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Abstract

Belief disagreements have been suggested as a major contributing factor to the recent fi-
nancial crisis. This paper theoretically evaluates this hypothesis. I assume that optimists have
limited wealth and take on leverage in order to take positions in line with their beliefs. To have
a significant effect on asset prices, they need to borrow from traders with pessimistic beliefs
using loans collateralized by the asset itself. Since pessimists do not value the collateral as
much as optimists do, they are reluctant to lend, which provides an endogenous constraint on
optimists’ ability to borrow and to influence asset prices. I demonstrate that the tightness of
this constraint depends on the nature of belief disagreements. Optimism concerning the prob-
ability of downside states has no or little effect on asset prices because these types of optimism
are disciplined by this constraint. Instead, optimism concerning the relative probability of
upside states could have significant effects on asset prices. This asymmetric disciplining effect
is robust to allowing for short selling because pessimists that borrow the asset face a similar
endogenous constraint. These results emphasize that what investors disagree about matters
for asset prices, to a greater extent than the level of disagreements. When richer contracts
are available, insurance contracts (similar to credit default swaps) endogenously emerge to
facilitate betting. Richer contracts moderate the effect of belief disagreements on asset prices
because the medium of betting shifts from buying (or shorting) the asset to trading alternative
contracts.
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1 Introduction

The recent financial crisis highlighted the importance of investors’ belief disagreements for asset
prices. A number of commentators, e.g., Shiller (2005) and Reinhart and Rogoff (2008), have
identified the optimism of a fraction of investors as a potential cause for the increase in asset
prices in the run-up to the crisis in the markets for housing and mortgage backed securities. The
optimistic buyers in these markets have often financed their asset purchases by borrowing from
other, potentially less optimistic, investors. Much of this borrowing, e.g., mortgages, margin loans,
or REPO loans, has been collateralized by the asset itself. In these transactions, the fraction of
the asset price buyers pay is referred to as the margin. Fostel and Geanakoplos (2010) report that
the margin to purchase a portfolio of AAA-rated mortgage backed securities was less than 2% in
2006, while it dramatically increased to 60% by the end of 2008. Why was it easy for optimists
to borrow before the crisis? Why was it difficult during the crisis?

The situation was quite the opposite for pessimists: those investors who had a negative view of
the housing market. To short sell a housing-related asset, these pessimists had to borrow the asset
from other, potentially more optimistic, investors that owned them. Lewis (2010) reports that
mortgage backed securities were impossible to borrow in the run-up to the crisis. An alternative
was to borrow and short sell shares of companies that originated subprime mortgages. However,
the fees that pessimists had to pay to borrow these shares were much larger than usualﬂ In the
end, pessimists bet on their negative with the help of financial innovation: The introduction of
credit default swaps into the mortgage market (in 2005) enabled pessimists to buy insurance on
mortgage backed securities. Why was it difficult for pessimists to borrow? How did financial
innovation help?

To understand optimists’ and pessimists’ borrowing constraints, this paper presents a model
of credit markets with belief disagreements. Two types of traders with heterogeneous prior beliefs
(optimists and pessimists) invest in a risky asset or (riskless) cash. Traders can also borrow (the
asset or cash) from each other. The model feature a standard collateral constraint: All borrowing
contracts must be secured by collateral (cash or the asset) which the borrower owns. If the
borrower’s promised payment exceeds the value of collateral, then she defaults on the contract
and the lender receives the collateral. Different borrowing contracts are available for trade at
competitive prices. The contracts that are actually traded, along with the price of the asset, are
determined in general equilibrium.

The model reveals an endogenous borrowing constraint which has the potential to shed some
light on borrowing contracts observed before and during the crisis. The constraint stems from
borrowers’ and lenders’ belief disagreements. To fix ideas, consider optimists that purchase the
asset by borrowing cash from pessimists. Pessimists might be reluctant to lend because they do
not value optimists’ collateral (the asset) as much as optimists do. This represents an endogenous

constraint on optimists’ ability to borrow and to influence asset prices. A symmetric argument

'Lewis (2010, p.92) reports that the fee for shorting New Century stock was 12% per year. In contrast, D’Avolio
(2002) reports that the short fee for the vast majority of the US stocks in his sample was less than 1% per year.



shows that belief disagreements also constrain pessimists’ ability to borrow the asset. In this paper,
I systematically analyze the implications of this constraint. In my baseline setting, borrowing the
asset (short selling) is not allowed and borrowing cash is restricted to simple debt contracts that
promise a fixed payment independent of the future state. These assumptions not only provide
a good starting pointE| but they are also useful to isolate optimists’ borrowing constraints. I
gradually relax the assumptions first by allowing for short selling, which is useful to analyze
pessimists’ borrowing constraints; and then by considering richer contracts, which are useful to

analyze the role of financial innovation.

Asymmetric Disciplining of Optimism. My main result, formalized in Theorems [2| and
concerns the baseline setting and shows that optimists face different endogenous constraints
depending on the type of their optimism. To clarify, consider a simple example in which a single
risky asset is traded. There are three states, good, normal and bad, in which the asset’s future
price will respectively be high, average and low. Pessimists assign an equal probability, 1/3, to
each state. In contrast, optimists have a greater expected valuation of the asset. In this example,
one can imagine two different types of optimism. For the first case, suppose optimists assign a
probability less than 1/3 to the bad state, and equal probabilities to the normal and the good
states. That is, optimism is on the downside in the sense that optimists think bad states are
unlikely. An example of downside optimism was offered during the recent crisis (in the Fall of
2008), when a main dimension of disagreement was whether the upcoming recession would be a
depression or a garden variety recession. In this case, I show that optimists borrow by using loans
with relatively high margins and the current price is relatively low (in particular, relatively close
to pessimists’ valuation).

For the second case, suppose optimists agree with pessimists about the probability of the bad
state, but they assign a greater probability to the good state than the normal state. That is,
optimism is on the upside in the sense that optimists think good events are likely. An example of
upside optimism was offered in the run-up to the crisis when a main dimension of disagreement
was whether the house prices would continue to increase or not. One can construct this case such
that optimists’ valuation of the asset is the same as in the first case, so that optimism differs in
type but not level. In this case, I show that optimists borrow by using loans with lower margins
and the price is higher (in particular, closer to optimists’ valuation).

One way to summarize this result is to note that optimism is asymmetrically disciplined by
the endogenous borrowing constraint: Downside optimism is disciplined while upside optimism is
not. The intuition for asymmetric disciplining is related to the asymmetry in the shape of the
payoffs of collateralized loans. These loans make the same full payment in upside states, but they
default and make losses in downside states. Consequently, any disagreement about the probability
of downside states translates into a disagreement about how to value the loans, which in turn

tightens the endogenous borrowing constraint. In contrast, disagreements about the relative

2This is because many collateralized loans (e.g., mortgages, REPOs) are relatively simple (i.e., they do not have
many contingencies) and short selling of many assets other than stocks (and some stocks) is difficult and costly.



likelihood of upside states do not tighten the endogenous borrowing constraint.

More specifically, in the above example consider a loan with a sufficiently low margin that it
will default in the bad state, but not in the normal or the good states. This loan always trades at
an interest rate with a spread over the riskless rate, which compensates the lenders for expected
losses in case of default. Moreover, in a competitive loan market, the spread on the loan is just
enough to compensate the lenders for their expected losses according to their pessimistic belief.
Nonetheless, in the first case of the example, this spread appears too high to optimists. This is
because optimists assign a lower probability to the bad state, and thus they believe it is more likely
that they will pay the loan in full. Therefore, optimists believe they will pay a higher expected
interest rate than the riskless rate. As a result, optimists are induced to borrow using loans with
higher margins on which there is relatively less disagreement. This decreases optimists’ demand
for the asset, leading to an equilibrium price closer to pessimists’ valuation. In contrast, in the
second case of the example, the spread on the loan with low margin appears fair to optimists
because traders agree about the probability of the bad state. This leads to a lower margin and a
higher price.

The asymmetric disciplining result lends itself to a number of comparative statics results
regarding the effect of a change in the type and the level of belief disagreements. A literature
initiated by Miller (1977) has argued that an increase in belief disagreements tends to increase the
overvaluation of the asset (relative to the average valuation in the population) because the asset is
held by the most optimistic investors. In contrast to this literature, the level of belief disagreements
in my baseline setting has ambiguous effects on the asset price. This is because, while an increase in
buyers’ optimism tends to increase the price, an increase in lenders’ pessimism tends to decrease
the price through the tightening of the endogenous borrowing constraint. Theorems [3] and []
qualify the Miller mechanism for environments in which optimists finance their asset purchases
by borrowing from less optimistic lenders. They show that an increase in belief disagreements
increases the asset price (and decreases margins) if the additional disagreements concern good
states, but they have the opposite effect if the disagreements are about bad states. Put differently,

what investors disagree about matters, to a greater extent than the level of their disagreements.

Asymmetric Disciplining of Pessimism. To analyze pessimists’ borrowing constraints, it is
necessary to consider an extension of the baseline setting with simple short contracts. Pessimists
use these contracts to borrow the asset from optimists, which they then sell in the market.
Pessimists use their cash holdings to collateralize their promise to return the asset. Moreover,
they also pay a short fee to optimists in exchange for the loan. Both the cash-collateral pessimists
pledge and the short fee they pay is determined in general equilibrium. Theorem [b| shows that
pessimists also face different endogenous borrowing constraints depending on the type of their
pessimism.

The argument is symmetric to the earlier argument for optimists. If the future asset price
exceeds the value of cash-collateral, then pessimists default on their promise to return the asset

and lenders receive the cash-collateral. The short fee that lenders charge compensates them for



expected losses according to their optimistic belief. When the pessimism is about the probability
of upside states, this fee appears too high to pessimists because they find default unlikely. This
induces pessimists to take asset-loans with higher cash-collateral on which there is relatively less
disagreement, thereby decreasing their demand for short selling and leading to a higher asset
price. In contrast, when the pessimism is about the relative probability of downside states, the
short fee appears fair to pessimists, leading to a lower cash-collateral and a lower price.

Note that this result, which can be dubbed asymmetric disciplining of pessimism, is comple-
mentary to the asymmetric disciplining of optimism. When the belief disagreements are on the
upside, the endogenous borrowing constraint is loose for optimists but tight for pessimists, which
leads to a price closer to optimists’ valuation. When the belief disagreements are on the downside,
the situation is the opposite and the price is closer to pessimists’ valuation. In particular, the asset
price is typically different than a (wealth weighted) average of different beliefs. Belief disagree-
ments systematically affect asset prices despite the fact that optimists and pessimists can borrow

with an “equally rich” set of contracts (i.e., simple debt contracts and simple short contracts).

Richer Contracts. While simple debt and simple short contracts are common in financial
markets, it is important to consider more general contracts especially because they introduce new
economic forces. To this end, I consider the baseline setting (with no short selling) with the
difference that optimists can borrow with unrestricted contracts subject only to the collateral
constraint. Optimists’ optimal contract takes a threshold form: Optimists promise zero dollars
if the future asset price is above a threshold while promising as much as possible (subject to the
collateral constraint) if the future price is below the threshold. Theorem @ shows that the type
of the collateral optimists choose to hold depends on the asset price, which leads to two cases of
interest.

First, if the asset price (which is determined in equilibrium) is sufficiently low, then optimists
collateralize their bets using the asset. In this case, optimists’ investment strategy is similar to the
baseline setting: They buy the asset, which they partly finance by borrowing cash from pessimists.
Theorem [ shows that, while the optimal loan is different than a simple debt contract, its shape is
sufficiently similar that a version of asymmetric disciplining continues to hold. This result shows
that asymmetric disciplining of optimism continues to apply with richer contracts.

Second and more interestingly, if the asset price is higher, then optimists collateralize their
bets using cash instead of the asset. In this case, optimists’ investment strategy looks different
than the baseline setting: They sell an insurance contract (collateralized by cash) that promises a
fixed payment if the future state is below a threshold. This result shows that insurance contracts
(that resemble credit default swaps) endogenously emerge in this setting to facilitate betting.

Given that optimists are allowed to borrow with unrestricted contracts, one could conjecture
that they would bid up the asset price higher in this setting than the baseline setting (since they
are less constrained). I show that this conjecture is incorrect. Quite the opposite, the asset price
is always lower than the baseline setting. This is because, while optimists’ only betting option in

the baseline setting is to buy the asset, richer contracts offer the alternative of selling insurance



contracts collateralized by cash. The availability of the alternative method reduces optimists’
demand for the asset, which leads to a lower equilibrium price. A symmetric set of results holds
for the setting in which pessimists are allowed to sell unrestricted contracts (instead of simple
short contracts). Taken together, these results suggest that the availability of richer financial

contracts moderates the effect of belief disagreements on the asset price.

Application: Asymmetric Disciplining of Speculative Bubbles. While the results de-
scribed so far concern a static setting, the asymmetric disciplining mechanism naturally interacts
with the speculative component of asset prices identified in Harrison and Kreps (1978). I consider
a dynamic extension of the baseline setting to analyze this interaction. In a dynamic economy
in which the identity of optimists changes over time, a speculative phenomenon obtains as the
current optimists purchase the asset not only because they believe it will yield greater dividend
returns, but also because they expect to make capital gains by selling the asset to future optimists.
The asset price exceeds the present discounted valuation of the asset with respect to the beliefs
of any trader because of the resale option value introduced by the speculative trading motive. As
Scheinkman and Xiong (2003) note, this resale option value may be reasonably called a “specu-
lative bubble.” This setup is the starting point of the dynamic extension, which introduces the
additional element of the endogenous borrowing constraint for optimists. The dynamic model
reveals that, when optimists need to purchase the asset by borrowing from pessimists, belief dis-
agreements can lead to speculative asset price bubbles, but only if they concern upside states.
When this is the case, however, the resale option value can increase the size of the speculative
component considerably because large positions can be financed by loans collateralized by the
speculative asset. This is because pessimists’ valuation, as well as optimists’ valuation, features
a speculative component. Put differently, in a speculative episode, pessimists agree to finance
optimists’ purchase of the asset by extending large loans because they think, should the optimist
default on the loan, they can sell the collateral (the asset) to another optimist.

The analysis of the dynamic model suggests that certain economic environments that generate
uncertainty (and thus belief disagreements) about upside states are conducive to asset price bub-
bles financed by credit. This prediction is in line with Kindleberger (1978), who has argued that
speculative episodes typically follow a novel event (which arguably generates upside uncertainty),

and that the easy availability of credit plays an important role in these episodes.

Outline. The organization of the rest of this paper is as follows. The next subsection discusses
the related literature. Section [ describes the model and defines the equilibrium corresponding
to a general set of borrowing contracts. Section |3| considers the baseline setting with simple debt
contracts and characterizes the equilibrium. This section also presents the main result about the
asymmetric disciplining of optimism. Section [f] analyzes the comparative statics of equilibrium
with respect to the type and the level of belief disagreements. Sections [5] and [f] respectively
present the extensions with simple short contracts and richer (unrestricted) contracts. Section

introduces the dynamic extension and derives the implications for speculative bubbles. Section [§]



concludes. The paper ends with several appendices that present omitted proofs and extensions.

1.1 Related Literature

My paper is closely related to the work of Geanakoplos (2003, 2009), who considers asset prices
and borrowing contracts in a model with two continuation states and investors with a continuum of
belief types. In contrast, I consider a model with a continuum of continuation states and investors
with two belief types (optimists and pessimists). My assumptions and results are relevant for
understanding a number of economic issues. First, while Geanakoplos (2003) illustrates that an
increase in belief disagreements can increase margins and decrease asset prices considerably, my
paper qualifies this result and emphasizes the type of belief disagreements rather than the level.
In the Geanakoplos’ model, the increase in belief disagreements decreases the asset price because
the disagreements are concentrated on downside states. My results show that an increase in
belief disagreements in that model would actually increase the asset price (and decrease margins)
if the additional disagreements were about upside states. Second, in the Geanakoplos’ model
loans that are traded in equilibrium are riskless (they are collateralized with respect to the worst
case scenario). This feature does not generally hold when there are more than two continuation
states. With a continuum of states, risky loans are also traded in equilibrium, which enables me
to analyze the riskiness of lending. Third, I generalize the Geanakoplos’ model by allowing for
short selling which is not uncommon in financial markets. Fourth, I also generalize the model by
allowing for unrestricted contracts. Geanakoplos (2009) analyzes CDS contracts and shows that
their introduction reduces the asset price. In related work, Che and Sethi (2010) show that the
availability of the CDS also reduces the asset supply (and thus, the lending to the real sector).
My analysis complements these results by showing that insurance contracts (that resemble CDS)
endogenously emerge as the optimal contract under appropriate assumptions.

My paper is part of a large literature that concerns the effect of borrowing constraints on asset
prices, e.g., Shleifer and Vishny (1992, 1997), Kiyotaki and Moore (1997), Gromb and Vayanos
(2002), Fostel and Geanakoplos (2008), Adrian and Shin (2010), Garleanu and Pedersen (2011),
Brunnermeier and Pedersen (2009), Acharya, Gale and Yorulmazer (2009), Brunnermeier and
Sannikov (2011). In addition, my results on loan margins are related to the corporate finance
literature that concerns the determinants of leverage, e.g., Townsend (1979), Myers and Majluf
(1984), Gale and Hellwig (1985), Hart and Moore (1994). The main difference from these lit-
eratures is the focus on belief disagreements as a friction that constrains borrowing, as opposed
to asymmetric information, lack of commitment, or exogenously specified borrowing (or margin)
constraints. In related work, He and Xiong (2011) analyze the implications of belief disagreements
for loan maturity and asset prices.

My results on short selling contribute to a literature that analyzes the frictions that constrain
asset lending. D’Avolio (2001) emphasizes that not all investors can participate in the short market
(for legal and institutional reasons), and argues that the participation constraint of potential

asset lenders is crucial to sustain positive short fees. Duffie, Garleanu and Pedersen (2002)



analyze the role of search frictions in generating large short fees. My paper analyzes the role of
collateral constraints in restricting asset lending. This analysis reveals that the short fees (and
short margins) are also affected by the nature of belief disagreements between asset lenders and
borrowers.

