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1 Introduction

It is today uncontroversially recognized that firms are heterogeneous along different di-
mensions, even within the same sector and geographical market. While empirical evi-
dence corroborating this claim abound, an encompassing theoretical framework making
full sense of this multi-dimensional heterogeneity and its implications is still wanting.

Early attempts to model heterogeneity focused on differences in productive efficiency
within a demand system exhibiting constant elasticity of substitution (CES) in order
to fit the empirical evidence available at the time in an elegant and parsimonious way
(Melitz, 2003). However, careful scrutiny of the properties of such models shows that,
despite their relevance at the aggregate level, they fail to account for several empirical
regularities at more disaggregate levels of analysis. For example, heterogeneity in costs
alone cannot account for exporters charging higher domestic prices than non-exporters,1

while the observed price discrimination across markets cannot be explained by standard
CES specifications.2

Recent contributions reacted to these drawbacks by exploiting different demand spec-
ifications in order to have non-constant markups and richer interactions between firms
and competitive environments (Melitz and Ottaviano, 2008), or by introducing addi-
tional dimensions of heterogeneity, the most common being quality.3 This paper merges
these two approaches by nesting multi-dimensional heterogeneity in the quadratic utility
framework proposed by Ottaviano et al. (2002). To the best of our knowledge, only four
papers currently share these characteristics, Antoniades (2008), Kneller and Yu (2008),
Foster et al. (2008) and Altomonte et al. (2010), their demand specifications being special
cases of the one developed here.

Few empirical papers have tried to explicitly take into account vertical and horizon-
tal differentiation in trade and the ones we are aware of are all empirical works based
on models of discrete choice (Anderson et al., 1992), where horizontal differentiation is
mainly interpreted as a random demand shifter affecting both prices and quantities.4 A
common feature in this strand of literature is that quality and marginal costs alone do
not suffice to make full sense of how a product performs in a market. Horizontal differ-
ences in consumer taste seem to play an important role too, as clearly suggested by the
common presence of a “home bias effect” in quantities in the widest range of contexts,
ranging from car markets in Europe (Goldberg and Verboven, 2005) to the wine sector

1The claim that “exporters are different” (Bernard and Jensen, 1994) has been confirmed by Johnson
(2007), Iacovone and Javorcik (2008), Crozet et al. (2009) and Kugler and Verhoogen (2007).

2See, for example, Fontagné et al. (2008), Hallak and Sivadasan (2009), Goldberg and Verboven
(2001), Gorg et al. (2010) and Schott (2004).

3Notable examples of quality-augmented CES models are Fajgelbaum et al. (2009); Gervais (2008);
Hallak and Sivadasan (2009); Helble and Okubo (2008); Johnson (2007) and Kranich (2007).

4Recent examples are Katayama et al. (2009); Khandelwal (2009) and Verhoogen (2008).
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(Brooks, 2003; Friberg et al., 2010) through cultural industries (Chung and Song, 2008;
Ferreira and Waldfogel, 2010; Hanson and Xiang, 2011).

Our paper aims at responding to these empirical challenges by combining the inputs
provided by different strands of literature to build a model of monopolistic competition
in which idiosyncratic elements of vertical and horizontal product differentiation deter-
mine markups, sales and market characteristics. The starting point is the quadratic
utility function, whose demand parameters, in its original specification, are meant to
apply uniformly to all the varieties in a particular sector. In our case, they are allowed
to differ across varieties in the same sector. This provides new insights on the mecha-
nisms driving the results and offers an encompassing theoretical framework for empirical
studies. Specifically, demand for each variety is characterized by three elements: (i) a
pure demand shifter affecting prices and quantities, which will be regarded as capturing
the vertical dimension of differentiation; (ii) an output shifter affecting only the slope
of the demand function, leaving own prices unaffected; (iii) a substitutability parameter
capturing the degree of indirect competitive pressure exerted by the other varieties.

With this rich parametrization, product prices may range from pure monopoly to
barely covering marginal costs of production. The possibility of prices lower than marginal
costs is excluded, as firms are assumed to leave the market rather than producing at a
loss. Quantities sold are directly related to markups as in the standard quadratic utility
model, but the ratio of this relation is now allowed to change for each variety depending
on its specific horizontal attributes. In different markets the same variety may then be
sold at different prices and in different quantities, even when the differences in costs
are negligible. This market-specific degree of competitiveness can be fully captured by
taste-weighted price, quality and cost indices, in addition to the effective mass of com-
petitors in the market. Product characteristics affect the quantities sold of each variety
in such a way that varieties matching well local tastes are weighted more in these indices
than varieties ignored by local consumers. Happily enough, what we call “taste ” need
not be directly observed, but can be indirectly captured by a horizontal differentiation
parameter, which measures the mismatch between the consumers’ ideal and actual prod-
uct characteristics. Therefore, as a byproduct of our model, new aggregate statistics
emerge for measuring the competitiveness of a market, which may complement the ones
presented by Gaulier et al. (2008).

