ss (92 - 91)2R%R§
Ym' = ((9232 —01R)((L—61) Ry — (1 - 92)R2)) -

Now I want to compute and simplify V,2*(8, R) + (8, R)T',(6, R) = £E%. The common

denominator and the numerator are:

DEN =(1— 6,R)((1 — 0:)R1 — (1 — 03)Rs)(6:Rs — 61 Ry)

NUM = (1 — 65R5) (65 — 6,) Ry R ((92 — 0)R\R,
- ((92 —9)RiRs — (1 — 01)R1 — (1 — 92)32)))
4 0yRy (1 — 01)R1 — (1 — ) Ro) ((92 —0)RiRs — (1 — )Rl — (1 — eg)Rg)) :
:«1—&ﬂﬂ—(L—%ﬂﬁ»«%—ﬂﬂRJ@+%B§—%BM@—%Rx%RT—&RQ»
— (1= 6,)RL — (1 — 0)R0))(1 — ) Ra(6:Rs — 61 Ry) .

Therefore:

0> R B
1—60yRy
‘/ZSS(0> R)_ Vrzs(0> R) = Qé(0> R)Fé(0> R) .

Vw0, R)+ (6, R)I',(6, R) = (0, R),=

By last equation it is obvious that the sign of V;**(8, R) — V.**(68, R) is positive if and only
if rA(6, R) >0 and (0, R) ¢ F,. For the last case define:

(0, R) = <((1 —0)R1 — (1 —65)Ry) — (6 — 91)3132> 5

(92R2 - elRl)

1-— 91R1)(92 — 91)R1R2 — 91R1((1 — 6’1)R1 — (1 — QQ)RQ)
(1=01R)((1 = 01)R1 — (1 — 62) Ry)

Note that ©;(0, R) = —,(6, R). Similar simplifications lead to:
V#(0,R) - V30, R) = (0, R)I';(6,R).

Hence V**(6, R) — V.**(0, R) is positive if and only if r, (0, R) < 0 and (6, R) ¢ F;. |
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Proof of Proposition 7. First, [ prove that the proposed regulation can implement Pareto
improving reallocations used in Proposition 4 and Lemma ??7. Consider an inefficiently liquid
equilibrium corresponding to 75 (6, R) < 0. Similar to the proof of Proposition 4, there exists
T > 0 and € > 0 such that xo; > ¢ for t > T'. Suppose one reduces xo; fort > T +1 by d + €

and increases x1; for t > T + 1 by € and for time T', reduces xor and increases xy7 both by

1

7o 0. Moreover, 6 > 0, ¢ > 0 are such that ¢ + 0 < ¢ and:
2112 141

6 = (92R2 — 91R1)€ + HQRQ(S,

_ 1—6,R,
T 0,Ry — 0By

€

This reduces the debt payments of generations on or after T" exactly by d. It has already been
shown in the text that the above reallocation is a Pareto improvement. Let {d;, k¢, 14}72, be
defined as the decreases or increases in (14 1;)e, x1; and o respectively as above. Then one

has:

0y = O Rovy — 01 Ry Ky

5t—1 = Vi — K¢ .
Let {ap}52, be the fraction of the liquid type in total investment for the original competitive
equilibrium. Now define {ag}:°, as follows:

Lot — Vg
Tip + Top — 01

Qpp =

Suppose the planner regulates the portfolios according to {ay: }2,. Let {Z14, Tor, 71 }5°, be the

prices and quantities in the regulated equilibrium. Define r*; = r_; and {r}?°, recursively:
1+ T; = (&gtegRg + (1 — &gt)ﬁlRl)@ + 7’:_1) .

By IV and market clearing, r; is an upper bound for 7 for all t. Now suppose (1 +r;_;)e =

01R1x14_1 + O3 Roxe; 1 — 041 which is true for ¢ = 0 by assumption. Then one has:

Oy Ry (w9 — 1) + 01 Ry (z14 + Ky)
1 + T — 01 .

&gtegRg + (1 - agt)elRl -
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But by resource constraint of the original competitive equilibrium and using recursive equa-

tions above defining {d;, k¢, 1 }:

Oy Ro (o — 1) + 01 Ry (w14 + ki) = 01 Ry + 02 Rowoy — O,
Tip + Ty — 041 = O Ryxy—1 + O2Rowo 1 — 01 + €.