The relationship of my paper to the literatures initiated by Miller (1977) and Harrison and
Kreps (1978) has already been discussedﬂ A related literature concerns the plausibility of as-
suming heterogeneous (prior) beliefs in financial markets. The market selection hypothesis, which
goes back to Alchian (1950) and Friedman (1953), posits that investors with incorrect beliefs
should be driven out of the market as they would consistently lose money. Recent research has
emphasized that the market selection hypothesis does not apply for incomplete markets, that is,
traders with inaccurate (and heterogeneous) beliefs may have a permanent presence when asset
markets are incompleteﬂ Of particular interest for my paper is the work by Cao (2010), who
considers a similar economy in which markets are endogenously incomplete because of collateral
constraints. Cao (2010) shows that belief disagreements in this economy remain in the long run,
thus providing theoretical support for my central assumptions. Another strand of literature con-
cerns whether investors’ Bayesian learning dynamics would eventually lead to common beliefs.
Recent work (e.g., by Acemoglu, Chernozhukov and Yildiz, 2009) has emphasized the limitations

of Bayesian learning in generating long run agreementﬂ

2 Basic environment and borrowing constraints

Consider an economy with two dates, denoted by ¢ € {0, 1}, and a single consumption good which
will be referred to as a dollar. The economy has a continuum of risk neutral traders who have
endowments date 0, but who only consume at date 1. Traders can transfer their endowments to
date 1 by investing in one of two ways. First, traders can keep their dollars in cash which yields
one dollar at date 1 for each dollar invested at date 0. Cash is supplied elastically and its role is
to fix the riskless interest rate for this economy, which is normalized to zero. Second, traders can
also invest in a risky asset which is supplied inelastically at date 0 at a normalized supply of one
unit. The asset yields dollars only at date 1, and it is traded at date 0 at a price p which will be
endogenously determined.

There is a continuum of possible states at date 1, denoted by s € S = [smin, smax]. The asset
pays s dollars if state s is realized, so the state captures the uncertainty in the asset’s payoff.
Traders have heterogeneous priors about the state. In particular, there are two types of traders,

optimists and pessimists, respectively denoted by subscript i € {1,0}. Type i traders’ prior

3There is a large literature that analyzes the asset pricing implications of heterogeneous beliefs and short selling
constraints. In addition to the mentioned papers, an incomplete list includes Jones and Lamont (2001), Chen, Hong
and Stein (2002), Diether, Malloy and Scherbina (2002), Ofek and Richardson (2003), Lamont and Stein (2004).
Papers that analyze speculative bubbles include Allen, Morris, and Postlewaite (1993), Morris (1996), Hong and
Sraer (2011), Burnside, Eichenbaum and Rebelo (2011).

*See, for example, Blume and Easley (1992, 2006), Sandroni (2000), Kogan, Ross, Wang, and Westerfield (2006).

’For further discussion on the merits of the common prior assumption in economic theory, see Bernheim (1986),
Aumann (1986,1998), Morris (1995), and Gul (1998).



beliefs about the state is given by the probability distribution F; over S. Traders know each
others’ priors, that is, optimists and pessimists agree to disagreeﬁ The probability distributions
Fy and Fj have density functions f1, fo which are continuous and positive over S. Let E; [-] denote
the expectation operator corresponding to the belief of a type ¢ trader. Optimists are optimistic
about the asset in the sense that:

Ey[s] > Eyls]. (1)

In subsequent sections, this assumption will be strengthened by various regularity conditions.
I normalize the population measure of each type traders to 1. Traders are initially endowed
with n; dollars and zero units of the asset. All units of the asset are initially endowed to unmodeled

agents who sell their asset holdings at date 0 and consumem An economy is denoted by the tuple

E=(S;{Fi};5 {ni}y)-

In view of assumption , optimists are the natural buyers of the asset. In addition to
investing their endowments, optimists might want to borrow cash from pessimists to increase their
investments in the asset. Relatedly, pessimists might want to borrow the asset from optimists to
short sell. The common feature in these arrangements is borrowing (either cash or the asset). I

next describe the frictions that constrain borrowing in this economy.

2.1 Borrowing Constraints in General Equilibrium

In this economy, all borrowing is subject to a collateral constraint. That is, promises made by
borrowers must be collateralized by either the asset or the cash that they own. If the borrower
does not pay the promised amount, then the lender receives the collateral. While the collateral
constraint is commonly assumed in the literature, in this model it naturally emerges as a con-
sequence of limited liability. In particular, since borrowers receive no additional endowments at
date 1, limited liability implies that their promises cannot exceed the date 1 value of their durable
assets. It is important to note that limited liability alone typically does not lead to a borrowing
Constraintﬁ However, limited liability combined with belief disagreements between borrowers and
lenders generates a borrowing constraint. For example, pessimists might be reluctant to lend cash
to optimists because they do not value optimists’ collateral (the asset) as much as optimists do.
Thus, in this economy belief disagreements represent an endogenous constraint on borrowing.

I model this endogenous constraint using a general equilibrium approach similar to Geanako-
plos (2003, 2009). In this approach, borrowing contracts are not determined by a negotiation

process between borrowers and lenders. Instead, borrowing contracts are treated as commodities

8 This assumption is a simple way of capturing trade based on belief differences. To the extent that prices do not
fully reveal information, e.g. because of liquidity or noise traders, this assumption could be viewed as a reduced
form for a model in which belief differences are driven by differences in information rather than priors.

"The only role of this assumption is to simplify the analysis by eliminating the feedback effect from asset prices
to traders’ net worth. All results generalize to the setting without this assumption.

8For this reason, much of the corporate literature on borrowing constraints concerns an additional friction such
as asymmetric information (e.g., Myers and Majluf, 1984) or lack of commitment (e.g., Hart and Moore, 1994).



that are traded in anonymous competitive markets. Traders choose their positions in all avail-
able contracts taking the prices of contracts as given. The contracts that are traded in non-zero
quantities are determined in general equilibriumﬂ

Formally, a borrowing contract, 8 = ([¢ (s)],cq, @ 7). is a promise of ¢ (s) > 0 dollars in state
s, collateralized by a > 0 units of the asset and the v > 0 units of cash. The contract is traded
in an anonymous market at a competitive price ¢ (8) that will be endogenously determined. A
trader who sells contract 8, borrows ¢ () dollars at date 0. The borrower sets aside « units of the
asset and v units of cash that she owns as collateral. A trader who buys this contract, lends ¢ (5)
dollars at date 0. The lender becomes entitled to a payment of ¢ (s) dollars in state s of date
1. However, the lender may not receive ¢ (s) dollars in full because the payment is only enforced
by collateral. More specifically, if the future asset value s is such that ¢ (s) > as + 7, then the
contract defaults and the lender only receives the value of the collateral, as 4+ . Combining the

default and the non-default events, the payoff of contract 8 can be written as:

min (s + 7, (5)). (2)

This framework can account for various different forms of collateralized borrowing arrange-

ments, as illustrated by the following examples.

1. Simple debt contracts. Consider a contract that satisfies ¢ (s) = ¢ for some ¢ € Ry. This
corresponds to a debt contract in which the borrower promises a fixed payment of ¢ dollars at
date 1. The debt contract is simple in the sense that the borrower’s payment does not depend on
the future state. Simple debt contracts provide a model of some common collateralized loans (e.g.,
REPOs, mortgages, asset purchases on margin) which do not have many contingencies. Sections

and 4] (the baseline setting) analyze the equilibrium corresponding to these types of contracts.

2. Simple short contracts. Consider a contract that satisfies ¢ (s) = ¢s for some ¢ € R..
This corresponds to a short contract in which the borrower promises to return ¢ units of the asset
at date 1. The short contract is simple in the sense that the promised number of assets does not
depend on the future state. Simple short contracts provide a model of short selling the asset.

Section [5] analyzes the equilibrium corresponding to this set of contracts.

ifs<s
3. Insurance contracts. Consider a contract that satisfies ¢ (s) = (g’ " "7 for some
, 1IIs>s.
¢ € Ry and § € S. This corresponds to an insurance contract in which the borrower (i.e., the in-
surance provider) promises to pay ¢ dollars if the future state, s, is below a threshold, 5. The price
of the contract, ¢ (3), corresponds to the insurance premium. Section |§| considers the equilibrium

with an unrestricted contract space and shows that, under appropriate assumptions, insurance

9The general approach of treating contracts as commodities has been pioneered by Prescott and Townsend
(1984a, 1984b). The equilibrium notion in this section has been first developed by Geanakoplos and Zame (1997,
2009).



contracts are traded in positive quantities. In this sense, insurance contracts endogenously emerge

in this economy.

Let
B={(l¢(s)es-7) | ¢(s) Ry foreach s€ S, a € Ry, y € Ry}

denote the set of all borrowing contracts. The rest of this section defines the general equilibrium
corresponding to an exogenously specified subset of traded contracts, B C B. Sections
characterize this equilibrium for different specifications for B”.

Suppose B”' is a Borel set, and the price function ¢ (-) is Borel measurable over B”. I model
traders’ positions in contracts as Borel measures over B7. In particular, type i traders choose two
measures, u:r, #; - The measure , u;-", represents traders’ positive positions on contracts: that is,
it captures the contracts through which type ¢ traders lend. The measure, u; , represents traders’
negative positions in contracts: that is, it captures the contracts through which type ¢ traders
borrow. In addition, traders also choose their asset demands, a; € R, and their cash holdings,

¢; € Ry. Type ¢ traders’ budget constraint is given by:

) ) + _ - )
paﬁcﬁ/ﬁgﬂfﬂﬁ) du; /6€BTq(B) dp; < n;. (3)

Note that the negative positions, y; , enable traders to borrow and expand their budget so that
they can invest more in the asset or cash. However, borrowing is subject to the collateral con-

straints:

/ adp; < a;, and (4)
([90(5)]56570‘7'7)66T

/ ydp; <.

([ (s)] ses:07)€BT

In particular, traders must own sufficiently many assets and cash to pledge as collateral for the
contracts they sell. Note that there is no analogous condition for traders’ positive positions, ,uf,

because lending does not require collateral. Type ¢ traders choose their positions to solve:

- a; E; [s] +¢; + [igr Ei [min (o (), as + )] dp;”

. N : (5)
(as,ci)€ERZ; pf - fBT E; [mln (p(8), s+ ’7)] d/ii

subject to and .

Note that traders calculate their expected payoffs (and payments) on assets and contracts accord-
ing to their own beliefs.
The market for contracts is competitive. In particular, the price function ¢ (-) is determined

by debt market clearing, which can be written as:
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Z / dut = Z / du; for each Borel set B C B, (6)
B B

ie{1,0} ie{1,0}
In words, the measure of positive positions on “each” contract must be equal to the measure of

negative positions.

Definition 1. A general equilibrium is a collection of prices (p,[q(-)]) and allocations
(&i,éi,ﬂj,ﬂ;)ie{l 0} such that: traders’ positions, (&i,éi,ﬂj,ﬂ;), solve Problem for each
i € {0, 1}, the asset market clears, ) ;41 gy @i =1, and debt markets clear [cf. Eq. ().

3 Equilibrium with Simple Debt Contracts

This section characterizes the general equilibrium in the baseline setting with simple debt con-
tracts. It also presents the main result which shows that optimism is asymmetrically disciplined

by borrowing constraints.

Recall that a simple debt contract is denoted by ([cp (5) = ¢lies s a,’y) for some ¢ € R;. In
addition, I assume the cash-collateral is zero, v = 0, which is without loss of generality in this
sectionr_o] I also normalize the contracts by taking the asset-collateral to be 1, i.e., « = 1. Under

these assumptions (and normalization), the set of traded contracts is given by:

BDE{([SD(S)ESD]seSaLO) | (PGRJr}' (7)

When there is no confusion, I denote a simple debt contract in B by its promised payment, ¢.
Restricting attention to the contract set BY represents two frictions in addition to the collateral
constraint. The first friction is the absence of short selling. The second friction is the absence of
more general debt contracts which may promise payments contingent on the asset’s value s. It
is natural to start with simple debt contracts, and defer the analysis of richer contracts to later
sections, for a number of reasons. First, many assets other than stocks are difficult and costly to
short sell, and many common collateralized loan arrangements (e.g., REPOs or asset purchases
on margin) do not feature contingencies. Second, considering simple debt contracts conforms
well with a strand of the collateral constraints literature that focuses on simple and riskless debt
contracts (e.g., Kiyotaki and Moore, 1997, or more recently, Brunnermeier and Sannikov, 2011).
The analysis in this section is more general than this strand of the literature because optimists

are allowed to borrow with contracts that might default in some future states.

To characterize the equilibrium corresponding to set B, I first consider an alternative
principal-agent model of borrowing constraints which is more tractable than the general equi-

librium model. I proceed by establishing the equivalence of the equilibria of the two models.

'0To see this, consider a contract (¢,4®,¢°) with ¢° > 0. The transfers generated by this contract can be
equivalently captured by the contract, (max (0, — ¢°),4%,0).

11



I then characterize the principal-agent equilibrium. The equivalence result not only provides a
method of solving the general equilibrium, but it also clarifies (in the context of economy &)
the relationship between the general equilibrium and the principal-agent models of borrowing

constraints.

3.1 An Alternative Principal-Agent Model of Borrowing Constraints

As an alternative to the general equilibrium model, one could imagine that contracts are deter-
mined as the result of a contractual negotiation process between borrowers and lenders. In this
case, it would be possible to characterize the set of constrained efficient contracts. However, the
contract allocation within this set would depend on the allocation of bargaining power between
traders (as well as the details of the bargaining process). To make progress, it is common in the
financial frictions literature to focus on the special case in which borrowers have all the bargaining
power (cf. Gale and Hellwig, 1985, Holmstrom and Tirole, 1997, and also Kiyotaki and Moore,
1997 in the renegotiation stage). This leads to a principal-agent approach: The borrower chooses
the debt contract subject to a set of frictions and lenders’ participation constraint.

I next consider this principal-agent approach to characterize the simple debt contracts that
are traded in economy £. In particular, optimists (who are the natural borrowers with simple
debt contracts) choose their borrowing and outstanding debt subject to a participation constraint
for pessimists (who are the natural lenders). To eliminate corner cases, I also make the following
assumption:

Assumption (A1). ny < Ej [s] — s™® and ng > By [s] — n1.

The first part of the assumption ensures that optimists (in equilibrium) cannot fund their asset
purchases with riskless debt. The second part ensures that pessimists’ endowment is sufficiently
large to meet optimists’ borrowing demand. Given assumption (Al), I will establish that the
equilibrium price satisfies p € (Ep[s], E1][s]). Since the price is greater than the pessimistic
valuation, pessimists have no interest in investing in the asset. They use their endowment to
invest in cash and to lend to optimists. In contrast, optimists make leveraged investments in the
asset. The remaining question is how much optimists borrow and how many assets they demand.

To address this question, let a; denote optimists’ asset position and ¢ denote their outstanding
debt per-asset at date 1. In view of the collateral constraint, optimists’ actual payment on their
debt is given by min (s,¢). Consequently, lenders’ participation constraint implies that their

lending per-asset at date 0 is given by:
Eo [min (s, ¢)] . (8)
Optimists choose their asset position and outstanding debt to solve:

max a1Fy [s] — a1 Fy [min (s, ¢)], 9)
(a1,p)€RY

s.t. a1p = ny + a1 Ep [min (s, ¢)] .
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The first line is optimists’ expected payoff at date 1: They receive a payoff from the asset but they
make a payment on their debt. The second line is optimists’ budget constraint which incorporates

lenders’ participation constraint.

Definition 2. Given assumption (A1), a principal-agent equilibrium is a pair of asset price p
and optimists’ allocation (a7, ¢*), such that: optimists’ allocation solves problem @D and the asset

market clears, that is, a] = 1.

The principal-agent equilibrium will be characterized in Section [3.3] The characterization
(and the equivalence result in Section [3.2)) requires the following regularity condition on beliefs,
which ensures that problem @ has a unique solution for each p.

Assumption (A2). The probability distributions Fy and Fy satisfy the hazard-rate order, that

fi(s) . _fo (s)
1—F1(S) 1—F0(S)

187

for each s € (smin, s (10)

The hazard-rate order is equivalent to saying that }:?(1)8 is strictly increasing over S. Intu-

itively, this notion of optimism concerns optimists’ relative probability assessment for the upper-
threshold events [s, s™®] C S. It posits that optimists are increasingly optimistic for these events
as the threshold level s is increased. It captures the idea that, the “better” the event becomes,
the greater the optimism is for the event. The hazard-rate order is related to some well known
regularity conditions. It is stronger than the first order stochastic order, that is, the inequality
in implies that F} dominates F{ in the first order stochastic sense. However, it is weaker
than the monotone likelihood ratio property: that is, if ;;8 is strictly increasing over S, then
the inequality in holds.

3.2 Equivalence of the Principal-Agent and the General Equilibrium

The principal-agent approach is useful for its simplicity and tractability. However, the assumption
that optimists have all the bargaining power requires motivation. In contrast, the general equi-
librium approach does not a priori take a stance on optimists’ and pessimists’ relative bargaining
powers. It is perhaps fortunate that for this economy the two approaches are equivalent, as shown

by the following result.

Theorem 1 (Existence and Equivalence of Equilibria). Suppose the contract space is re-
stricted to simple debt contracts, BT = BP, and assumptions (A1) and (A2) hold.
(i) There exists a unique principal-agent equilibrium [p*, (af, p*)].

(ii) There exists a general equilibrium [(p, [q ()5 (@i &, i, i) . In this equilibrium,

ie{1,0}
optimists borrow and pessimists lend, i.e., ﬂf = fiy = 0. Moreover, only a single contract is
traded in non-zero quantities, that is, fi; (and thus, ,&ar ) is a Dirac measure that puts weight

only at one contract p € BP. The general equilibrium is equivalent to the unique principal-agent
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equilibrium in the sense that:
p=p",a1=a] =1, ¢ =", and §(p) = Eo[min (s,¢")]. (11)

The first part establishes the existence and uniqueness of the principal-agent equilibrium.
The second part establishes the existence of a general equilibrium which is equivalent to the
principal-agent equilibrium (see the proof in Appendix . In particular, general equilibrium
takes the same form as the principal-agent equilibrium: pessimists invest in cash and debt con-
tracts (i.e., they lend to optimists), while optimists make leveraged investments in the asset by
selling debt contracts. Moreover, the equilibrium prices, allocations, and traded debt contracts are
the same. More specifically, in either model optimists have the same outstanding debt per-asset
(i.e., ©* = @) and they borrow the same amount (¢ (®) = Ep [min (s, ¢*)]). Put differently, the
general equilibrium approach results in contracts “as if” optimists have all the bargaining power.
Intuitively, this is because short selling is not allowed and pessimists’ endowment is sufficiently
large to meet optimists’ demand for borrowing. The absence of short selling ensures that pes-
simists’ only relevant investment options are investing in the storage technology and lending to
optimists. Pessimists’ large endowment [i.e., assumption (A1l)] ensures that pessimists compete

to make loans to optimists, rather than the opposite.