Admittedly, many of the empirical facts that can be captured by the model presented
in this paper have been individually addressed by other empirical and theoretical papers.
Our purpose is to propose a general model of monopolistic competition, which is flexible
enough to embrace all the results of previous intra-industry trade models, while remain-
ing intuitive, tractable and empirically identifiable.

To sum up, our generalization of the quadratic utility function may comply with
both vertical and horizontal differentiation, while allowing for differences in quantities
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consumed for each variety. We will see that our setting captures most of the main effects
emphasized by game-theoretic models of product differentiation (Tirole, 1988), yet re-
tains the analytical flexibility that features monopolistic competition. Unlike industrial
organization models that emphasize strategic interactions between firms, our approach
focuses on “weak interactions ” between firms, meaning that firms’ behavior is influenced
only by market aggregate statistics which are themselves unaffected by the choices made
by any single firm. We should also add that industrial organization models developed
to deal with multidimensional heterogeneity are analytically hard to handle (see, for ex-
ample, Irmen and Thisse, 1998). Thus, we find it fair to say that our setting provides
a reconciliation of the main ideas and results developed in industrial organization with
the recent micro-level approaches used in empirical studies developed in the international
trade literature.

The remaining of the paper is organized as follows. The next section presents more
systematically the body of evidence motivating the model, section 3 presents the model
and its properties, section 4 concludes.

2 Motivation

Our primary objective being to reconcile theory and empirics, we briefly present the
body of evidence motivating our modeling strategy. By contrasting empirical evidence
with existing trade models, we aim to highlight weak spots in their capacity to deal
with micro-level trade data, and to identify possible ways forward. In doing so, we hope
to show that our modeling choices stem directly from specific pieces of evidence, thus
allowing us to claim that our model is based on solid empirical grounds.

First of all, models with heterogeneous firms based on differences in productive effi-
ciency alone (Melitz, 2003; Melitz and Ottaviano, 2008) have a directly testable implica-
tion: for a given level of demand, higher prices should always be associated with lower
profits and sales. Papers testing this result (Crozet et al., 2009; Hummels and Klenow,
2005; Kugler and Verhoogen, 2007; Manova and Zhang, 2009) tend to reject it and sug-
gest that additional dimensions of heterogeneity are needed to deal with micro-level trade
data.

Searching for an additional source of variability, the usual suspect is quality.5 Among
others, Hallak and Sivadasan (2009) suggest that the interaction between product quality
and productive efficiency may help explain the empirical fact that firm size is not mono-
tonically related with export status: there are small firms that export while there are
large firms that only operate in the domestic market. A similar explanation is proposed
by Brooks (2006) to make sense of the tendency for Colombian plants to export less
manufactured goods to the United States than a cost-based model of firm heterogeneity

5See, for example, Edwards and Lawrence (2010); Foster et al. (2008); Helble and Okubo (2008);
Hummels and Klenow (2005); Iacovone and Javorcik (2008) and Gervais (2010).
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would suggest. However, several authors (Fontagné et al., 2008; Hummels and Klenow,
2005; Kugler and Verhoogen, 2007; Manova and Zhang, 2009) point out that differences
in quality cannot simply be considered at a sector or country level. Ignoring idiosyn-
cratic shifts in demand for specific varieties belonging to the same sector may bias results
(Katayama et al., 2009) and hide rich underlying processes (Kneller and Yu, 2008). That
is why we opt for variety-specific cost and quality parameters.

Although demand shifters such as quality-improving investments (Iacovone and Ja-
vorcik, 2008) and high-quality inputs (Kugler and Verhoogen, 2007) are consistently and
significantly associated with prices and turnover, they do not seem to perform well in
predicting output levels. Using plant-level manufacturing data on revenues and physi-
cal output and focusing on firms serving local markets, Foster et al. (2008) show that
a large dispersion in output across producers of the same product is observed, even af-
ter taking into account productivity variations and quality differences. The presence
of this unexplained variability may also be contributing to the puzzlingly weak relation
between productivity and size found by Brooks (2006) and Hallak and Sivadasan (2009)
and to the empirical evidence of a bias towards domestic varieties in quantities consumed
(Brooks, 2003; Chung and Song, 2008; Ferreira and Waldfogel, 2010; Goldberg and Ver-
boven, 2005). To the best of our knowledge, there has been no attempt to exploit the
information provided by output variability to correct price indices or other aggregate
statistics that can be relevant to measure competition. To fill this gap, we show how
such a variability in quantities can be captured by a market-variety-specific parameter,
which we identify as taste mismatch, in a linear-quadratic utility model.