Hence it must be that (1 + r})e = 61 Ryxy; + 03 Roxo, — 6, and so by induction this holds for
all £ > 0. Now notice that in the original competitive equilibrium one must have 1 + r, <
Ro: = (1 — aw)Ry + apRy for all t. Whether entrepreneurs specialize in liquid type or mix
at time ¢, the interest rate has to be no bigger than 1+ r,(6, R). Using Assumption 1, one
has 1+ r5(0, R) < Ry and so:

1+Tt§1+TA(9,R)<R2§Ra5¢.

Observe that 1 4+ r; < 1+ 7, and Rz; > Rars. The latter is true because ay > g by
construction. Hence 1 + r; < Ry, for all £ which immediately implies that the borrowing
constraints are binding in the regulated equilibrium and that r, = r} for all ¢ and so the
allocation induced by the regulation coincides with the Pareto superior allocation given at
the beginning.

In the second part, I show that this type of regulation can make a Praeto improvement
that reaches the Pareto frontier given by Proposition 5. Consider an inefficiently liquid
equilibrium corresponding to r, (0, R) < 0. Since it converges to the steady state by Propo-
sition 1, for an arbitrarily small € > 0, one can choose T such that the differences between
equilibrium values of interest rate, investments in the two types and utility of the old gen-
erations and their steady state values be all less than € for ¢t > T'. Similar to the first part,
suppose {au}io, {T1t, Tar, T2 112 be the liquid fraction of investment, the prices and quan-
tities in the regulated equilibrium. Define ay = ay if t < T — 1 and ay = 0if ¢t > T. In
words, lets replicate the original competitive equilibrium allocation up to time 7" — 1 and
then shut down investment in the liquid type completely on or after 7T'.

Similar to the first part it is easy to show that borrowing constraints are binding in the

regulated equilibrium and that it converges to a new steady state with 7*, z5° and r**. The

01 R
1-01 R,

for 1 4+ rp for small enough e. The reason is that the original steady state interest rate is

either 1+ 7% = 14+ r,(0,R) or 1 + r* = 162912%12%2 and in either case strictly bigger than

new steady state interest rate 1+ 7°° = is below {1 + 7¢}2; and strictly so at least
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1+7% = 1219?}1%1. Since € is small, the whole sequence of {1 + 7;}:°, has to lie above 1 + 7

and strictly so at least for t =T

This implies that utilities of middle aged for ¢ > T have to be above their new steady
state value, i.e., V**(0, R), and strictly above for t = T, in the regulated economy because
initial wealth of the middle aged are all bigger than the steady state level. By Lemma 5, if
rA(60, R) < 0 one has V**(0, R) > V?*(0, R) for z € {m,(}, where V*(0, R) is the steady
state utility for the original steady state. Hence if € is small enough, all middle aged at or
after T' are better off, while middle aged before T are left as well off. If r,(6, R) = 0 and
(0, R) € Fy, then after some T, the original equilibrium reaches the steady state level and
so it is still true that at least the middle aged at T' is strictly better off while all others are

at least as well off. ]

Proof of Lemma 6. [ only show that given the assumptions on parameters and the initial
value, competitive equilibrium is unique, borrowing constraint is always binding and the
interest rate evolves according to a law of motion similar to 4. The rest of the proof is very
similar to Proposition 1 and Lemma 2 and so is not provided here.

First, note that 1 4+ r;, < Ry for any ¢t. Suppose 1+ r; > R;, then middle aged do not
invest in any of the two investment types since their returns are strictly less than the interest
rate. The resource constraint dictates that i; — b]® = —(1 4+ 7,_1)e < 0 while using 15, in
equilibrium one must have i; — b® = e — b; which is strictly positive given Assumption 2.

Now I want to show 1+ r; < Ry using induction. This is true for £ = —1 by assumption.
Suppose 1 + r, = Ry while 1 + r;_; < R;. Then the entrepreneurs at ¢ do not invest in the
liquid type since they can always raise their consumption by reducing their investment in
the liquid type. The resource constraint then gives x1, = (1+7,_1)e+ (i; — b}"). Substituting

this into the borrowing constraint yields:
(1 + 1y — HlRl)(it — b:n) S 91R1(1 —+ rt_l)e .

In equilibrium, by 15 and the fact that 1 +r, = Ry and 1 4+ r;_; < R; one has:

01 Ry
1—-6;

(1 — 91)(6 — bt) < ‘91(1 + Tt_l)e < 91R1€ =0 >1—

which contradicts Assumption 2 and hence it must be that 1 + r, < R;. This implies that

borrowing constraint has to be binding at any ¢, otherwise the entrepreneurs can raise their
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consumption by increasing x3; by an small amount. Using the borrowing and the resource
constraints to express z1; and xg; in terms of (1 + r,_;)e and ¢, — b)* and then noting that

x1; > 0 and z9; > 0, one gets:

O1R1(14+1_1) . 02 Ro(1 +1¢—1)
< — oM < .
<l—l—7’t—6’1R1 6_(% t)_ 1—|—’f’t—92R2 ¢

15 implies 4; — b]" = e — b; and so one obtains:

0 0
1 (I4+r_1)+6R <1+nr < 12R2

1—O't — Ot

(1 + Tt—l) + 92R2 .