3.3 Characterization of Equilibrium

I next turn to the characterization of the principal-agent equilibrium, which corresponds to a
general equilibrium in view of Theorem [I] The next result, which is also the main result, charac-
terizes optimists’ contract choice for a given price p. The next subsection combines this analysis
with asset market clearing to solve for the equilibrium asset price.

Recall that optimists’ outstanding debt per-asset is denoted by (. Thus, optimists default
on their debt if and only if the future asset value, s, is lower than the threshold state, s = .
Consequently, I will refer to this simple debt contract as a loan with riskiness 5. Note also that
optimists’ borrowing per-asset is given by E [min (s, 5)] [cf. Eq. (8)], which I refer to as the size
of the loan. The size of the loan is increasing in its riskiness: that is, larger loans are also riskier
loans. Given these definitions, one interpretation of problem @D is that optimists choose from a
menu of loans with different sizes (and thus, riskiness levels) which are priced by pessimists. The

next result characterizes the optimal loan.

Theorem 2 (Asymmetric Disciplining of Optimism). Suppose the contract space is re-
stricted to simple debt contracts, BT = BP, and assumptions (A1) and (A2) hold. Fix asset price
p that satisfies p € (Eo [s], E1 [s]), and consider optimists’ problem (9). The riskiness, s, of the

optimal loan is the unique solution to the following equation over S:

max

p=p%(5) = /s sdFy+ (1 — Fy (5)) /S s%. (12)

min
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Figure 1: The top two panels display the probability density functions for traders’ beliefs in the
two scenarios of Example The bottom panel displays the corresponding optimality curves,
p°Pt (5), the inverse of which gives the optimal loan riskiness 5 for a given price level p.

I will shortly provide a sketch proof of this result along with an intuition. Before doing so, it is
useful to note a few important aspects of the function, p°? (+). First, this function is similar to an
inverse demand function: Given the price on the y-axis, it describes the riskiness of the optimal
loan on the x-axis. Second, assumption (A1) implies p°! (-) is strictly decreasing and continuous
(cf. Appendix . Since pP* (s™") = E) [s] and p°P" (s™%) = Ey [s], this further implies that
there is a unique solution to Eq. .

Note also that p°P! (-) describes the equilibrium asset price conditional on the equilibrium loan

riskiness 5. In particular, rewriting Eq. yields the following asset pricing formula:
pP (5)=Fy(3)Eols | s <3|+ (1—Fy(3) E1[s ] s>3]. (13)

This formula shows that optimism is asymmetrically disciplined in equilibrium. More specifically,
the asset is priced with a mixture of optimistic and pessimistic beliefs. Pessimistic beliefs are used
to assess the probability of default, Fj (5), as well as the value of the asset conditional on default,
Ey[s| s < 5], while the optimistic beliefs are used to assess the value of the asset conditional
on no default, E; [s | s > 5]. Consequently, optimism about the probability of default states will
not affect the asset price, while optimism about the relative probability of non-default states will

increase the price. The following example further illustrates this asymmetric disciplining property.

Example 1 (Asymmetric Disciplining of Optimism). Consider the state space
S =1[1/2,3/2]. Consider the following two cases that differ in the type of optimism.
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Case (i). Flirst suppose pessimists and optimists have the prior belief distributions Fy and

Fy p with density functions:

04 ifseSp= [2/3—1/6,2/3+1/6)
fo(s) =1 for each s € S, fip(s)=4 13 ifseSy= [1—-1/6,141/6)
13 ifseSe= [4/3—1/6,4/3+1/6]

Here, Sp, Sy, and Sg capture “bad”, “normal” and “good” events. Pessimists find all states
equally likely while optimists have downside optimism in the sense that they think a bad even is
unlikely[]

Case (ii). Next suppose pessimists have the same belief, but optimists’ belief is changed to

the distribution Fy iy with density function

1 ifseSp
fl,U: 0.1 ifseSy -
1.9 ifse Sqg

That is, optimists have upside optimism in the sense that they think a good event is more likely
than a normal event (while they agree with pessimists about the probability of the bad event). Note
also that optimists are equally optimistic in both cases, that is, E1 iy [s] = Ey p[s].

The bottom panel of Figure |1| displays the optimality curves, p°P'(-), corresponding to the
two cases. For any price p, optimists choose a larger and riskier loan in the second case (with
upside optimism) than the first case (with downside optimism). FEquivalently, for any level of
loan riskiness s, the asset price is higher in the second case than in the first case, illustrating the

asymmetric disciplining of optimism.

I next present a sketch proof of Theorem [2] which will be useful to provide the intuition. Opti-
mists’ problem @, after substituting a; from the budget constraint, can be written as maximizing

n1 RY (5), where:

E1 [s] — By [min (s, 5)] )

L
Ry (5) p — Eg [min (s, 5)]

(14)

This expression is the return of optimists who buy one unit of the asset and who finance part of
the purchase using a loan with riskiness 5. The denominator is the downpayment optimists make:
they borrow Ey [min (s, §)] from pessimists and they pay the rest of the purchase. The numerator
is optimists’ expected payoff: they expect to receive Fj [s| from the asset and they also expect
to pay Fj[min(s,5)] on their loan. Appendix shows that Rl (5) has a unique maximum

characterized by the first order condition. The first order condition is given by p = p°* (5), which

"UNote that the belief distributions have discontinuous densities and they satisfy the hazard rate inequality,
(10]), only weakly. These distributions are used for illustration purposes because they provide a clear intuition.
For analytical tractability, the formal results assume that beliefs have continuious densities and they satisfy the

inequality in strictly.
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completes the sketch proof of Theorem

For intuition, it is useful to break down R¥ (3) into two components. First consider the left
hand side terms in the numerator and the denominator of , which constitute the unleveraged

return:
v_ Eils]

p

This expression is the expected return of optimists if they buy the asset without borrowing. Since

R

the theorem concerns prices that satisfy p < Ej [s], the unleveraged return satisfies RV > 1. That
is, optimists perceive that investing in the asset yields a higher return than investing in the storage
technology. This creates a force that pushes optimists towards taking larger and riskier loans to
invest more in the asset. However, there is a second force that operates in the opposite direction.
This force is related to the right hand side terms in the numerator and the denominator of ,

which constitute optimists’ perceived interest rate on the loan:

FEq |min (s, §

1+ 7 (5) = W (15)
Optimists borrow Ep [min (s, 5)] on the loan, but they expect to pay Ej [min (s, )], which leads
to the perceived interest rate 77" (5). Assumption (A1) implies that 77" (5) is always weakly
greater than the riskless rate of 0, and that it is increasing in 5 [cf. Appendix . This in turn
creates a force that pushes optimists towards taking smaller and safer loans. The intuition for
the properties of r{“" (-) relies on two observations. First, collateralized loans always trade at an
interest rate with a spread over the riskless rate because lenders require compensation for their
expected losses in case of default. Moreover, since the loan market is competitive, the spread on a
loan is just enough to compensate lenders according to their pessimistic belief. Second, optimists
believe that the loan will default less often than pessimists do. Hence optimists think they will
end up paying the full loan amount more often. Consequently, optimists perceive that they will
pay a greater interest rate than the riskless rate. Moreover, for greater levels of 5, the scope of
disagreement for default is greater, which implies that 77" () is increasing in 5.

It follows that, while a larger and riskier loan enables optimists to take larger positions on the
asset, it also comes at a greater perceived interest rate, 77 (5). Optimists’ optimal loan choice
balances these two forces. This breakdown of forces also provides an intuition for the observation
that the optimality curve, p°P* (5), is decreasing. When the price is lower, optimists’ unleveraged

return, RV = ElT[S]

, is greater. This induces optimists to borrow more by taking a larger and
riskier loan, agreeing to pay a greater perceived interest rate at the margin.

To see the intuition for the asymmetric disciplining, fix a loan with riskiness 5, and consider
how much the price should drop (from the optimistic valuation) to entice optimists to take this
particular loan. Consider this question in the context of Example [I| for a riskiness level § = 0.8 €
Sp. In the first case of Example [T optimists find the bad event Sp unlikely. Hence, given a
loan with riskiness 5§ € Sp, there is disagreement about the probability of default, which implies

per

ry (5) > 0. As this loan appears expensive to optimists, the asset price should drop considerably
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to entice optimists to take this loan. Consider instead the second case of Example (1| In this case,
for a loan with riskiness 5 € Sp, there is no disagreement about the probability of default, which
implies 77" (5) = 0. As the loan appears cheap to optimists, the asset price does not need to fall
to entice them to take the loan (see Figure [1f).

In other words, the asymmetric disciplining result operates through optimists’ borrowing con-
straints. When the optimism is on the downside, optimists perceive tighter borrowing constraints
[captured by a higher 77" (5)], which lowers their demand and leads to an asset price closer to
pessimists’ valuation. In contrast, upside optimism generates looser borrowing constraints and

leads to an asset price closer to optimists’ valuation.

3.4 Asset Market Clearing

I next consider asset market clearing and solve for the equilibrium. The budget constraint of

problem @D characterizes optimists’ asset demand as:

it

al = (16)

p — Eo [min (s,5)]
The denominator of this expression is the downpayment optimists make to buy one unit of asset,
using a loan with riskiness § to finance the rest of the purchase. The numerator is their endowment,
all of which they spend to purchase assets. Market clearing requires equating optimists’ asset
demand in with the asset supply of 1, which leads to:

p=p"(5) =n1 + Ep[min (s, 5)]. (17)

Note that the market clearing curve, p™€(s), is increasing: When optimists take a larger and
riskier loan, their demand for the asset is greater, which leads to a higher market clearing price.
The equilibrium price and loan riskiness pair, (p, 5*), is determined as the unique intersection of
the (decreasing) optimality curve, p°?! (5) and the (increasing) market clearing curve, p™° (-) (see
Figure [2).

Figure [2] illustrates the equilibrium and shows the effect of a decline in optimists’ net worth.
As in Geanakoplos (2009), the price falls toward the pessimistic valuation. But this model features
an additional effect: The equilibrium loan becomes larger and riskier. Intuitively, as the price
falls, optimists see more of a bargain in the asset price which encourages them to invest more by
taking larger and riskier loans. While the effects of optimists’ net worth (and its dynamics) are
important, the focus of this paper is on the effects of different types of belief heterogeneity, which

I turn to next.
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Figure 2: The figure displays the equilibrium, and the response of the equilibrium to a decline in
optimists’ initial endowment, n;.

4 The Type and the Level of Belief Heterogeneity

This section establishes the comparative statics of equilibrium with respect to the type and the
level of belief heterogeneity. In addition to the equilibrium loan riskiness, 5%, and the asset price,
p, a variable of interest is the margin on loans. The margin is defined as the fraction of the asset

price optimists pay out of their own pocket,

p — Eo [min (s, 57)]
p

while borrowing the rest using the collateralized loan. Note that, taking the prices as given, there

m

, (18)

is a one-to-one mapping between m and s*, with lower margins corresponding to higher riskiness
levels. The comparative statics of the margin are important for a couple reasons. First, margins
are readily observable for some common collateralized lending arrangements (e.g., REPOs, mort-
gages, or margin purchases). Second, recent studies, e.g., Garleanu and Pedersen (2011), develop
general asset pricing models by taking margins as exogenous. The endogenous determination of
the margin in this model might inform the choice of the exogenous margins when applying these
theories.

To establish the comparative statics for the type of belief heterogeneity, it is necessary first to
define the different types. The following definition introduces a notion of skewness of optimism,

which intuitively captures the difference between optimists’ beliefs in the two cases of Example
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Figure 3: The top two panels display the hazard rates for traders’ priors in the two cases analyzed
in Example I The bottom panel plots the corresponding equilibria.

Definition 3 (Upside Skew of Optimism). The optimism of distribution Fy is skewed more
to the upside than Fi, if and only if:
(a) The distributions yield the same valuation of the asset, that is, E [s ;Fl} = FE[s; Fi].
(b) The hazard rates of Fy and Fy satisfy the (weak) single crossing condition:

f1~(5) > f1(s) if8<8R
]}i$)< £1(5) for some s € 5. (19)

1-Fi(s)

To interpret this definition, note that the distributions Fy and Fy cannot be compared ac-
cording to the hazard rate order of assumption (A2). In addition, these distributions lead to the
same valuation of the asset, that is, they have the same “level” of optimism. Note also that F
R

)

max). Thus, conditional on states, s > s%,

has a lower hazard rate than F} over the region (s S
Fy is weakly more optimistic than F in the sense of assumption (A2). In contrast, F} has a lower
hazard rate than Fy over the region (smin, SR), and thus its optimism is concentrated more on
this region. Hence, the optimism of F} is skewed to the upside in the sense that it is concentrated
more on good states.

The probability distributions, 1 p and Fi 17, for the two cases of Example (1] satisfy condition
. In particular, the optimism of Fy y is more skewed to the upside, as illustrated in Figure

The same figure also plots the equilibrium for the two cases and illustrates that the equilib-
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rium price and loan riskiness corresponding to F yy are higher. The next result shows that this

observation is generally true.

Theorem 3 (Type of Heterogeneity). Consider the equilibrium characterized in Section @ If
optimism becomes more skewed to the upside, i.e., if Fy is changed to Fy that satisfies condition
[while still satisfying assumption (A2)], then: the asset price p and the loan riskiness §*

increase, and the margin m decreases.

This result formalizes the sense in which optimism is asymmetrically disciplined. I provide
a sketch proof which is completed in Appendix Eq. shows that the optimistic belief
affects the optimality curve, p°* (5), through optimists’ conditional valuation, E; [s | s > 5]. The
analysis in the appendix shows that Ey [s | s > 5] > F;[s | s > 5] for each 5 € (smin, smax)  That
is, an increase in the upside skewness of optimism increases the conditional valuation for each
s, even though it does not increase the unconditional valuation. It follows that the optimality
curve shifts up pointwise. Since the market clearing curve, p™¢ (-), is unchanged [cf. Eq. ],
the comparative statics in the theorem statement follow. Intuitively, as optimism becomes more
concentrated on upside states, optimists’ borrowing constraints become looser and their demand
for the asset becomes greater. This leads to a low margin and a high equilibrium price.

Theorem [3] shows that the type of the belief heterogeneity has an unambiguous effect on
margins and asset prices. A natural question is whether the level of belief heterogeneity has

similar robust predictions. The answer is no, as illustrated by the following example.

Example 2 (Ambiguous Effects of Increased Belief Heterogeneity). Consider the follow-
ing two cases each of which features an increase in the level of belief heterogeneity.

Case (i). Consider the first case of E:mmple with downside optimism. Suppose the beliefs
are changed to Fy and Fy with density functions given by:

1 if s € Sp 0.4 if s € Sp
fo=14 14045 ifseSy, fi=4 1.3-045 ifseSy . (20)
1-045 ifseSq 134045 ifs e Sg

That is, pessimists’ probability for the normal event increases and their probability for the good
event decreases, while the opposite happens to optimists’ prior. As the right panel of Figure [{]
shows, in this case, the increase in belief heterogeneity leads to an increase in the asset price.

Case (ii). Next consider the second case of Example |1l with upside optimism. Suppose the
beliefs are changed to Fy and Fy with density functions given by:

14+2n, ifseSp 1(1—-2n;) ifseSp
1—ny ifs€eSa 1.9(1+mny) ifseSa

for some parameters ng and n,. That is, pessimists’ probability for the bad event increases (and
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Figure 4: The left panel plots the equilibrium for the first case of Example the increase in
belief heterogeneity is to the right of §* and it increases the asset price. The left panel plots the
equilibrium for the second case of Example 2} the increase in belief heterogeneity is concentrated
to the left of state §* and it decreases the asset price.

their relative probability for good and the normal event remains constant), while optimists’ prob-
ability for the bad event decreases. In addition, choose parameters ng and 1, such that both
pessimists’ and optimists’ valuation of the asset is the same as in the first case of this example.
As Figure[]) shows, in this case, the increase in belief heterogeneity leads to a decrease in the asset

price.

Miller (1977) had argued that an increase in traders’ belief heterogeneity tends to increase the
overvaluation of the asset (relative to the average valuation in the population) because the asset
is held by the most optimistic traders. Example [2] illustrates that, in this model, the increase
in belief heterogeneity [in the sense of assumption (A2)] has no robust predictions for the asset
price. This is because both optimists’ and pessimists’ beliefs affect the price. While an increase in
borrowers’ optimism tends to increase the price, a decrease in lenders’ pessimism tends to decrease
it by tightening the borrowing constraints. This observation illustrates that the Miller mechanism
might not apply in markets in which optimists finance their asset purchases by borrowing from
less optimistic traders.

I next derive a qualified version of the Miller mechanism for these markets. In particular,
the next result shows that increased belief heterogeneity has robust predictions if the type of
the additional increase is taken into account. In the first case of Example [2| the increase in

belief heterogeneity is concentrated on states below the default threshold s*, which leads to a
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decrease in the asset price. In the second case of the example, the increase in belief heterogeneity
is concentrated on states above the default threshold §*, which leads to an increase in the asset

price increases (see also Figure [4]). The next result establishes that these properties are general.

Theorem 4 (Level of Heterogeneity). Consider the equilibrium characterized in Section [3
Consider an increase in belief heterogeneity, that is, suppose Fy, Fy are changed to F\,Fy that

satisfy: B ~
CHPNS 1O N TC NN 10
1—F1(8)71_F1(5) 1—F0(8)71_F0(5)

forseS. (21)

(i) Suppose the increase in belief heterogeneity is concentrated on states above §* in the sense
that the hazard rate inequalities are satisfied with equality for s € (smin, 5*). Then, the asset
price p and the loan riskiness s* weakly increase, and the margin m weakly decreases.

(ii) Suppose the increase in belief heterogeneity is concentrated on states below §* in the sense
that the hazard rates inequalities are satisfied with equality for s € (8%, s™2*). Then, the asset

price p weakly decreases and the margin m weakly decreases.