It is our contention that these three sources of heterogeneity - costs, quality and tastes
- are needed to deal meaningfully with micro-level trade data. Interestingly, this choice is
confirmed by Gordon (2010) in a principal component analysis on the responses provided
by owners of London-based businesses to a set of questions about their priorities: quality,
efficiency and differentiation appear indeed to be the key strategic dimensions of com-
petition in the real world. Still, they may not be sufficient to explain the performance
of a certain product in a particular market. In fact, exploiting product-level Hungarian
custom data, Gorg et al. (2010) show that even the same product may be sold at a very
different unit price in different markets, justifying the claim that local competitive pres-
sure may be as important as idiosyncratic quality as a demand shifter. This appears to
be true at any geographical scale, including States in integrated regional blocs (Goldberg
and Verboven, 2001) or even cities (Engel and Rogers, 2000). In other words, markets
are segmented and local competitiveness should be expected to play a role as important
as individual firm characteristics. In our model this feature emerges endogenously, even
when the only difference across markets lies in the number and characteristics of com-
peting products.

Finally, the last ingredient of our model is a sector-specific parameter capturing prod-
uct substitutability. This choice is motivated by studies, such as Khandelwal (2009),
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which find substantial heterogeneity in product markets’ scope for differentiation. 6

3 Re-thinking product differentiation in monopolistic com-
petition: Chamberlin and Hotelling unified

In this section, we present a model that builds directly on the above-mentioned stylized
facts, embedding them in a rigorous model of product differentiation lent from Industrial
Organization literature.

A first caveat is that there are several definitions of vertical and horizontal differen-
tiation, which are (more or less) equivalent. Ever since Hotelling (1929), two varieties
of the same good are said to be horizontally differentiated when there is no common
ranking of these varieties across consumers. In other words, horizontal differentiation
reflects consumers’ idiosyncratic tastes. By contrast, two varieties are vertically differ-
entiated when all consumers agree on their rankings. Vertical differentiation thus refers
to the idea of quality intrinsic to these varieties (Gabszewicz and Thisse, 1979; Shaked
and Sutton, 1982). Such definitions of horizontal and vertical differentiation have been
proposed for indivisible varieties with consumers making mutually exclusive choices. In
what follows, we first present a standard model of differentiation and then generalize it
to allow (i) consumers to buy more than one variety and (ii) the differentiated good to
be divisible. 7

3.1 The one-variety case

The economy involves one differentiated good and one homogeneous good, which is used
as the numéraire. There is one consumer who is endowed with income y. Consider one
variety s of the differentiated good. The utility from consuming the quantity qs > 0 of
this variety and the quantity q0 > 0 of the numéraire is given by

us = αsqs −
βs
2
q2s + q0

where αs > 0 and βs > 0. The budget constraint is

psqs + q0 = y

where ps is the price of variety s. Plugging the budget constraint in us and differentiating
with respect to qs yields the inverse demand for variety s:

ps = max {αs − βsqs, 0} . (1)
6Similar conclusions are reached in a completely different setting by Bresnahan and Reiss (1991) who,

using data on geographically isolated monopolies, duopolies, and oligopolies in retail and professional
industries, find important inter-industry differences in entry threshold ratios, suggesting that the patterns
of substitutability vary across markets.

7Note that our approach, like most models of monopolistic competition, abstracts from the way
product characteristics are chosen by firms. This issue has been tackled in a handful of theoretical
papers (Hallak and Sivadasan, 2009; Neven and Thisse, 1989) and analyzed empirically by Kneller and
Yu (2008) and (Kugler and Verhoogen, 2007).
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In this expression, ps is the highest price the consumer is willing to pay to acquire
the quantity qs of variety s, i.e. her willingness-to-pay (WTP). When the good is indi-
visible, the WTP is constant. Here, instead, it declines with consumption, following the
decrease in its marginal utility. The WTP is positive provided that qs is smaller than
αs/βs. When qs exceeds this value, the numéraire becomes more attractive than one
additional unit of variety s.