The problem of the middle aged in II, is similar to II. The only difference is that en-
trepreneurs are maximizing with respect to i; — b;" rather than ¢,. The net gain of increasing
the size of net investment ¢, — b" is equal to A(@, R; ;) as before and hence the threshold
interest rate at which entrepreneurs switch from one type to another is equal to r,(6, R).
Therefore the law of motion for interest rate is:

(
Bollo (1 4y V4 0,Ry — 1 if 222149 ) +60,Ry — 1 <7)(0,R),

1—o¢ 1—o¢

r, =4 0 (1+7r1)+6,R —1 if (191_—}2(1 +ri1)+01R—1>7,(0,R),

1—0o¢

\ ra(6, R) otherwise

Assumption 2 implies that there exists a € > 0 such that 0, < 1 — 0, Ry — € for all £. This
implies that 1 — oy > 03 Ry + € for all ¢ which guarantees that the above difference equations
are stable and that there is a unique path of interest rates. The rest of the proof is similar

to the proof of Proposition 1 and Lemma 2 and so is omitted. ]

Proof of Lemma 7. Using problem II, and conditions 14 and 15 for z € {¢,m,i}, one

observes that:

V(o) = ((1 — o)A (O, R;1%(0)) + PO, R;1°(0)) — arss(a))e.

z

64



using the definitions of A and ®, I can obtain a more explicit form of the objective function:

Ves(o) = ((1 —0)((62 — 61)RiRy — (1 — 61)Ry — (1 — 62) Ry)(1 —1—7";8(0’)))) .
’ 02 Ry — 01 R,

(1 + 7’28(0))(92 - 91)R1R2 - T;S(U)(O'>(92R2 - HlRl)
( 0alts — 1 )

Now using the expressions for r5*(c) for z € {¢,m, i} in Lemma 6 I can take the derivative

for each z € {¢,m,i}. For z = ¢:

d(1+df5(0)) _ ( 1 )2(1 +1%(0)) = ((1 . f—éR—zeszf '

Now using above 1 get:

dvps(o), [ (= (62— 601)RiRy + ((1 = 61) Ry — (1 — 62) Ro) (1 + 75%))
do lo=0 = 0 Ry — 01 Ry ‘

((92 )RRy — (1 — 01)R1 — (1 — 92)32)) (1+75°)2
* (62R; — 01 Ry) ‘

SSs

I simplify to:

wrw), <((92 )R Ra(2 4 1) — (1 — 6))Bs — (1 —92)R2><1+r;s))> it

do OaRy — 601 1y
—r;’e.
I note that r}* = % and so I can simplify to get:
avys Ry —1
4 (U) |0:0 — 2 7’286 ]
do 1— 92R2
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The proof for z = i is very similar. For z = m, one observes that r*(c) = % for any (small

enough) o and so:

d(1+r (o))
do
A, R;r:(0)) =0.

=0,

Hence:

Proof of Proposition 8. The first part is obvious by Lemma 7, since for small enough
o > 0 the change in steady state welfare is strictly negative in inefficient equilibria of the
liquid region because the steady state interest rate is strictly negative. Therefore for small
enough o > 0, a sequence of bonds ¥ with a long term supply of ¢ cannot make Pareto
improvement.

For the second part, let " > 0 be such that r, = rA (0, R) fort > T. Consider ¥ = {0;}{2,,
where 0, =0 for t <T — 1 and 0y = € for t > T and € > 0 is small enough. Using problem

IT, and conditions 14 and 15 one has:
Vi(2) = ((1 —0)AO,R;1y(X)) + PO, R;r1(X)) — (1 4+ r¢(X))oy — at+1))e.

For small enough €, one has r,(X) = 7, for all ¢, where 7, are the interest rates in the
competitive equilibrium without government bonds. Hence consumption of middle aged at
t <T —1 does not change. For t > T 4 1, consumption increases exactly by —r;e > 0, since
competitive equilibrium is inefficient. Finally the change in consumption of middle aged at

T is € > 0 and therefore > makes a Pareto improvement. [
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