Taken together, the results in this section suggest that the type of the belief heterogeneity is
a more robust determinant of asset prices than the level of belief heterogeneity. In other words,
what investors disagree about matters for asset prices, to a greater extent than the level of their

disagreement.

5 Equilibrium with Short Selling

The baseline setting has focused on optimists’ borrowing constraints. This section analyzes pes-
simists’ borrowing constraints by considering short selling. The main result in this section shows
that a version of the asymmetric disciplining result holds in this setting.

It is useful to start by reviewing the salient features of a typical short sale transaction in
financial markets. In a typical short sale, a trader borrows the asset from a lender who owns
the asset. The borrower raises p dollars from the short sale, which she leaves as cash-collateral
with the lender. However, the lender requires additional protection, which induces the borrower

S is the analogue of

to place an additional m®p dollars as cash-collateral. The short margin, m
the loan margin in the baseline setting since the borrower needs mSp dollars to short sell the
asset. In this transaction, the borrower must also pay a lending fee, f, to the lender, which is
subtracted from the cash—collateralE Consequently, the net amount of collateral backing up the

short contract is given by:
(1+m%)p—f. (22)

2More specifically, the lender rebates the borrower for the cash collateral at a rebate rate, r"°***¢. This rate is
lower than the riskless rate, r. The difference, r — r"¢*%*¢_ corresponds to the lending fee paid by the borrower. In
this model, the rebate rate is always negative since the riskless rate is taken to be zero (for simplicity). The rebate
rate may also be negative in reality. The assets with low rebate rates (or high lending fees) are said to be “special.”
See D’Avolio (2002) or Lamont (2004) for excellent descriptions of the short market.
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The lending fee, f, is the price through which the short market clears. If the trader does not
return the asset, then the lender keeps the cash-collateral in .

The above short sale transaction can be captured in this model by the simple short contracts
introduced in Section R

BSE{([LP(S)ES]Ses,O,’y) |7€R+}. (23)

In particular, a simple short contract promises a replica of the asset collateralized by -~ units of
cash. To map this short contract to a short sale, let m® and f be given as the unique solutions

to the following equations:

vy=1+m")p—fandp—q(v) = f. (24)

In particular, the cash-collateral of the short contract corresponds to the net cash-collateral, ,
posted in the short sale transaction. The difference between the price of the asset and the price
of its replica (i.e., the short contract) corresponds to the lending fee. In addition, the borrower
defaults on the short contract if and only if the future asset price, s, exceeds the cash-collateral,

~. Thus, the actual payoff of the short contract is given by:
min (7, s) . (25)

In view of the mapping in , both the short margin, m®, and the lending fee, f, will be
endogenously determined in general equilibrium. I next characterize this general equilibrium with
simple short contracts, B°. In particular, to isolate the effects of short selling, I rule out the simple
debt contracts analyzed in the baseline setting. Appendix considers a model that features
both simple debt and simple short contracts and shows that the economic insights of this section

continue to apply in that setting.

The analysis of equilibrium follows closely the analysis in Section The following is the
analogue of assumption (A1) for this setting:
Assumption (A1%). ny > Eqg[s] + Py
This assumption ensures that optimists’ endowment is sufficient to purchase the entire asset supply
as well as the short contracts sold by pessimists. Given assumption (AlS ), I will establish that
the equilibrium price satisfies p € (Ep [s], E1 [s]). Since p > Ejy [s], pessimists invest only in cash
and they sell short contracts. In contrast, optimists buy the asset and the short contracts sold by
pessimists. In particular, the corresponding principal-agent equilibrium is one in which pessimists
(who are the borrowers in this model) choose the short contract subject to optimists’ participation

constraint. Optimists are indifferent between buying the asset and the short contracts, which

13Recall that a simple short contract is generally denoted by 8 = ([cp (s) = ps],cq V", wc) for some ¢ € R;. The
set, BY, features two restrictions which are without loss of generality. First, I assume 1@ = 0 because the transfer
implied by the contract, (¢s,¥?,1¥°), can be equivalently captured by the contract, (max (¢ — ¥®) s,0,9°). Second,
I normalize the contracts by taking the number of assets short sold to be 1.
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implies that the price of a short contract with cash-collateral ~ is given by:
1 .
q(v) = mEl [min (7, s)] - (26)

Note that the price of the short contract is increasing in its cash-collateral. Equivalently, keeping
p fixed, the lending fee in is decreasing in . Intuitively, optimists realize that the short
contract will default in some future states, and they demand compensation for default in the form
of a lending fee. When the cash-collateral is high, the short contract defaults less often and the
lending fee is lower[]

Next note that, if pessimists sell 2y units of this contract, then their cash position must be
given by ¢g = xgy. Consequently, pessimists choose which short contract to sell, v, and how many

of these contracts to sell, zq, to solve:

max 2oy — ZoFo [min (v, s)] , (27)
(zo,7)ERY.
1 :
s.t. Ty = ng + xomEl [min (v, s)] .
L

The first line is pessimists’ expected return which consists of their return from cash net of their
expected payments on short contracts. The second line is pessimists’ budget constraint, which
incorporates optimists’ participation constraint. The budget constraint illustrates that choosing
lower cash-collateral enables pessimists to sell a greater number of short contracts. On the other
hand, recall that higher cash-collateral leads to a lower lending fee. Thus, pessimists face a
trade-off between a greater short position and a lower lending fee.

The next result, which is the analogue of Theorem [2 for this setting, characterizes pessimists’
optimal short contract. The result requires the following analogue of assumption (A2), which
ensures that problem has a unique solution for each p.

Assumption (A2°%). The probability distributions I and Fy satisfy:

Nils) _ fols)
Jomin 3AF1 ~ [ 3dFy

for each s € (smin, sm‘”‘) .

Assumptions (A2) and (A2°) do not imply each other. However, Assumption (A2°) [as well as
assumption (A2)] is implied by the monotone likelihood ratio property (cf. Section [3.1).

Theorem 5 (Asymmetric Disciplining of Pessimism). Suppose the contract space is re-
stricted to simple short contracts, BT = B, and assumptions (A1°) and (A2°) hold. Fix asset

YFor an example, note that v = s™* leads to ¢(y) = p and a short fee f = 0. This is because this short
contract is completely safe (i.e., it is collateralized according to the worst case scenario). From Eq. , note also
that the margin on this contract is solved from m®"p = s™2 — p. Hence, this contract corresponds to the short
contract analyzed in Gromb and Vayanos (2002). The difference in this model is that riskier short contracts (with
lower cash-collaterals) are also available for trade. The short contract that will be traded in equilibrium will be
endogenously determined.
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Figure 5: The top two panels display the pessimistic and the optimistic pdf’s for two examples.
The examples differ only in the type of pessimism: The bold lines correspond to pessimism on
the downside while the dashed lines correspond to pessimism on the upside. The bottom panel
plots the corresponding equilibria (the intersection of the optimality and market clearing curves).

price p € (Egl[s], F1[s]), and consider pessimists’ problem @ The cash-collateral, vy, of the
optimal short contract is the unique solution to the following equation over the range (smin, smax) :

S (y) = Bl . (28)

7 sdF
Fy(7) 200 1 By ()

smin SdFO

p=p

The pricing formula shows that pessimism is asymmetrically disciplined in equilibrium.
In particular, note that the pessimistic belief enters the pricing formula only through its effect on

the following expression (which increases the price):

/“Y dFy
S )
smin FO (’}/)

This expression shows that pessimism about the relative likelihood of downside states, s < 7,

decreases the asset price. More importantly, it also shows that any other type of pessimism does
not decrease the asset price. For example, pessimism about the relative likelihood of upside states,
s > 7, does not affect the price. Similarly, pessimism about the probability of the event {s >~}
(while keeping the relative likelihood of states s < 7 fixed) does not decrease the price. Figure
illustrates this result by plotting the optimality curve, p?%° (), for two examples that differ
only in the type of pessimism. It shows that the asset price is greater when the pessimism on the
upside than when it is on the downside.

The intuition for this result closely parallels the intuition for the asymmetric disciplining of
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optimism (cf. Section . First consider why poPtS () is decreasing, that is, why pessimists
choose lower cash-collateral when the price is higher. Given a higher p, pessimists have a greater
incentive to bet. Consequently, they choose lower 7 because this enables them to increase their
short position [cf. problem ] Next, to see the intuition for asymmetric disciplining, consider
the cash-collateral, v = 1.1, for the two examples plotted in Figure Consider how much the
price should increase (from the pessimistic valuation, Fjy [s]) for pessimists to short sell with .
The answer depends on the type of pessimism. When the pessimism is on the upside (for states
s > 7), then optimists charge a positive short fee because they think the short contract is likely to
default. Moreover, this short fee appears too high to pessimists because they think the contract
is unlikely to default. Consequently, the price should increase considerably to entice pessimists to
short sell with «. In contrast, when the pessimism is concentrated on the downside, optimists and
pessimists disagree less about the short fee corresponding to cash-collateral «v. Consequently, the
price does not need to increase as much to entice pessimists to short sell with ~. Put differently,

in this case pessimists face looser constraints for short selling, which leads to a lower price.

The equilibrium price is characterized by asset market clearing. Optimists’ endowment is
spent to purchase the asset and the short contracts sold by pessimists. Thus, asset market
clearing implies: n; = p+xoq (). Using Egs. , and , this condition can be rewritten
as:

— =14+ . (29)

The left hand side of this expression corresponds to the demand for the asset. The right hand side
corresponds to the effective supply, which is greater than the physical supply (one unit) in view
of short selling. Note that a smaller short margin, m®, enables pessimists to short sell a greater
number of assets After substituting for m® in terms of p and v, Eq. implicitly defines a
market clearing relation between the price and the cash collateral, p** (). Moreover, Appendix
A.4|shows that p™® () is increasing in ~. Intuitively, a smaller cash-collateral leads to a smaller
short margin, which in turn leads to a greater short position and a lower market clearing price.
The equilibrium price and cash-collateral pair, (p,~), is determined as the unique intersection of

opt,S (

the optimality curve, p 7) and the market clearing curve, p™* () (see Figure |3)).

Note that the asymmetric disciplining of pessimism identified in this section is complemen-
tary to the asymmetric disciplining of optimism. When belief disagreements are on the upside,
optimists will be less constrained while pessimists will be more constrained. In equilibrium, this
will lead to lower loan margins and higher short margins, and an asset price closer to the opti-
mistic valuation. In contrast, when belief disagreements are on the downside, loan margins will
be higher, short margins will be lower, and the price will be closer to the pessimistic valuation.
These points are further illustrated in Appendix which presents a model that features simple

debt contracts together with the simple short contracts of this section.

5The last term in Eq. , El[%[g’s)], is a normalizing factor which emerges from the fact that the short

contract is only an imperfect replica of the asset.
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6 Equilibrium with Richer Contracts

While simple debt and simple short contracts are common in financial markets, it is important
to consider richer contracts especially because they introduce new economic forces. This section
considers the equilibrium with unrestricted contracts and obtains three results. First, it derives a
version of the asymmetric disciplining result for this setting. Second, it shows that insurance or
option-like contracts endogenously emerge to facilitate betting. Third, it establishes that these

richer contracts moderate the effect of belief disagreements on the asset price.

Recall, from Section |2 that a borrowing contract is denoted by 8 = ([go (5)]se S,a,'y) € B,

with payoff . For expositional reasons, I start with the following trading restriction.
Assumption (PR). Pessimists are restricted not to sell borrowing contracts, i.e., jig = 0.
This assumption ensures that the corresponding principal-agent equilibrium is one in which op-
timists have all of the bargaining power. This equilibrium is useful because it isolates optimists’
optimal contract. Pessimists’ optimal contract, as well as the more general case without trading
restrictions, will be discussed at the end of this section.

The analysis of equilibrium follows closely the analysis in Section In particular, opti-
mists choose their investment in the asset, a1, and cash, ¢;, along with one borrowing contract,
([cp (8)]ses s a,'y), subject to pessimists’ participation constraint. Moreover, optimists pledge all
of their asset and cash holdings as collateral in the borrowing contract, i.e., « = a1 and v = ¢y,
and they borrow as much as pessimists are willing to lend. Thus, optimists’ problem can be

written as:

max 1B [s] + ¢1 — Ei [min (g (5),a1s + c1)], (30)
(al 701)€Riv [LP(S)ER‘HSGS

s.t. a1p + c1 =ny + Ep [min (¢ (s),a15s +¢1)] .

Note that problem is the analogue of problem @, with two main differences. First, optimists’
outstanding debt, ¢ (s), can be contingent on the future state. Second, optimists’ cash investment
is not a priori ruled out. While the assumption, ¢; = 0, was without loss of generality in Section

this is no longer the case in this section.

The next result, which is the analogue of Theorem [2] for this setting, characterizes optimists’
optimal contract and portfolio choice. The result requires the following assumption, which is
stronger than both assumptions (A2) and (A2°), and which ensures that problem has a
unique solution for each p.

Assumption (MLRP). The probability distributions Fy and Fy satisfy the monotone likelihood

ratio property: that is, ;;8 is strictly increasing over S.

Under assumption (MLRP), the optimal contract takes the form:

o(s) = (31)

a1s+c  if s <3,
0 0if s > s.
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for a threshold state § € §. That is, optimists make as large a promise as possible for states s < 3,
while promising zero for states s > 5 . Intuitively, optimists find bad states the least likely, and
thus they concentrate all of their payments below a threshold state. The next result characterizes

the optimal threshold, s, of the optimal contract as well as optimists’ investments, a; and c;.

Theorem 6 (Optimists’ Optimal Contract). Suppose that the contract space is unrestricted,
BT = B, assumptions (PR) and (MLRP) hold, and that ng is sufficiently large [in particular, it
satisfies condition in Appendiz[A.¢]. Fiz asset price that satisfies p € (Eo [s], E1[s]), and
consider optimists’ problem . The optimal contract takes the threshold form in . There
exists p < E1 [s] such that:

(i) If p < p, then optimists invest only in the asset, i.e., c; = 0. The threshold § of the optimal

contract is the unique solution to the following equation over S:

max

p= popt,o (5) = /Smin sdFy + ?1) Eg /8 sdF;. (32)

(ii) If p = p, then optimists are indifferent between investing in the asset and cash. The
threshold 5 is the unique solution to p = p°Pt© ().
(iii) If p > p, then optimists invest only in cash, i.e., ay = 0. The threshold § is the unique

solution to p = p°P0 (3).

Part (i) of this theorem shows that, when the asset price is below a threshold p (defined in Eq.
in Appendix , optimists make a leveraged investment in the asset as in the baseline
setting. The only difference is that optimists borrow with a contingent loan which is not a simple
debt contract. Nonetheless, the characterization of the optimal contingent contract shows that a
version of the asymmetric disciplining result continues to apply in this setting. In particular, the
pricing formula shows that optimism about the relative likelihood of states above 5 increases
the asset price, while optimism about the relative likelihood of states below § does not increase
the price. The intuition for this result can be gleaned from the shape of the optimal loan [cf. Eq.
(31)]. This loan makes the same payment (namely, zero) in all states s > 5. Hence, optimism
about the relative likelihood of upside states does not lead to heterogeneity in the valuation for
the optimal loan. Consequently, these types of optimism lead to looser borrowing constraints
and a higher asset price. On the other hand, optimism about the relative likelihood of downside
states, s < §, leads to tighter borrowing constraints and a lower asset price.

Parts (ii) and (iii) consider the cases with a higher asset price. As the asset price increases,
optimists’ demand shifts from the asset to cash. Importantly, note that optimists stop buying
the asset at a price, p, which is lower than their valuation of the asset, E [s]. Using this result,
Appendix closes the model and establishes that the equilibrium price satisfies p < p. For
intuition, consider the optimal contract for part (iii) [and also part (ii)]. This corresponds to
an insurance contract (or an option-like contract) that promises a fixed payment of ¢; dollars if

the future state is below s. Selling this contract provides optimists with an alternative method to
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bet on their belief. This in turn lowers optimists’ demand for the asset and leads to an equilibrium
price bounded from above by p < Ej [s]. In particular, the price always remains bounded away
from the optimistic valuation, F [s], regardless of optimists’ endowment, n;.

In line with this intuition, the following result establishes that the equilibrium price in this
setting is always lower than the price in the baseline setting in which optimists are restricted to

borrow with simple debt contracts.

Theorem 7 (Price Comparison Between Contingent and Simple Debt Contracts). For
the same beliefs, F1 and Fy, and endowments, n1 and ng, the equilibrium price, p, in this section
is strictly smaller than in Section[3. That is, allowing optimists to sell unrestricted contracts leads

to a lower asset price than the case in which they are restricted to sell simple debt contracts.

With richer borrowing contracts, optimists naturally face looser borrowing constraints. In view
of this intuition, one could conjecture that allowing richer contracts would lead to a higher asset
price. Theorem [7] shows that this conjecture is incorrect. Intuitively, richer contracts not only
relax optimists’ borrowing constraints, but they also provide optimists with alternative methods
to bet on their belief. When the price is sufficiently high, the alternative methods (such as selling
insurance contracts collateralized by cash) ensure that optimists do not demand the asset. In
contrast, with simple contracts, optimists’ only betting method is to make a leveraged investment
in the asset. Consequently, the availability of richer contracts reduces optimists’ demand for the
asset and leads to a lower price.

Insurance contracts, options, and related derivative contracts are ubiquitous in financial mar-
kets. Moreover, these contracts arguably played an important role in facilitating speculation in
the run-up to the recent crisis. For example, Lewis (2010) reports that the insurance company,
AIG, sold large amounts of CDSs on mortgage backed securities to investors that were pessimistic
about the housing market. In this model too, insurance contracts endogenously emerge to fa-
cilitate betting between optimists and pessimists. Moreover, as illustrated by Theorem [7| the
availability of these contracts puts downward pressure on the asset price. This result creates a
presumption that the trading of credit default swaps might have stopped the increase in house

prices, and ultimately, might have expedited the subsequent decline.