Consider now any two varieties, s = 1, 2. Intuitively, these two varieties are vertically
differentiated if the consumer views the vertical characteristics of variety 1 as dominat-
ing those of variety 2. We have just seen that the WTP for a variety decreases with its
consumption level. Therefore, when the consumption of each variety is variable, we say
that varieties 1 and 2 are vertically differentiated when all consumers’ WTP for the first
marginal unit of variety 1 exceeds that of variety 2, i.e. α1 > α2. The increase of WTP
in αs thus implies that this parameter captures the vertical characteristics embodied in
the differentiated product. Consequently, it seems natural to interpret αs as a measure
of the “quality” of variety s. An alternative definition would be to say that varieties 1
and 2 are vertically differentiated when α1 − β1q > α2 − β2q for all q > 0. However,
this definition overlaps with the definition of the WTP that captures more features than
vertical attributes only. For example, we find it natural to expect the WTP of a variety
to depend on its horizontal attributes.

Solving for qs, we obtain the demand function for variety s:

qs = max

{
αs − ps
βs

, 0

}
which is positive if and only if αs exceeds ps. As long as the WTP for one additional unit
of variety s is positive, a consumer chooses to acquire more of this variety. In contrast, she
chooses to consume more of the numéraire when the WTP is negative. The equilibrium
consumption is obtained when the WTP is equal to zero.

3.2 The two-variety case: a spatial interpretation

Consider now the case two varieties, whose degree of substitutability is captured by a
parameter γ > 0. The utility of variety s = 1, 2 is now given by

us = αsqs −
βs
2
q2s −

γ

2
qsqr + q0 (2)

where qr is the amount consumed of the other differentiated variety.

Note that αs − γqr/2 is the marginal utility derived from consuming the first unit
of variety s. It varies inversely with the total consumption of the other differentiated
variety because the consumer values less variety s when the consumption of its substitute
r is larger. Note that the intercept is positive provided that the desirability of variety s
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(αs) dominates the negative impact of the consumption of the other variety, qr, weighted
by the degree of substitutability across varieties (γ). As qs increases, the marginal utility
of this variety decreases and the equilibrium consumption of variety s is reached when
its marginal utility equals the marginal utility of the numéraire.

Repeating the above argument, the WTP of variety s becomes

ps = αs −
γ

2
qr − βsqs. (3)

Compared to (1), the WTP for variety s is shifted downward to account for the fact

that the two varieties are substitutes; the value of the shifter increases with the total
consumption of the other variety but decreases with the degree of product differentiation.

We now come to the interpretation of parameter βs. In the hope of making this
interpretation more transparent, we appeal to the Hotelling spatial metaphor wherein
the economy is populated by a continuum of heterogeneous, but fictituous, consumers.
By the same token, we will illustrate the differences between Hotelling’s model, where
consumers make mutually exclusive choices, and our model in which the consumer is
allowed to acquire bundles of varieties. As in spatial models of product differentiation,
we assume that, provided that its WTP is positive, the demand for a variety is perfectly
inelastic and equal to q̂ that need not be equal to one, i.e. qs = qr = q̂.

In Figure 1, we depict a symmetric setting with varieties/shops s = 1 and r = 2
located at the endpoints of a unit segment, where α1 = α2 = α and β2 = 1− β1 > 0. As
in the Hotelling metaphor, this segment describes consumers’ location. Using (3), the
WTP for, say, variety 1 has an intercept equal to α−γq̂/2 and decreases, at a “transport
rate ” equal to q̂, while the distance between variety 1 and the consumer is given by β1.
The consumer’s WTP for variety 1 equals zero at

βmax = α/q̂ − γ/2.

Treading in Hotelling’s footsteps, when the consumer is located at β1 ∈ [0, βmax],
she is willing to consume the quantity q̂ of variety 1 because her utility remains positive
as long as the distance to shop 1 is smaller than βmax. Therefore, a high (low) value
of β1 amounts to saying that the consumer is far from (close to) shop 1. As a result,
we may view βs in (2) as a parameter expressing the idiosyncratic mismatch between
the horizontal characteristics of variety s and the consumer’s ideal. At this stage, we
find it fair to say that the preferences (2) encapsulates both vertical (αs) and horizontal
(βs) differentiation features. How to relate this new interpretation of βs to the concavity
degree of us? As the mismatch between variety s and the consumer’s ideal horizontal
characteristics βs increases, it seems natural to expect the consumer to reach faster the
level of satiation. In other words, if our consumer prefers vanilla to chocolate as an ice-
cream flavor, the utility of an additional chocolate scoop will decrease faster than that

8



Figure 1: Graphical intuition of the spatial problem

of a vanilla scoop.