In view of assumption (PR), the analysis in this section has focused on optimists’ optimal
contract. Appendix [AT7] characterizes pessimists’ optimal contract by considering the comple-
mentary case in which pessimists have all the bargaining power (and discusses the more general
case without any trading restrictions). The analysis and the results parallel those of this section.
In particular, pessimists sell a contract that promises a fixed payment if the future state is above a
threshold state 5. Moreover, there exists a price level p > FEjy [s] (and p < p) such that pessimists
invest in cash if p > p, and they invest in the asset p < p. In either case, pessimists’ invest-
ment strategy resembles selling a call option on the asset which pays if the future asset price is
above a threshold level. Pessimists collateralize their promises either by holding cash or the asset

depending on the asset price.
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Appendix also shows that the equilibrium price always satisfies p > p. In particular,
the price always remains bounded away from the pessimistic valuation, Ej [s], regardless of the
pessimists’ endowment, ng. Furthermore, the equilibrium price is always higher than the price
in Section [5| in which pessimists are only restricted to sell simple short contracts. Intuitively,
richer contracts provide pessimists with alternative methods to bet on their belief. When the
price is low, these alternative methods ensure that pessimists demand the asset (which they use
as collateral for their promises in option-like contracts). In contrast, with simple short contracts,
pessimists’ only method to bet is to short sell the asset. Consequently, the availability of richer

contracts increases pessimists’ net demand for the asset and leads to a higher price.

A general picture emerges from the analysis in this section and Appendix These results
show that insurance (or option-like) contracts endogenously emerge to facilitate betting among
traders with different beliefs. Importantly, the availability of these contracts moderates the effect
of belief heterogeneity on the asset price. More specifically, regardless of whether optimists or
pessimists have the bargaining power, the equilibrium price with unrestricted contracts remains
bounded in an interval (p,p) which is a strict subset of the interval, (Eq [s], E1 [s]). With richer
contracts, the medium of betting shifts to alternative contracts as opposed to the asset itself. This
ensures that beliefs of the extreme optimists or extreme pessimists have a moderated influence on

the asset price.

7 Dynamic Model: Financing Speculative Bubbles

The analysis so far has concerned a static economy. However, the asymmetric disciplining result
also naturally interacts with the speculative component of asset prices identified by Harrison and
Kreps (1978). This section considers a dynamic extension of the baseline setting with simple
debt contracts and no short selling. It shows that “speculative bubbles” are also asymmetrically
disciplined by the endogenous borrowing constraint. I first describe the basic environment without
financial constraints and illustrate that the asset price features a speculative component. I then

characterize the dynamic equilibrium with borrowing constraints.

7.1 Basic Dynamic Environment

Consider an infinite horizon overlapping generations economy with a single consumption good
(dollar). The dates and the generations are denoted by ¢t € {0,1,...}. There is a continuum of
traders in each generation t, who live at dates ¢ and ¢ + 1. Consider the young traders at date ¢.
These traders have endowments at date ¢, and they consume only at date ¢+ 1. They can transfer
resources between dates by investing either in a bond or an asset. The bond is supplied elastically
at a normalized price 1. Each unit of the bond yields 1 4+ r dollars at the next date, and then
fully depreciates. The bond is the analogue of cash in the earlier setting and its only role is to fix

the riskless interest rate at some r > 0. The asset is in fixed supply, which is normalized to one.
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The asset does not depreciate and yields y; dollars at every date. The dividend yield follows:

Yt+1 = YtSt+1- (33)

Here, the dividend shock s;y1 is a random variable that takes values over a set, S = [smi“, max].

s
Suppose that S € Ry, and that 1 € S. Suppose also that the shock, s;+1, is independent of the
past shocks, {s1, .., st}

Traders observe all past and current dividend yields, {y1,..,y:}. However, they have possibly
heterogeneous prior beliefs about the next date’s shock, s;1. In particular, there are two types
of young traders, pessimists and optimists, respectively with prior beliefs Fjy and F; about s;11.
Optimists are more optimistic in the hazard-rate sense, that is, beliefs satisfy assumption (A2)
of Section (3| I also normalize the pessimistic belief to have mean 1, E; g [s¢+1] = 1. Assumption
(A2) then ensures that E;;[s;41] = 1 + ¢ for some € > 0 which controls the level of optimism.
Lastly, while traders disagree about the next date’s shock, they agree about the shocks that are
farther in the future. More specifically, they believe that the shock, sy for £ > 2, is distributed
according to the pessimistic belief, Fj.

One interpretation of these assumptions is that traders normally believe that the dividend
shock in is a stationary random variable with mean 1. But at every date, a fraction of the
traders (optimists) become optimistic regarding the next date’s Shockm Under these assumptions,

pessimists’ present discounted value can be calculated as:

o0

piv (N Bro [Yes] _ v
) =3 T = (34)

On the other hand, optimists’ present discounted value can be calculated as

o0

v, N P [Yes] -y (1+e)
p’f (yt)—kzl Gt = (35)

Intuitively, optimists expect the dividend yield to increase (on the average) to y; (1 +¢). They
then expect the yield to fluctuate around this higher level, which leads to the valuation in .
I normalize the population measure of young traders (of generation t) to 1. Moreover, I
assume that their endowment is proportional to the current dividend yield: that is, type ¢ traders
are endowed with n;y; dollars for some constant nzﬂ This assumption, along with the earlier
assumption on traders’ beliefs, ensures that the economy has a recursive structure. In the rest of

this section, I focus on recursive equilibria in which the asset price is a function of the current

Y There could be a number of explanations for the source of this type of optimism. As in Scheinkman and Xiong
(2003), optimists may be overconfident about a signal they receive about the next date’s shock. Alternatively,
optimists may be simply optimistic about the next date’s shock, thinking that the current date is special. Reinhart
and Rogoff (2008) refer to this type of optimism as “this time is different syndrome.”

17"This assumption is not necessary for the economic results, but it simplifies the analysis. I thank Ivan Werning
for pointing out this simplification.
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dividend yield, p (y;). I also drop ¢ from the notation by denoting the current dividend yield by
y = y¢ and the future dividend shock by s = s¢41.

The main difference of this model than the earlier static economy is the fact that traders sell
the asset to the next generation. In particular, the value of the asset is the sum of its dividend

yield and its future price:

v(y,s) =ys+p(ys) for each s € S. (36)

Note that the value of the asset is endogenous because it depends on the future asset price. The
price is also endogenous because it depends on the future value of the asset. Consequently, the
value function, v (y,s), and the price function, p(y), are jointly determined. The equilibrium
price level naturally reflects the type of borrowing contracts available. Throughout this section,
I assume that short contracts (i.e., short selling) are not allowed. Consequently, the analysis
revolves around optimists’ borrowing constraints. I first consider a benchmark setting in which
optimists face no borrowing constraints. I then consider the main setting of this section in which

optimists can only borrow with simple debt contracts.

7.2 Speculative Bubbles without Borrowing Constraints

As a benchmark, suppose optimists can borrow cash at rate r without any constraints (including
limited liability)m In this case, optimists have an infinite demand for the asset whenever the
asset price is below their valuation. Hence, the equilibrium asset price is equal to the optimistic

valuation:

1

ply) = 1+TE1[v(y,8)]

1
= — <y (14+¢)+ / p(ys) dF1> , forall y € Ry, (37)
1+’I" S

Eq. (37) provides a recursive expression of the asset price, which can be solved as:

Cy(l+e)
or—¢

p(y) (38)

Note that the asset price, p (y), is higher than optimists’ present discounted value in . The
component of the asset price in excess of the present discounted value of the holder of the asset,
p(y) — p2™ (y), is what Scheinkman and Xiong (2003) call a “speculative bubble.” In addition, I

define "

18This assumption is equivalent to a setting with borrowing constraints in which optimists’ endowment is suffi-
ciently large, i.e., n1 — oo.
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as the share of the speculative component in the asset price. The asset price features a speculative
component because optimists hold the asset not only for the higher expected dividend yields, but
also because they plan to sell the asset to future optimists (who will be even more optimistic then
them). In view of these expected capital gains, optimists bid up the asset price higher than their
present discounted value.

The expression in also implies that the speculative component could represent a large
fraction of the asset price, even for a relatively small level of belief heterogeneity, € (especially when
the interest rate is low). The rationale for this observation is related to a dynamic amplification
effect. Note that future optimists also expect to make capital gains by selling the asset to yet
more optimistic traders in the subsequent period, which increases the price in the next period.
But this further increases the valuation of current optimists who are planning to sell to future
optimists, increasing the current asset price further. In other words, a large speculative bubble

forms through a dynamic accumulation of relatively small belief disagreements at each date.

7.3 Borrowing Constraints and Dynamic Equilibrium

Next consider optimists’ borrowing constraints. In particular, suppose young traders at date ¢
trade the simple debt contracts, B [cf. Eq. ], in addition to the asset. As in Section [3| the
corresponding principal-agent equilibrium is one in which optimists choose their debt contract
subject to pessimists’ participation constraint. Let ¢ denote optimists’ outstanding debt per-
asset and a; denote their asset holdings. Then, given the current dividend yield y, optimists’

solve the following analogue of problem @D:

max a1 Eq (v (y,s)] — a1 By [min (v (y, s), )], (40)
(al,tp)GRa_

EO [min (U (y’ S) ) 90)]
147 )

s.t. aip=n1+a

Definition 4 (Dynamic Equilibrium). A dynamic equilibrium is a price function p(y) and
allocations (a1 (y), ¢ (y))yer,, such that: for each dividend yield y, optimists’ allocation solves
problem given the value function v (y,s) = ys + p(ys) [cf. Eq. [B6)] and the asset market
clears [i.e., a1 (y) =1].

Since traders’ endowments are proportional to the current dividend yield, I conjecture an
equilibrium in which the price function is linear, i.e., p(y) = pqy for some pg; > 0. In this

equilibrium, the value function is given by: v (y,s) = ys (1 4+ pg). Note that the equilibrium debt

»(y)
y(1+pa)

a loan with riskiness §;. The following result shows that the conjectured equilibrium exists and

contract ¢ (y) defaults if and only if s is below 55 = Hence, I refer to this contract as

that the riskiness of the equilibrium loan does not depend on y.
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Figure 6: The x axis is the range of possible price to dividend ratios, [pmin,pmax]. The lowest
and the highest solid curves respectively plot the pessimistic and the optimistic valuations when
the future price to dividend ratio is given by the value at the x axis. The intermediate solid curve
plots the price mapping, P? (ﬁd) . The equilibrium is the intersection of this curve with the 45
degree line (the intermediate dashed curve).

Theorem 8 (Existence). Suppose assumption (A2) holds and traders’ net worths satisfy con-
dition (A.50) in Appendiz[A.8 Then, there exists a dynamic equilibrium with price p(y) = pay,

and riskiness 5 € (smin, ma"), for each y € Ryy. The price to dividend ratio, pq, lies in the

interval, (1 m), where the lower bound is the pessimistic pdv for the asset [cf. Eq. / and

T r—e

the upper bound is the asset price in the benchmark without constraints [cf. Eq. ]

S

To analyze this equilibrium, it is instructive to start with a partial equilibrium taking the
future price function as given. In particular, let P;(pg) denote the price to dividend ratio that
would obtain today if the future price to dividend ratio is given by pg. The proof of Theorem
in Appendix |A.8| establishes that P;(-) has a unique fixed point over the interval {1 ﬁ},

r?’r—e

which corresponds to a dynamic equilibrium. Figure @ plots Py (+) for a particular example and
illustrates the equilibrium. Note that the equilibrium price is higher than the pdv according to
either the pessimistic or the optimistic beliefs. In particular, in this example, the price has a large
speculative component despite optimists’ borrowing constraints.

Figure [6] also illustrates optimists’ balance sheet. In this example, optimists’ downpayment is

about 1/4 of the asset price. They finance the rest of the purchase by borrowing from pessimists
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Figure 7: The lower (resp. the higher) solid curve plots the current price to dividend ratio as a
function of the future price to dividend ratio for the belief distributions in the first case (resp.
second case) of Example (1. The dynamic equilibrium is the intersection of this curve with the 45
degree line (dashed curve).

using the asset as collateral. In particular, pessimists agree to finance about 3/4 of the asset
purchase despite the fact that they perceive the present discounted value of the asset to be less
than half of its price. This feature illustrates how speculative bubbles can exist in environments
in which optimists are borrowing constrained. In this example, the pessimistic lenders agree to
extend large loans which are in part collateralized by the speculative component of the price.
This is because lenders’ valuation of the asset (the lower green line in Figure @ also contains a
speculative component. Intuitively, lenders agree to extend large loans because they think that,
should the borrower default, they could always sell the collateral to a future optimist.

Put differently, an important feature of a speculative episode is that the bubble raises all boats:
both optimists’ and pessimists’ valuations are greater than their respective present discounted
values. Consequently, the difference between traders’ valuations at any state (the difference
between the two green lines in Figure @ is relatively small. As in the unconstrained case, a
large speculative bubble forms from a dynamic accumulation of small valuation differences. This
is perhaps unfortunate, because a small valuation difference makes the financing of the asset
relatively easy, opening the way for large speculative bubbles even when optimists are borrowing
constrained.

Naturally, a small valuation difference does not always imply loose borrowing constraints. As

in the static model, the tightness of borrowing constraints also depends on the type of belief
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heterogeneity. To see this, consider the economy plotted in Figure [6] with the only difference that
the optimistic priors are changed from Fj iy to Fi p (cf. Example). That is, optimism is made
more skewed to the downside (cf. Definition . Figure [7| shows that the speculative component
shrinks by about half. Intuitively, when the optimism is on the downside, future optimists are
unable to bid up the asset price because they face tighter borrowing constraints. This implies
that the resale option value to future optimists is lower, which leads to a smaller speculative
component.

The next result formalizes this intuition by showing that making optimism more skewed to
the upside always increases the asset price and the share of the speculative component. To state
the result, it is necessary to generalize the definition of the speculative component in to the
setting with borrowing constraints. To this end, I first define the overvaluation ratio 4 € (0, 1)

as the unique solution to

Eolo(w.9)] , , Eilo(v.9)]

ply) =1 =6a) =7 1+r

(41)

Intuitively, 84 captures the fraction of the optimism in traders’ beliefs that is reflected in the asset

price. I next generalize the share of the speculative component asﬂ

= P =" ()
g=—2 £

p ()
Unlike the unconstrained case, the marginal holder of the asset is not necessarily an optimist.
Thus, the relevant present discounted value is defined by , which leads to the speculative
component in (42)).

, where pP% (y) = (1 — 04) ph™ (y) + 049" () - (42)

Theorem 9 (Type of Heterogeneity and the Speculative Component). Consider the
dynamic equilibrium characterized in Theorem|[8 If optimism becomes more skewed to the upside,
i.e., if Fy is changed to Fy that satisfies condition and Fy = Fy [so that assumption (A2)
continues to hold], then: the price to dividend ratio pq, the loan riskiness 5}, and the share of the

speculative component A\q weakly increase.

8 Conclusion

This paper theoretically analyzed the effect of belief disagreements on asset prices and financial
contracts. The central feature of the model is that traders borrow by selling collateralized con-
tracts to lenders that do not share the same beliefs. In particular, the lenders do not value the
collateral as much as the borrowers do, which represents an endogenous borrowing constraint. I
have considered the effect of this constraint in a number of settings that differ in the types of

collateralized contracts that are available for trade.

9Note that both 84 and A4 are constants independent of y, because the price and the value functions are linear
in the dividend yield.
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In the baseline setting, I have restricted attention to simple debt contracts, which are useful
to analyze optimists’ borrowing constraints. I have also considered an extension with simple short
contracts, which facilitate the analysis of pessimists’ borrowing constraints. These analyses have
established that both optimism and pessimism are asymmetrically disciplined by the endogenous
borrowing constraint. In particular, the tightness of the constraint depends on the nature of belief
disagreements. When belief disagreements are on the upside, optimists are less constrained while
pessimists are more constrained, which leads to relatively low loan margins, relatively high short
margins, and an asset price closer to the optimistic valuation. In contrast, when belief disagree-
ments are on the downside, loan margins are relatively high, short margins are relatively low, and
the asset price is closer to the pessimistic valuation. I have also considered a dynamic extension of
the model which reveals that the speculative asset price bubbles, identified by Harrison and Kreps
(1978), are also asymmetrically disciplined. These results suggest that what investors disagree
about matters for asset prices. In particular, certain economic environments that generate uncer-
tainty (and thus belief heterogeneity) about upside returns are conducive to asset price increases
and speculative bubbles financed by credit.

An extension of the model with richer contracts has revealed that insurance contracts (that
resemble credit default swaps) endogenously emerge to facilitate betting. Moreover, the avail-
ability of these contracts puts downward pressure on the asset price. These results provide one
explanation for the introduction of the CDS contracts to the mortgage market in the run-up to
the recent crisis. They are also consistent with the view that the CDS contracts might have played
a role in the bursting of the house price bubble. More generally, this analysis has established that
the availability of richer contracts moderates the effect of belief disagreements on asset prices.

This paper has opened up several avenues for future research. The first challenge is to de-
velop a test of the main implications of the model; in particular, the effect of the type of belief
disagreements on asset prices and borrowing contracts. An empirical literature in finance has
analyzed the effect of the level of belief disagreements on asset prices (e.g., Chen, Hong and Stein,
2001, Diether, Malloy and Scherbina, 2002, and Ofek and Richardson, 2003). Following a strand
of this literature, analysts’ forecasts could be used as a proxy for investors’ belief disagreements.
However, measuring the type of belief disagreements requires finer information about the forecast
of each analyst, e.g., a distribution rather than an average forecast. Once this level of information
is compiled (or collected), the hypothesis of this paper can be tested.

Second, the analysis has been carried out with two belief types for tractability. Allowing for
a greater number of belief types does not change the main implications, but it yields additional
results. In particular, when there is a continuum of belief types, traders are endogenously divided
into two groups such that those that are more optimistic than a threshold trader become natural
buyers of the asset, while those that are more pessimistic become natural lenders. In addition,
for certain types of belief disagreements, traders are assortatively matched through anonymous
debt markets: Natural buyers that are relatively more optimistic borrow from natural lenders

that are relatively more optimistic. Moreover, the relatively more optimistic pairs use loans with
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relatively lower margins. Thus, this version of the model might be useful to study markets in
which the same asset is simultaneously traded at heterogeneous margins. A model along these
lines is analyzed by Fostel and Geanakoplos (2010).

Third, and more importantly, this model has not allowed debt contracts to be used as collateral.
This is without loss of generality for the economy with two belief types considered in this paper,
but not necessarily for economies with more belief types. For example, with three belief types, I
conjecture that the equilibrium will feature a pyramiding arrangement (cf. Geanakoplos, 1997):
The trader with intermediate beliefs will lend to optimists by buying their debt contracts, and it
will borrow from extreme pessimists by using these debt contracts as collateral. This arrangement
is interesting because it captures key features of housing-related credit markets. To give an
example, senior tranches of subprime CDOs (collateralized debt obligations) are debt contracts
backed by subprime mortgage backed securities, which are themselves debt contracts backed by
subprime mortgages, which are themselves debt contracts backed by houses. Understanding the
nature of pyramiding, and its impact on asset prices, is a fascinating topic which I leave for future

work.
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A Appendices: Omitted Proofs and Extensions

A.1 Principal-Agent Equilibrium with Simple Debt Contracts

This appendix completes the characterization of the principal-agent equilibrium analyzed in Sec-
tion The following lemma establishes a couple of properties implied by assumption (A2)
which are used in the characterization. The rest of the appendix proves Theorem [2] and shows
that the equilibrium price is interior, i.e., p € (Ep[s], E1 [$]).

Lemma 1. Suppose optimists’ and pessimists’ beliefs satisfy assumption (A2).
(i) Optimists’ perceived interest rate 1+r" (5) = M [ef. Eq. (15)] is strictly increasing

Eo[min(s,5)
in 5. In particular, 7" (5) > 0 for each s > s™™.
dp Pt ( 5)

(i) p°Pt (5) is continuously differentiable and strictly decreasing, i.e., < 0. Moreover,

pPt (s™M) = By [s] and p°P' (s™X) = Ey [s].

Proof of Lemma Part (i). First note that the derivative of F; [min (s, §)] = fjmin sdF; (s)+
5(1 — F;(8)) is given by:
dE; [min (s, 5)]

e 1R ) >0 (A1)
Using this expression, the derivative of 1 + 7" (5) = % can be written as:

A+ (5) _ (1= Fy (5)) By [min (s,5)] — By [min (s, 5)) (1 = Fo (5))

s N (Eo [min (s, 5)])* i
Thus, to prove that 1 + " () is increasing, it suffices to show that:
g; {212 Ez: z;} < 1 : ?{1) Ez; for each 5 € (s™1, s™2¥) (A.3)
To prove this, note that for each 5 € (smin, smax),
Ey [min (5,5)] _[omn 5dF1 +5 (1~ Fi ()
Ej [min (s, 5)] [owin 8dFy + 5 (1 — Fy (3))
§ Jon STpeS APy + 5 (1 = Fy (5))
Jowin 5dFy + 5 (1 — Fy (5))
< S sAF =G +5(1 = FL(5) 11— F (s)

fsmin sdFy +5(1 — Fy (5)) 11— ()

where the first inequality uses the hazard rate inequality and the second inequality uses the

fact that 1:28 is strictly increasing.

Part (ii). Using Eq. (12)), note that

d opt(g) o B B 1 — F (5) Sl dF: 1 — F (5)_ _
T = sfo(s)+<—fo(8)+f1( )1_1:(1)()> </ 81—F11(§)>_1—F(1)(§)8f1(8)

_ fo(3) fi(
(= F (8))(1—0F0 (5) 1—1F1 (5)




Here, the first line applies the chain rule while the second line substitutes Ej[s | s > 5] and

rearranges terms. The term, (1 f‘}ﬁj()g) -1 f%fgg)), in Eq. is positive in view of the hazard
dp vt (8)

< 0.

max.

rate inequality (L0]). Since the term, E1 [s | s > 5] — 5, is also positive, it follows that
The second part of the statement follows by considering Eq. . ) for s =s"™" and §=s

Proof of Theorem Most of the proof is provided in Section The remaining steps are
to show that R} (5) [cf. Eq. (I4)] has a unique maximum characterized by p = p°?* (5). To this
end, consider the derivative of R¥ (3), which can be calculated as:

dRY (5) 1
di  p— Fg[min(s,3)]

(RT (3) (1= Fo (3) = (1 = F1(3))) . (A.5)
Setting this expression to zero leads to the first order condition:

R (3) 1-Fi(5)
IL+r  1-F(8)

Plugging this first order condition into and rearranging terms yields p = p°?* (3). Next note
by part (iii) of Lemmal 1|that there exists exactly one 5 € S that satisfies the first order condition.

It remains to show that the unique critical point characterized by p = p°?* (5) corresponds to
a maximum of R (5). To this end, consider the value of the derivative, dRa}g( ), at the boundaries

and § = s™. Note that Rl (s™i") = %ﬂ > 1 because p < Ej [s] (by

L —
assumption). Using this inequality, the derivative in (|A.5|) satisfies ARy (5)
p g quality, 1

of region, § = s™*

> 0. Similarly,

§—=gmin
note that RY (s™8%) = %ﬁ;}[ﬂ = 0. Using this in inequality, the derivative in (A.5) satisfies
L ~
dRé.(s) . < 0. These boundary conditions imply that the unique critical point is a maximum
§—gmax

of RI (3) over SH

Proof that the equilibrium price is interior. The analysis in Section [3.3] has characterized
the equilibrium as the intersection of the optimality curve, p°"(5), and the market clearing
curve, p"¢ (5). The remaining step is to verify the conjecture that the equilibrium price satisfies
p € (Ep|s], E1]s]). Note that assumption (A1) implies:

popt (Smin) — El [ ] > pmc( mln) =n + Smin'

Note also that:
Thus, by continuity, p°* (5) and p™* (3) intersect for some interior § € (™", s . From part (iii)
of Lemma it follows that the price at the intersection satisfies p = p°P* (3) € (Ey [s], E1 [s]) B

max)

A.2 General Equilibrium and the Equivalence Result
This appendix provides the proof for Theorem [I| in Section

Proof of Theorem Part (i). Proof started in Section and completed in Appendix
Part (ii).
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For the proof, it is useful to define the notion of a quasi-equilibrium, which is a collection of
prices (p,[q(-)]) and portfolios (a;,é;, i1, ﬂl_)l (1.0} such that markets clear and the portfolio of

type i € {1,0} traders solves Problem with the additional requirement /ﬁ =g = 0@ That
is, in a quasi-equilibrium, optimists are restricted not to buy debt contracts, and pessimists are
restricted not to sell debt contracts.

The proof consists of two steps. I first prove part (ii) for a quasi-equilibrium. I then extend
this result to general equilibrium.

Step 1: Existence of an Equivalent Quasi-Equilibrium

The proof is constructive. To construct a quasi-equilibrium, consider the following price function
for debt contracts:

q (p) = Ep[min (s, )] for each ¢ € R,. (A.6)

That is, suppose debt contracts are priced by pessimists. With this price function, characterization
of pessimists’ investment problem is straightforward: they are indifferent between investing
in cash and any simple debt contract. Moreover, since p > Ejy [s], they prefer these options to
investing in the asset.

Next consider the investment problem for optimists given the contract set B = R, and
the restriction that ui = 0. Note that optimists choose é; = 0 because p < Ej [s]. Using this
observation and the contract prices in Eq. , optimists’ investment problem can be written
as:

max a1 Eq [s] — / Eq [min (s, )] dp, (A.7)
a120, py pERL
. paj; — fchR+ Ep [min (s, )] du; <np  [budget constraint],
s.t.

fw€R+ dpy < ay. [collateral constraint].

Since p < Fj [s], the collateral constraint [as well as the budget constraint] binds. Let A% A\
respectively denote the Lagrange multipliers for the budget and collateral constraints. The first
order condition for ;4 is given by:

ABEq [min (s, )] < Eq [min (s, )] + A9, with equality if ¢ € supp (u7) -
The first order condition for a; is given by:
Eq [s] +X° = \Bp.
Combining these first order conditions yields:

_ E1 [8] - El [min (37 (,0)]
p — Ep [min (s, ¢)]

RE () < AP, with equality only if ¢ € supp (1y) - (A.8)
Recall from Appendix that RY (o) has a unique maximum. It follows that there is a unique
solution to the first order condition (A.8). This shows that p; is a Dirac measure that puts weight
only at one contract p € R..

Here, puf = 0 (similarly ug = 0) denotes the 0 measure, i.e., u; (B) = 0 for each Borel set B C Ry.
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Next consider asset market clearing. Since the collateral constraint in (A.7)) binds, optimists
sell a; units of the traded contract, ¢. Plugging this into the budget constraint in (A.7]) implies:

pa; — Eo [min (s, )] a1 = ny.

Since only optimists demand the asset, market clearing requires a¢; = 1. Plugging this into the
previous equation gives the market clearing relation p = p™ (@) [cf. Eq. ]

It follows that the quasi-equilibrium contract and price pair, (@, p), is such that ¢ maximizes
RF (o) and the market clearing relation holds. The analysis in Section and Appendix
show that there is a unique pair, (¢, p), that satisfies these conditions. Consequently, there exists
a quasi-equilibrium. Moreover, since the same conditions [maximization of RlL (p) and the market
clearing relation] characterize the principal-agent equilibrium, the two equilibria are equivalent. In
particular, the equalities in hold, which completes the proof of part (ii) for quasi-equilibrium.

Step 2: Existence of an Equivalent General Equilibrium

I next extend the proof in the previous step to general equilibrium. To this end, I claim that the
constructed quasi-equilibrium corresponds to a general equilibrium with modified debt contract
prices given by:

Eq [min (s, ¢)]
RY (p)
Note that R (@) [cf. Eq. (A.g)] is optimists’ expected gross rate of return in equilibrium. Thus,
Er [min(s,p)]
Ry (?)
quasi-equilibrium, optimists can demand debt contracts in general equilibrium. Hence, the price
of a debt contract is given by the upper-envelope of the pessimistic and optimistic valuations, as

captured by .

With the modified prices in , the asset market continues to be in equilibrium. It remains

to check that debt markets are also in equilibrium. To show this, I will establish a condition for
equilibrium in debt markets in terms of traders’ bid and ask prices, which I define next.
Bid prices for debt contracts: Given contract ¢, consider the price that would make traders
indifferent between buying this contract and investing in their equilibrium portfolios. Recall that
optimists’ gross rate of return is RlL (¢) while pessimists’ gross rate of return is 1. Consequently,
traders’ bid prices are solved from:

q(p) = max (EO [min (s, ¢)], ) for each ¢ € R (A.9)

the expression is optimists’ valuation of a debt contract ¢ in equilibrium. Unlike in a

Ep [min (s, ¢)]
a5 (

Eq [min (s, ¢)]

=1 and :
bid ()

> y — RI(2). (A.10)

Ask prices for debt contracts: Consider the price that would make traders indifferent between
selling the debt contract ¢ and investing in their equilibrium portfolios. To be able to sell the
contract ¢, the trader must also hold 1 unit of the asset. Thus, traders’ return from selling the
contract is equal to their return from making a leveraged investment in the asset financed by
contract . Consequently, traders’ ask prices are solved from:

Eo [s] — Eo [min (s, )] . Eq[s] — E1 [min (s, ¢)] _ pLgs
p— (](()mlC (¢) =1 and p— qzlzsk () Ry (9). (A.11)
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It can also be verified that [since p € (Ey [s], E1 [s])] ask prices are strictly higher than bid prices:

a%** () > ¢¥" () for each ¢ € S and 1. (A.12)
Intuitively, ask prices are higher because selling a contract requires collateral (which is scarce)
but buying the same contract does not.
Conditions for equilibrium in debt markets: Define the aggregate bid and ask prices as:

bid

" () = max ¢/ () and g

q ask (

p) = ming{** ().

Note that, if ¢ (¢) < ¢"? (), then there would be infinite demand for contract ¢ which would
violate market clearing. Similarly, if ¢ (¢) > ¢®** (¢), then there would be infinite negative demand
for contract ¢ which would again violate market clearing. Thus, contract prices must satisfy:

7"* (¢) > q(p) > ¢" (p) for each ¢. (A.13)

Note also that positive trade in contract ¢ requires optimists to buy finite units of this contract
while pessimists to sell finite units of it. Hence, the price of contract @ must satisfy:

0" (@) = (@) = a5’ (9)- (A.14)

This analysis establishes that conditions and are necessary for equilibrium in
debt markets. It can also be seen that these conditions are sufficient. More specifically, any debt
contract prices satisfying these conditions (along with the quasi-equilibrium allocations) constitute
a general equilibrium. Consequently, the remaining step is to check that the debt contract prices
in satisfy conditions (|A.13) and (A.14]). Showing this requires some algebra which is carried
out in the rest of the proof. Figure [§| graphically illustrates the proof by plotting bid and ask
spreads in two examples.

The left panel of Figure [§ illustrates an example in which aggregate bid prices are always
determined by pessimists while ask prices are always determined by optimists. The bid and ask
prices are tangent to each other only at the equilibrium contract, ¢. The shaded region illustrates
the set of possible general equilibrium prices. Note that the price of the traded contract is uniquely
determined while the prices of non-traded contracts can take a range of values. The example in the
right panel is similar except that, for sufficiently large ¢, bid prices are determined by optimists
rather than pessimists. However, this “crossing” happens in the no-trade region. In particular,
the crossing does not change the price of the traded contract, ¢ (it only changes the range of
possible prices for non-traded contracts). In either case, the contract prices in correspond
to a general equilibrium because they constitute the lower bound of the shaded region [i.e., they
correspond to aggregate bid prices].

Proof that the prices in (A.9)) satisfy the debt market equilibrium conditions (A.13)
and (A.14): Note that the prices in (A.6) imply ¢ (¢) = ¢ (p) for each . Hence, checking
conditions ({A.13]) and (A4.14) amount to proving the claim:

q** (p) > " (p) with equality iff ¢ = ¢. (A.15)
To prove this claim, first note ¢ is the unique maximum of RY (¢), which implies:

Loy Bilsl = Frpmin(s.9)]  Eils] ~ Bafmin(s,@)] o
) = TR 9)  p-Bofmin(sg)] O PP
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Figure 8: The left and right panels plot the bid and ask spreads in two examples which correspond
to the two cases analyzed in the proof. The shaded areas display the set of possible general
equilibrium debt contract prices in each case. The price of the traded debt contract, @, is uniquely
determined, while the prices of non-traded contracts can take a range of values.

Using this inequality and the definition of ¢¢** (¢) in (A.11]) shows

qi‘s’“ (p) > Eo[min (s, )] = qgid (¢) with equality iff p = @. (A.16)

Next, from the definition of bid prices in (A.11)), note that:

¢t (o) 1 Ep[min(s,¢)]

40 (p) ~ Rr ($) Eo[min (s, )]’

bid .
Thus, the ratio ZiT(@ is less than 1 for ¢ = ™", and it is strictly increasing over ¢ € S. In
0

()
: : : . " ()
view of this observation, there are two cases to consider. For the first case, suppose qiid (o) Dever
0

exceeds 1 over ¢ € S (as in the left hand side of Figure . This implies:

a6™" (9) > a3 (p) > 41" (p) for each o € S, (A.17)

where the left hand side inequality follows from Eq. (A4.12)). In this case, combining (A.16|) and
(A.17) proves the claim in (A.15).
bid
For the second case, suppose Zéidgg exceeds 1 for sufficiently large ¢ (as in the left hand side
0
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bid (
of Figure . In this case, it can be checked that Z%id&g < 1 which implies that the crossing
0
takes place at some @ > ¢. It can also be checked that ¢@* (¢) > % (p) for each ¢ > Co
Combining these observations, and using Eq. (A.12]), implies:

a5°% (p) > a§' () > ¢4 () for each ¢ € [s™", ), (A.18)

@i (0) > @ (9) > ai" (9) 2 a0 (o) for each ¢ € [p, ™.
Combining the inequalities in (A.16)) and (A.18) proves claim (|A.15) also in this case.

This completes the proof that the quasi-equilibrium constructed in the first step corresponds
to a general equilibrium with prices . Note also that a1, p, » and ¢ (p) are the same in the
general equilibrium and the quasi-equilibrium. In view of step one, it follows that the equalities
in also hold for the general equilibrium. This shows that the constructed general equilibrium
is equivalent to the principal-agent equilibrium, and completes the proof of the theorem.H

Remark 1 (Essential Uniqueness of General Equilibrium). [t can also be seen that in
any general equilibrium, traders ’allocations, the asset price p, and the price of the traded debt
contract, q (@), are uniquely determined. In other words, all equilibrium variables are uniquely
determined except for the prices of non-traded debt contracts (as illustrated in Figure @ This
non-determinacy is inessential in the semse that it does not affect the real allocations in this
economy.

A.3 Comparative Statics with Simple Debt Contracts

This appendix provides proofs for the theorems in Section [

Proof of Theorem Define the function g : S — R with:

g(8)=Ei[s|s>5—Fi[s|s>3.

*'To see this, note that the expression for the leveraged return R{ (¢) [cf. Eq. (I4)] can be rewritten as:

. . E, [s] E1 [min (s, )]
p — Eo [min (s, $)] = — — - .
’ R () RY (9)
Ile([‘;]) (because RY (@) > EITM) Using this in the previous inequality implies:
1

Next note that p >

. R Ej [min (s, )]
Eop [min (s, 9)] < RE(9)

bid -
Rewriting this expresion implies Z},idggi < 1.

22 ) is Eils] ~ Ei[min(s,¢)]
To see this, note that Fols] > Folmin(s. o))

which implies:

By [s] = Ex [min (s, ¢)] _ Ex [min (s, 0)]
Ey [s] — Eo [min (s, )] — Eo [min (s, )]

% > R (p) if and only if ¢ > @. Combining this with the previous displayed inequality,

E [s] — E1 [min (s, ¢)]
Ry (9)
Using Eq. (A.11)), the previous displayed inequality implies ¢§** (@) > ¢7* () for each ¢ > .

By definition of &,
it follows that:

> Ey [¢] = Eo [min (s, )] if ¢ > .
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Note that g (s™") = 0 since E\ [s] = Ey [s], and also that g (s™*) = 0. I claim that:
g(8) >0 forall 5s€ (smin, P (A.19)

The comparative statics for p and §* then follow by the argument provided after Theorem [3| For
the comparative statics of the margin, substitute Eq. into to get

m = ni/p. (A.20)

It follows that the margin decreases because p increases and n; is unchanged.
The remaining step is the proof of claim (A.19). I start by calculating ¢’ (5). Consider first
the derivative of the conditional valuation:

dEy [s | s > 3] _ A )
ds 1—F1(§)

<E1[8|82§]—§).

This expression further implies:

f1(5)
1—F1()
1 (

= )_f1(§) (s s>3—3 ]‘17(3_)5
_ (1_F1() 1_F1(§))(E1[| > 3] )+1_Fl(g)g(). (A.21)

I next prove the claim in (A.19) in two steps. As the first step, consider g (S) over the range

5 ¢ [Sminst]. Note that : %Elg()g) > g f;(f()g) over this range. Thus, Eq. (A.21]) constitutes a
differential equation of the form ¢’ (5) = A (5) + B (5) g (5) where A(5) > 0 and B (5) > 0, with
initial condition g (smin) = 0. It follows that g (5) > 0 for each 5 € [smin, sR], proving the claim

over this range.

f1(3)

J ) = (Bulsls 28l =s) = 125 g (Bals | 5258 -9

As the second step, consider g (5) over the range § € [sR,smaX]. In this range, T f 1]:515()@ <

i f 114215()5)' Note also that F; [s|s>35 —5>g(5). Using these inequalities, Eq. (A.21)) implies:

f1(3)

R _max
mg( 5) for each 5 € [s", ™). (A.22)

g (5) <
Next suppose, to reach a contradiction, that there exists § < s™® such that g ($) < 0. Define
§MAX with:

m.

S =gsup{s € [5,s") | g(s) <g(8)}.

Note that ¢ (§™*) = ¢g(§) < 0 by the continuity of g(-). Note also that §max < gmax
since g (s™*) = 0. Then, the inequality in applies for §™** and implies ¢’ (§™**) <

%g (§m#%) < 0. This further implies that there exists s € (§™* s™#) such that g(s) <

g (8M3*) = ¢ (8), which contradicts the definition of §™#*. It follows that g (5) > 0 for each
s € [SR, sma"], proving the claim also over this range.ll

I next consider the proof of Theorem [l The proof uses the following lemma.

Lemma 2. Consider two probability distributions Fy and Fy that satisfy assumption (A2).
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(i) Suppose optimists become weakly more optimistic, i.e., consider their beliefs are changed
to Fy that satisfies the weak hazard rate inequality in . Then, the optimality curve shifts up
pointwise, that is:

pPt < F1> > p°' (5 ; Fy) for each 5 € S.

The market clearing curve is unchanged.

(ii) Suppose pessimists become weakly more pessimistic, i.e., consider their beliefs are changed
to Fy that satisfies the weak hazard rate inequality in . Then, the optimality curve shifts down
pointwise, that is:

p°Pt ( F0> < p°' (5 ; Fy) for each 5 € S. (A.23)

Moreover, the market clearing curve also shifts down, that is:

pme (§ ; F()) <p™°(s; Fy) for eachs€S. (A.24)

Proof of Lemma Part (i). In view of Eq. (13)), it suffices to show that

Ey[s|s>5>E[s|s>3] foreach 5 € S.

Note that T f 113515()5) <3 f }(f()g) for each s € S. Thus, the previous displayed inequality follows from
the argument in (the second step of) the proof of Theorem

Part (ii). To show (4.23), define the function h : S — R with
h(s) =" (55 Fo) =™ (55 Fy).

Note that is equivalent to showing that h (§) > 0for each 5 € S. I will prove the stronger
claim that h (§) is weakly increasing over S. This claim implies that h (5) > 0 because h (s™) = 0.
To prove that h (3) is weakly increasing, consider the derivative of h (5). After using Eq.
and rearranging terms, this derivative can be written as:

dh(s) _ ( ({0(_) fo(s) ) (Erls | s> 3] - 3). (A.25)

ds 1F1()(F0() F0(§)>
Next note that 1 Ff()g) > 1= }E()), which also implies Ifgg: F(;((?) > 5 f(}gj()g). Combining this
inequality with 5 (s() ) > 1 1( s) 3 implies:

Using this inequality in Eq. ( - shows that dh(s) > 0, which completes the proof of (A.23)).

To show (|A.24)), recall from Lemma |1| that % is increasing in 5. Taking Fj in place of

Eg|min(s,3)]

= is increasing in 5. This in turn implies:
Fo[min(s,5)] g p

Fy and ]:"0 in place of Fpy, this implies
Eq [min (s, 5)] > Eg [min (s, 5)] for each 5 € S.

Using this inequality in Eq. proves (A.24).1
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Proof of Theorem Part (i). The fact that the conditions in are satisfied with equality
over (smin, 5*) implies Fy and F; are unchanged over this range. From Eq. ., it follows that
p™¢ (5) is also unchanged over this range. On the other hand, I claim that p°P* (5) shifts up over
this range. Since p°?! (-) is decreasing and p™¢ () is increasing, this claim implies that the new
intersection point is for a greater 5* and a greater p. It follows that p and §* increase. This also
implies that the margin m = ny/p decreases [cf. Eq. m

Thus, it remains to prove the claim that p°P* (5) shifts up over the range, ( min 5*). To this
end, first note that part (i) of Lemma [2 implies:

p°Pt ( Fo,Fl) > pPt (5 ; Fy, Fy) for each 5 € S. (A.26)

That is, ignoring the change in Fy, the optimality curve shifts up. Next recall that Fjy is unchanged
over (smm, 5*). By Eq. , this implies:

popt ( FO,F1> opt ( F(),F1> for each s € (Smin,g*) . (A27)

That is, the change in Fj [which is concentrated on the region (5*, s™**)] does not affect the
optimality curve over the region (smi“ _*). Combining Eq. with the inequality in (|A.26)
proves that p°P! (5) shifts up for 5 € ( min_ §*).
Part (ii). Parts (i) and (ii) of Lemma [2] imply that p™¢(5) shifts down over the entire range
S. T also claim that p°P* (5) shifts down over the range (5, s™%). Since p° (-) is decreasing and
p™€ (+) is increasing, this claim implies that the new intersection point is for a lower price p. It
also follows that the margin m = n;/p increases.

Thus, it remains to prove the claim that p°?* (3) shifts down over the range (5*, s™2%). To this
end, first note that part (ii) of Lemma [2] implies:

POt ( Fo, Fl) < p (5 : Fy, Fy) for cach 5 € S. (A.28)

That is, ignoring the change in Fi, the optimality curve shifts down. Next recall that by assump-

tion 7 f (},O is unchanged over (§*, s™2*). By Eq. , this implies:

poPt < Fy, F1> = poPt < Fy, F1> for each § € (5%, s™%). (A.29)

That is, the change in F) [which is concentrated on the region (smin,g*)] does not affect the
optimality curve over the region (5%, s™#*). Combining Eq. (A.29)) with the inequality in (A.28)
proves that p°?! (5) shifts down for 5 € (5%, s™2%).H

A.4 Equilibrium with Short Contracts

This appendix completes the characterization of the equilibrium with short selling analyzed in

Section [3.3
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Proof of Theorem I first show that there is unique solution to p = p°PtS (7). With some
algebra, the derivative of p°P* () in Eq. can be calculated as:

dpS () _ B [s] ([oin sdFY) [ A fo() ROy
dy P dP N2 | [ $AFT [ A | | [T sdFy
(1 —F(M+F() W)

It can be checked that the last bracketed term is positive. The second to last bracketed term is also

o

positive in view of assumption (A2%). This implies %‘:('y) < 0. Note also that poPS (smax) =
E1 [s] and poPhS (s™in) = Ey [s]. Since p € (Ey [s], B [s]), it follows that there is a unique solution
to p = p°P»S () over the range v € [smin, gmax]

I next show that the unique solution to p = p ~v) corresponds to the solution to problem

. Substituting zo from the budget constraint, this problem can be written as:

opt,S (

max 1§ () = —L om0
v Y- @El [min (7, s)]

P

This expression is the expected return of pessimists who sell one unit of short contract with cash
collateral . The derivative of R} (3) can be calculated as:

1
dRy (v) _ RS () Fo () B 1 B (1—Fi(y)
dry 1\ v — Ep[min (y,s)] ~— ﬁEl [min (v, s)]

P

Setting this expression to zero and rearranging terms implies the first order condition p =
p°Pt (7). Since there is a unique solution to p = p°Pt (), it follows that there is a unique
maximum Ry () characterized by the first order condition.l

Asset market clearing and characterization of equilibrium. Eq. implies m® =
%}7). Substituting for ¢ () from Eq. gives

S _1 B Ey [min(’%s)]
m (%p)—p <7 P B ) (A.30)

Using this expression, Eq. can be written as:
ng

B [s] _
7E1 [miln(%s)} p

n=p|l+ (A.31)

Note that the right hand side is strictly increasing in p. Consequently, for each v € [smi“, sma“x],
there is a unique solution to this equation denoted by p™%“ (). Moreover, p™* (y) is in-
creasing because the right hand side is strictly decreasing in ~. It can also be checked that
p™ed (s™in) < Ej [s] and that p™®® (s™*X) > Ej [s] [in view of condition (A1)]. Consequently,
p°Ph3 () and p™>¥ () intersect at some y € (s™, ™) and p € (Ey [s], E1 [s]). This completes
the characterization of equilibrium.l
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A.5 Equilibrium with Simple Short and Debt Contracts

Sections [3| and [5| considered the equilibrium with either simple debt contracts or simple short
contracts in isolation. This appendix presents a model that features both types of contracts, and
shows that the asymmetric disciplining result continues to apply in this setting.

Consider a variant of the general equilibrium defined in Section [2| with the contract space
BT = BP U BY, where BP and B° are respectively the set of simple debt and short contracts
defined in Eqgs. and . To keep the analysis tractable, I also assume that only a fraction
7% € [0,1] of traders can sell short contracts, while only a fraction v € [0,1] can sell debt
contracts. That is, only a fraction of traders can short sell the asset or leverage their investments
in the asset. These assumptions are not unreasonable because short selling in financial markets
(and to some extent, leverage) is confined to a small fraction of investors. Assume also that
the parameters (ng,n1,7”,7”) are such that the equilibrium price is interior, p € (Eo [s], E1 [s])
[which will be verified after the characterization].

Under these assumptions, there exists an equilibrium of the following form. The fraction, v,
of optimists leverage their investments in the asset using a loan with riskiness s € S. The debt
contracts they sell are bought by the fraction, 1 — v°, of pessimists who are unable to short sell.
On the other hand, the fraction, 7°, of pessimists short sell the asset using cash collateral v € S.
The short contracts they sell are bought by the fraction, 1 — v, of optimists who are unable
to leverage. To see the intuition for this matching, note that pessimists that are able to short
sell require a greater interest rate to part with their endowment than those who are unable to
short sell. This is because they have a greater expected rate of return on their endowment (in
view of their ability to short sell). Consequently, optimists borrow cash from the latter type of
pessimists. A similar reasoning shows that pessimists borrow the asset from optimists who are
unable to leverage.

An equilibrium can then be represented by a triple, (p, 5,7). Moreover, the optimal debt and
short contracts are characterized by the same analysis in Sections [ and In particular, the
riskiness of the optimal loan, 3, is characterized as the solution to p = p°* () [cf. Eq. ]
Similarly, the cash-collateral of the optimal short contract is characterized as the solution to
p = p™°(5). Assume that beliefs satisfy assumption (MLRP) of Section [6] which ensures that the
optimal debt and short contracts are uniquely determined. The remaining step is asset market
clearing, which can be written as:

1
R AR LR L (4.32)

1 } Eq [min (v, s)]
p L m(5p) '

(va) Ey [S]

Here, m (8, p) denotes the loan margin [cf. Eq. ] and m? (v, p) denotes the short margin [cf.
Eq. (A.30)]. The left hand side of Eq. is the total demand for the asset which consists of
demand by the fraction, v, of optimists who leverage their investments and the fraction, 1 —~%,
of optimists who are unable to leverage. The right hand side is the total supply of the asset
which consists of the physical supply of 1 unit and the short contracts sold by the fraction, v°,
of pessimists who are able to short sell.

Eq. (A.32) defines a third (market clearing) equation between the asset price p and the
contracts (8,7). The equilibrium triple, (p, 5,7), is characterized by the solution to this equation
along with the optimality conditions p = p°* (3) = p°?"“ (). To illustrate the asymmetric
disciplining result, suppose the belief heterogeneity shifts to upside states (while keeping Fj [s]
and Fjy [s] constant). By the analysis in Section 4} this induces optimists to leverage using loans
with a smaller riskiness, 5, and a lower loan margin, m. By the analysis in Section [5], this also
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induces pessimists to short sell using a larger cash-collateral, v, and a higher short margin, m®. In
view of these observations, the market clearing relation implies that (keeping p constant)
the demand for the asset increases while the effective supply of the asset decreases. This in turn
leads to a higher equilibrium price. Conversely, if the belief heterogeneity shifts to downside
states, then the loan margin increases, the short margin decreases, and the asset price decreases.

A.6 Equilibrium with Richer Contracts and Optimists’ Bargaining Power

This appendix completes the characterization of the equilibrium analyzed in Section [6] in which
the contract set is unrestricted and optimists have all of the bargaining power.

Proof of Theorem @. Let AP denote the Lagrange multiplier for the budget constraint of
problem . Consider the first order condition for ¢ (s), which implies:

=as+c, i = fi(s)+ AP fo(s) >0,
@ (s) < intermediate, if — fi (s) + A fy(s) =0,
=0, if —f1(s)+MBfo(s) <.

Recall by assumption (MLRP) that f1 (s) /fo (s) is increasing over S. It follows that ¢ (s) takes
the threshold form in for some threshold state, s, which is also a choice variable.
Next consider the first order conditions for a; and c¢;, which are respectively given by:

S S
Eq[s] — / sdFy, < AP (p - / de()) with inequality only if a1 = 0,
S S

min min

1-— / dFy, < AP (1— / ' dF0> with inequality only if ¢; = 0.

min m

In view of the budget constraint, at least one of these first order conditions is satisfied with
equality. Using this observation, problem can be rewritten as:

gnaglg‘%{c>0 ntlchll (5’ p) + nin{ (57 p) ) (A33)
sl Z Uy
s.t. n{ +ni =nj.
Ey [8]_fsmin SdFl 1—-F (5)
where RS (3, = 5 and RY (5,p) = ————.
1(5p) T i (s,p) R )

The expression, R{ (5,p), is optimists’ return from selling the contingent debt contract (with
threshold 3) collateralized by one unit of the asset. The expression, R{ (S,p), is optimists’ return
from selling the contingent debt contract collateralized by one unit of cash. The budget constraint
of problem is obtained from the budget constraint of problem after substituting
a; = P*ff:ﬁ kf?ﬁ [along with the contingent debt contract from Eq. (31]).

To solve problem , first consider the maximization of R{ (5, p) over § € S. The first order
condition for this problem is given by p = p°P© (5) [cf. Eq. ] Moreover, under assumption
(MLRP), there is a unique solution to the first order condition. This implies that R{ (S, p) has a
unique maximum, § (p) € (s smax), characterized by the first order condition. Next consider
the maximization of R{ (5,p) over § € S. The first order condition for this problem is given by

f(5) _1-Fi(5)
fo8) T 1R (s)

and ¢; =

min
)

(A.34)
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Under assumption (MLRP), there is a unique solution to the first order condition. This implies
that RS (5,p) has a unique maximum, §¢ € (smin, sma"), characterized by the first order condition.

Next define, p, as the price for which the maxima for the two types of returns coincide, that
is §* (p) = §°. In particular, define:

sC

B N S 1 _ F (gc) S
=y @) = [ sifys ) [ s, A35
p p ( ) gmin 0 1 - Fl (50) 3¢ ! ( )

max

which ensures that §* (p) = 5°. The second equality in this expression uses Eq. along with
the definition of 5¢ in Eq. (A.34)). Plugging p into the definition of R{ (5% p) in (A.33)) implies:

oC
R (50) = |~ o) = R (5.
Since §% (p) = 5, it follows that maxz R{ (5,p) = maxs RS (5,p).

Finally, note that R{ (8, p), is strictly decreasing in p, while RS (5, p), is independent of p [cf.
(A.33)]. It follows that maxs R{ (S,p) > maxs RS (S, p) if p < p, while the inequality is reversed if
p > p. I next use this observation to present the solution to problem along with the proofs
for parts (i)-(iii).

Part (i). If p < p, then optimists invest only in the asset, i.e., n{ = nj,n{ = 0, and thus
c1 = 0. Optimists choose § to maximize R{ (s5,p). The optimal threshold, s, is characterized as
the solution to p = p°Pt0 (5).

Part (ii). If p = p, then optimists are indifferent between investing in the asset or cash, i.e.,
n%,n$ € [0,n1]. The optimal threshold, 5 = 5°, is characterized as the solution to p = p°P© (5).
Equivalently, 5¢ is also the solution to Eq. .

Part (iii). If p > p, then optimists invest only in cash, i.e., n{ = 0,n{ = n1, and thus a; = 0.
Optimists choose § to maximize R (S,p). The optimal threshold is § = s¢.

To complete the proof of the theorem, note that debt market clearing requires pessimists’
endowment, ng, to be sufficiently large to meet optimists’ borrowing. If p < p, so that part (i)
applies, then neither optimists use their endowment and their borrowing to invest only in the
asset. Consequently, the debt market clearing condition can be written as:

ng>p—ni.

That is, optimists’ and pessimists’ total endowment must be sufficiently large to purchase the
entire asset supply. If instead p > p, so that part (iii) applies, then the debt market clearing
condition requires:

fsgrzin FO
ng > n— = -
- fsmin FO
Combining the cases p < p or p > p, a sufficient condition for debt market clearing is:
_ fsiiin FO
ng >max [ p —ny,ny—"=— |, (A.36)
1 - fsmin FO

where 5¢ is defined as the solution to Eq. (A.34]).H

Asset market clearing and characterization of equilibrium. When p > Ej [s] (which will
be the case in equilibrium), pessimists do not invest in the asset. Thus, asset market clearing
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requires optimists to hold the entire asset supply, i.e.,, a1 = 1. In view of the characterization in
Theorem [6], optimists’ demand for the asset is given by:

T : _

p_fssmin SdFO ’ 1f p < p’

a1 = § intermediate, if p = p,

=0, if p>p.

This implies the following market clearing condition:
5
™9 (5) = min (m +/ sdFy, ]5) . (A.37)
gmin

The equilibrium price is characterized as the unique intersection of the decreasing optimality
relation, p°?*© (5) and the weakly increasing market clearing relation p™%© (5). These two curves
always intersect at some p € (Eq [s],p]. Given the equilibrium price, the threshold of the optimal
contract, §, (along with optimists’ portfolio) is characterized by Theorem @I

Proof of Theorem Let (pd°¥, 39°0) denote the equilibrium in Section [3| which is charac-
terized as the intersection of p°P* (5) and p™< () [cf. Egs. and ] If p%® > 5, then the
result follows because the equilibrium price with unrestricted contracts is always weakly smaller
than p. Thus, suppose p%® < p. Comparing Egs. and illustrates that

pmc,O (gdebt> < pmc (gdebt) — pdebt'

I also claim that:
popt,O (gdebt> < popt (gdebt) = pdebt. (ABS)

In view of the last two displayed equations, it follows that p™©© (3) and p°P%© (5) intersect at
some p < p?P proving the result.

The remaining step is to prove the claim in (A4.38). From Eq. , recall that p is defined as
the solution to p = p°Ph© (5¢), where 5 is the solution to Eq. . Using assumption (MLRP),

Eq. (A.34) implies that:

fo (3) < 1 — Fy(5)
fi(3) T 1-F1(3)

Comparing Egs. and , it follows that:

p°Pt0 (5) < p°* (5) for 5 > 5°, with equality iff 5 = 5°.

for 5 > 5° with equality iff § = 5°

This expression has two implications. First, since p = p°P* (5°), the assumption p®* < p implies
5%t > 5¢. Second, since 5% > 3¢ the claim in (A4.38) follows.H

A.7 Equilibrium with Richer Contracts and Pessimists’ Bargaining Power

Section [6]considered the equilibrium with richer contracts when optimists had all of the bargaining
power. This appendix analyzes the equilibrium in the complementary case in which pessimists
have all of the bargaining power. It also discusses the more general case without any trading
restrictions.
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To characterize pessimists’ optimal contract, consider the following alternative to assumption
(PR).
Assumption (OR). Optimists are restricted not to sell borrowing contracts, i.e., p;y = 0.
With this assumption, pessimists choose their portfolio allocation subject to optimists’ partici-
pation constraint, i.e., they solve:

max aoEq [s] + co — Fo [min (¢ (s) ,aps + )], (A.39)
(a0,c0)€RY, [p(s)E€R Y] e 5

Eq [min (¢ (s),aps + ¢)]
Ey [s] /p '

Note that optimists’ required rate of return is Ej [s] /p because they are indifferent between
investing in the asset and lending to optimists. The following result is the analogue of Theorem
[6] for this setting.

s.t. agp + co = ng +

Theorem 10 (Pessimists’ Optimal Contract). Suppose that the contract space is unrestricted,
BT = B, assumptions (OR) and (MLRP) hold, and that ny is sufficiently large [in particular, it
satisfies condition (A.46)]. Fix asset price that satisfies p € (Ey[s], E1 [s]), and consider pes-
stmasts’ problem . The optimal contract takes the threshold form

_ J aos+co if s > 8,
‘O(S)—{ 0  ifs<s. (A-40)

for a threshold state 5 € S. There exists p > Eq [s| such that:
(i) If p > p, then pessimists invest only in cash, i.e., a; = 0. The threshold 5 of the optimal
contract is the unique solution to the following equation over S:

=" ()= (A1)

(ii) If p = p, then pessimists are indifferent between investing in the asset and cash. The
threshold 5 is the unique solution to p = p°P»* (5).

(iii) If p < p, then pessimists invest only in the asset, i.e., c; = 0. The threshold 5 is the
unique solution to p = p°P»* (5).

Proof of Theorem Let AZ denote the Lagrange multiplier for the budget constraint of
(A.39). Consider the first order condition for ¢ (s), which implies:

=aps +co, if _f0(8)+)‘Bf1(s)>07
@ (s){ intermediate, if — fo(s)+ABf1(s) =0,
=0, if — fo(s)+ABf1(s) <.

Recall by assumption (MLRP) that f1 (s) /fo (s) is increasing over S. It follows that ¢ (s) takes
the threshold form in ({4.40]) for some threshold state, s.
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Next consider the first order conditions for ¢y and ag, which are respectively given by:

max

gmax 75 dF
1-— / dFy, < M [|1- p with inequality only if ¢ = 0.
5 Ey[s]/p

max max

S S
Ep[s] — / sdFy < AP P Eq[s] — / sdFy | with inequality only if ap =0,
5 By [s] 5

It follows that, as in the proof of Theorem [6], pessimists’ optimal investment decision depends on
the comparison between:

min SAF B [8] [min sAF,
max RS (5, p) = J; e and max R (5,p) = — 5] f; Sl (A.42)
5€$ L= ghy J§ dRy ses P [omin SAFY

The expression, R (5, p), is pessimists’ return from selling the contingent contract (with threshold
5) collateralized by cash. The expression, R (8, p), is pessimists’ return from selling the contingent
contract collateralized by the asset.

Let 5¢(p) denote the maximum of R§ (8,p) over S. From the first order condition, 5¢(p) is
characterized as the solution to p = p?¥(5) [cf. Eq. (A.41)]. Moreover, under assumption
(MLRP), there is a unique solution to this equation [since p°P>*" (3) is strictly decreasing]. Sim-
ilarly, let 5* € S denote the maximum of R (5,p) over S. From the first order condition, 5% is
characterized as the unique solution to

5)  Jowin sAF
$08) _ Jomn 5Py (A.43)
fl (S) fsmin SdFl
Next define p as the price level for which the two optima, 5°(p) and 5, coincide:
E
]2 — popt,P (ga‘) = sa d;[S] . (A44)
Fy (s0) St 4y (50)
smin SdFO

Here, the second equality uses Eq. (A.41) and the definition of 5 in Eq. (A4.43). Plugging p into
the definition of R (s,p) in Eq. (A.42), it follows that:

-a Eq s sg’:‘lin sdk a (=a
iy (stp) = ELEL g o).

Since §°¢ (}3) = 5, it follows that maxgz R (§, 13) = maxz R§ (5, B)'

Finally, note that R (S, p), is strictly increasing in p, while R{ (5,p) is strictly decreasing
in p [cf. (A.42)]. It follows that max; R§ (5, B) > maxg R§ (5,13) if p > p, while the inequality
is reversed if p < p. I next use this observation to characterize pessimists’ optimal investment
decision and to present the proofs for parts (i)-(iii).

Part (i). If p > p, then pessimists only invest in cash, i.e., ag = 0. Pessimists choose 5 to
maximize R§ (3,p). The optimal threshold, 5, is characterized as the solution to p = p?¥ (3).

Part (ii). If p = p, then pessimists are indifferent between investing in cash and the asset. The
optimal threshold, s = 5%, is characterized as the solution to p = port: P (5). Equivalently, 5% is

also the solution to Eq. (A4.43).

Part (iii). If p < p, then pessimists invest only in the asset, i.e., co = 0. Pessimists choose 5 to
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maximize R{ (5,p). The optimal threshold is § = 5%.

To complete the proof of the theorem, note that debt market clearing requires optimists’
endowment, ny, to be sufficiently large to meet pessimists’ borrowing. If p < p, so that part (iii)
applies, then in equilibrium all of the aggregate endowment is invested in the asset. Consequently,
the debt market clearing condition can be written as:

ny > p—ng.
If instead p > p, so that part (i) applies, then the debt market clearing condition requires:

1-F1(3°(p))

o> ”041_3?]1/&@))
E1ls]/p
_ 1 _ 1 — F1(5°(p)) fo(5¢ (p))]
= M0 mp _1‘”0{ BED) hED)) (4.45)

p(1-F1(5¢(p)))

Here, the last equality uses Eq. (A.41). The expression in brackets is a decreasing function of
5°(p). Since 5°(p) > 5 [in view of Eq. (A.41) and p > p], a sufficient condition for debt market
clearing in this case is:

1—Fi (5) fo (5“)}
Fy(32) fi(s4)]"

Combining the cases p < p and p > p, the following condition is sufficient for debt market clearing

regardless of the equilibrium asset price:

’rl1>n()|:

1—F1(5") fo(5%)
R ) A0

where 5% is defined as the solution to Eq. (A4.43).1

N1 > max (p — Ny,

Asset market clearing and characterization of equilibrium. Next, to characterize the
equilibrium price, consider asset market clearing. First suppose p > p, so that case (i) of Theorem
applies. In this case, only optimists purchase assets. Moreover, their endowment is split
between purchasing the asset supply and lending to pessimists. Recall that their lending to
pessimists is given by the expression in . Thus, asset market clearing condition can be
written as:

ny=p+ noﬁ. (A.47)

1-F(5 P

This expression implicitly defines an increasing market clearing relation, pmc’l5 (5). Next suppose
p = p, so that case (ii) of Theorem (10| applies. In this case, pessimists also purchase some assets.

Thus, market clearing requires to hold with weak inequality, or equivalently, p > p™% (5).
Finally, suppose p < p, so that case (ii) of Theorem [10[ applies. In this case, some of the asset is
purchased by pessimists. Thus, the total amount of dollars spent on purchasing the asset is given
by n1 + ng. The demand for the asset is given by % > % > 1, where the last inequality
follows by assumption . It follows that asset market clearing is violated. Consequently,
p < p does not arise in equilibrium. Combining the analysis for the three cases, the asset market
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clearing condition is given by:
pmc,P (g) — max (pmc,ﬁ’ (5) 79) ‘

Note that p™%? (5) is weakly increasing in 5. Consequently, the equilibrium price is characterized
as the unique intersection of the decreasing optimality relation, p°?“* (3) and the weakly increasing
market clearing relation p™** (5). These two curves always intersect at some p € [p, Fy (s)). Given
the equilibrium price, the threshold of the optimal contract, s, (along with optﬁnists’ portfolio)
is characterized by Theorem

Next consider the following analogue of Theorem [7, which shows that the asset price with
richer contracts is higher than the price in Section [3] in which pessimists are restricted to sell
simple short contracts.

Theorem 11 (Price Comparison Between Contingent and Simple Short Contracts).
For the same beliefs, F1 and Fy, and endowments, ni1 and ng, the equilibrium price, p, in this
appendiz is strictly greater than in Section [3. That is, allowing pessimists to sell unrestricted
borrowing contracts leads to a higher asset price than the case in which they are restricted to sell
sitmple short contracts.

Proof of Theorem Let (pSh‘”"t, §Sh‘""t) denote the equilibrium in Section , which is char-
acterized as the intersection of p°P*“ (5) and p™*° (5) [cf. Egs. and (A.31))]. If pshert < p,
then the result follows because the equilibrium price with unrestricted contracts is always weakly
greater than p. Thus, suppose pshort > p. Comparing Egs. (A.31) and (A4.47) illustrates that

P (5) > pmel (5) for each s € S, which further implies:

pmc,P <§short> > pmc,S <§short) — pshort.

I also claim that:
popt,P (§short) > popt,S (gshort) — pshort. (A48)

In view of the last two displayed equations, it follows that p™©* (5) and p°P“ (5) intersect at
some p > p*"°rt proving the result.

The remaining step is to prove the claim in . From Eq. , recall that p is defined
as the solution to p = p°P* (5), where 5% is the solution to Eq. (A.43). Using Eq. and
assumption (MLRP), it follows that:

3 Smin dF
h (f) < fsg " for 5 < §%, with equality iff 5 = s°.
fo(8) = [ sdFy

S

Comparing Egs. (4.41) and (28)), it follows that:

p°Phr () > PPt (5) for 5 < 5%, with equality iff 5 = 5%

This expression has two implications. First, since p = p°PtP (5%), the assumption p*iort > p implies
gshort < 39, Second, since 5" < 3%, the claim in (A.48)) follows.H
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Equilibrium without trading restrictions. The analyses in Section [f] and this appendix
considered the equilibrium with a trading restriction [assumption (PR) or (OR)]. Consider the
case without any trading restrictions. In this case, the equilibrium can be solved as a five-tuple:
(p, R1, Ro, 81, By). Here, Ry > EIT[S] and Ry > 1 are respectively optimists’ and pessimists’
gross rates of return on their endowments in equilibrium. The contract, [, is optimists’ opti-
mal borrowing contract which solves problem with the only difference that pessimists lend

Eolminte(s)arstel)] jnstead of By [min (¢ (s),a1s + c1)]. The contract, [, is pessimists’ optimal

borrowiﬁg; contract which solves problem with the only difference that optimists lend
22 [min(ﬂ(;l)’aosﬂo)} instead of £ [minﬁ([z])}‘;osﬂo . In equilibrium, optimists (resp. pessimists) are
indifferent between selling contract 3; (resp. contract ;) and lending to pessimists (resp. opti-
mists). The prices, p, R, Ry, are determined by market clearing conditions respectively for the

asset, optimists’ borrowing, and pessimists’ borrowing.

A.8 Dynamic Equilibrium

This section completes the characterization of the dynamic equilibrium analyzed in Section [7]

Proof of Theorem Fix some future price to dividend ratio pg, i.e., suppose the price at the
next date is given by p (y) = pgy for some

(A.49)

1 1+4+¢
r’r—el|’

Dd € [

I first characterize the current price to dividend ratio, Py (pg). I then show that the price mapping,
P;(+), has a unique fixed point, which corresponds to a dynamic equilibrium.

To characterize the current price, first note that the value function is given by v (s,y) =
y (1 + pg) s. Define an alternative state space as the interval of possible asset payoffs in current

dollars: S = y(}ii’d)smin, y(}ifd)smax} C R44+. Note that the economy at date ¢ is isomorphic

to the static economy analyzed in Section [3[ with state space S and endowments n1y and ngy. 1
claim that this economy satisfies assumptions (A1) and (A2) of Section 3} To see this, note that
assumption (A2) holds because Fy and F satisfy the same assumption for the original state space
S. Note also that assumption (A1) can be written as:

1+ pa
1+7r

1+
y and noy > E [s] Pd

my < (Bx[5] - =) h

y—ny.

Suppose n1 and ng are such that the previous inequality is satisfied for each py in the interval
(A.49)). After canceling the y terms, this condition can be written as:

E _ omin E
n1<1[8}783ndn0> 18
r r—e&

—ni. (A.50)

It follows that, under condition (A.50|), the corresponding static economy satisfies assumptions
(Al) and (A2). This in turn implies that the analysis in Section applies to this economy. In
particular, the equilibrium price, p (y), and the threshold, s € S, are characterized as the unique

solution to Egs. and . After plugging in p (y) = pgy and 5 = Ed%, Eqgs. (12]) and
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can be written as:

1+ Py /gd _ /’“ dr
= sdFy+ (1 — Fp (s s——— |, A.51
Pd T+r [Smm 0+ (1= Fo(5a) s, 1-Fi(s) (A-51)
1+25d/8d
— dFyp.
pd n1+ 1—1—7" Smins 0

By the analysis in Section for each py these equations have a unique solution, (pg, 54). Denote
the unique solution by (Py (pa), Sqa (Pa)) and note that:

1+ pa
147

1+ pyg
1+r

Py (pa) € [Eo [s] , B[] } and Sy (g) € (s™", ™).
I next show that Py (-) has a unique fixed point over the interval (A.49). To this end, I first
claim that the loan riskiness Sy (pg) is increasing in pg. Combining the two equations in (A4.51)),

Sa (pa) € (s™®, s™) is determined as the unique solution to:

max

1—F, (§d) /s _ 1+7r
. - dFy = .
1—-F (Ed) s (S Sd) ! " 14 pg

By assumption (A2), the left hand side of this expression is a strictly decreasing function of sg.
Since the right hand side is decreasing in pg, it follows that Sy (pg) is increasing in pgy. From the
second equation in , this also implies that Pj;(pg) is increasing in pg. I next claim that
P, (+) satisfies the boundary conditions:

1\ 1 1 1
jo> <r> ~and Py ( i E) te (A.52)

r—e r—e’

Since Py (+) is increasing and continuous, it follows that it has a unique fixed point over the interval
(A.49). This establishes the existence of a dynamic equilibrium: p (y) = pgy and 5 = Sq (pa) €
(smi“, smax), where py corresponds to the unique fixed point.

The remaining step is to show the boundary conditions in . To this end, consider Eq.

[@T) for jia = L

141 [ sa(d) L= Ry (Sa(z)) [
P, <1> - / sy + =10 d(i))/ sdfy
, L+7 \ Jsmin 1-Fi(Sa(3)) Sa(7)
1 + % gmax 1 o F[] (Smax) smax 1 + ; 1
Z Ty (/Smm SdFOJrl—Fl(W“)/smax SdFl) N

Here, the second line replaces Sy (%) in the first line with s™#* > Sy ( ) and the inequality follows
since the expression in the first line is a decreasing function of Sy (7) This establishes the first

boundary condition in (4:52). Similarly, consider Eq. (A51)) for pq = 1E=:
e 1+e
1 1 4 lte Sd(}.t‘g) 1—Fy(Sy s
Pd< +€> _ r—e / SdF0+ < < ))/ )SdFl

r—e& 1+T min 1_F1 <Sd<l+5>> Sd(ii—z

1 Smin 1 —F min gmax E 1
(/ deO—I—O(S.)/ de1>: 1[8]: +5'

r—Ee& min 1 - Fl (Smm) gmin

=3 =

<

IA
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Here, the second line replaces Sy (11”%;) in the first line with s™" < Sy (%), and the last equality

uses the definition of . This establishes the second boundary condition in (A.52)) and completes
the proof of the theorem.H

Proof of Theorem [9] Recall that the equilibrium is a fixed point of the mapping P (-), where
(Py(Pa) ,Sa (pq)) is characterized as the solution to the equations in . Suppose optimism
becomes more skewed to the upside. Applying Theorem [3] to the corresponding static economy
implies that P;(pg) weakly increases for each pg. In particular, the mapping Py () shifts up
pointwise. It follows that the fixed point, pg, weakly increases. Applying Theorem [3] once more
implies that Sy (pg) weakly increases for each py. Since pg weakly increases, and since Sy (+) is an
increasing function (cf. proof of Theorem , it follows that 5% =S4 (pq) also weakly increases.
Next consider the share of the speculative component, Ay. Plugging in the value function,
v(y,s) =s(1+pg)y, and using Ey[s] =1 and F; [s] =1+ ¢, Eq. can be rewritten as:

Pd 1 1+¢
—(1-0 0 .
Trpe 00 o Tl

Note also that Eq. can be written as

L, W) :1<(1_0d)1+6d1+5>_
p(y) e PO

Combining the last two displayed equalities, the share of the speculative component is given by:

1+1/r

A =1
d 14 pg

Since pg weakly increases, Ay also weakly increases.ll
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