We now proceed by exploring the links between the Hotelling setting and our model
of monopolistic competition. When β1 < βmax, we know that the consumer patronizes at
least shop 1. However, as long as α− γq̂/2− βq̂ is positive at 1/2, then there is another
segment [1 − βmax, βmax] in which both α − γq̂/2 − β1q̂ and α − γq̂/2 − (1 − β1)q̂ are
positive. This suggests that the consumer located in the vicinity of 1/2 may want to visit
both shops. In this event, however, the total quantity of the good is no longer equal to q̂;
instead, it is equal to 2q̂. This in turn implies that the two WTP-lines shift downward by
γq̂/2. Therefore, the segment over which both shops are actually patronized is narrower
and given by [1− βmax + γ/2, βmax − γ/2]. Consequently, when the consumer located at
β1 < 1 − βmax − γ/2 she visits shop 1 only, whereas she visits both when her location
belongs to the interval [1− βmax + γ/2, βmax − γ/2].

The foregoing argument shows how the Hotelling model can be extended to cope with
consumers buying two (or more) varieties of the differentiated good. 8 In particular,
regardless of her location β1, a consumer acquires the two varieties when the interval

8As long as firms can price discriminate, the fictitious consumers becomes actual consumers (Anderson
and Neven (1991); Lederer and Hurter (1986)), each characterized by a particular β.
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[1− βmax + γ/2, βmax − γ/2] is wide enough to include the unit segment. This will be so
if and only if

α− γq̂ > q̂

that is, the intercept of the WTP exceeds the fixed requirement of a single variety. This
is likely to hold when the desirability of the differentiated good is high or the substi-
tutability between the two varieties is low. Similarly, when the fixed requirement q̂ is
small enough, the two WTP lines are almost flat so that any consumer is likely to acquire
the two varieties, in order to compensate the low consumption of each.

Conversely, for any fixed amount of consumption q̂, it is readily verified that, regard-
less of her location, the representative consumer acquires a single variety if and only
if

q̂ > 2(α− γq̂)⇔ γ >
α

q̂
− 1

2
.

Once varieties are sufficiently good substitutes, all consumers choose to behave as in
the Hotelling model, where they are assumed to buy a single variety. Note, finally, that
consumers located near the ends of the segment buy only one variety and consumers
located in the central area buy both if and only if

α− γq̂ < q̂ < 2(α− γq̂).

Summing up, our specification of preferences appears to be broad and flexible enough to
encompass various facets of product differentiation.

3.3 The multi-variety case

We now assume that the differentiated good is available in a continuum S ≡ [0, N ] of
varieties, where N is the mass of varieties. The utility of variety s is now given by

us = αsqs −
βs
2
q2s −

γ

2
qs

[∫
S
qrdr

]
+ q0

= αsqs −
βs
2
q2s −

γ

2
qsQ+ q0 (4)

where γ > 0 and Q is the total consumption of the differentiated good. In this ex-
pression, γ measures the substitutability between variety s and any other variety r ∈ S.
Stated differently, all varieties enter symmetrically into the utility function. Conse-
quently, note that the two-variety WTP now generalizes into

ps = αs −
γ

2
Q− βsqs. (5)
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Compared to (1), again, the WTP for variety s is shifted downward to account for
the fact that all varieties are substitutes; the value of the shifter increases with the total
consumption of the differentiated good but decreases with the degree of product differ-
entiation.

Integrating (4) over the set S of varieties consumed, yields the utility function

U =

∫
S
αsqsds−

1

2

∫
S
βsq

2
sds−

γ

2

[∫
S
qsds

]2
+ q0

where αs and βs are now two positive and continuous functions defined on S, the former
measuring the intrinsic quality of variety s and the latter capturing the distance between
the consumer and each variety in the characteristics space. As usual, γ is a positive
parameter that measures the substitutability between any pair of varieties. The above
expression is to be contrasted to the standard quadratic utility in which α and β are
identical across varieties. As usual in monopolistic competition models, the consumer is
free to choose the quantity of each variety she wants to acquire.

The budget constraint is ∫
S
qspsds+ q0 = y.

Using (5), we readily see that the demand for variety s is given by

qs =
αs − ps
βs

− γ(A− P)

βs(1 + γN)
(6)

where
N ≡

∫
S

dr

βr
A ≡

∫
S

αr

βr
dr P ≡

∫
S

pr
βr
dr.

Like in most models of monopolistic competition, the demand for a variety depends
on a few statistics, here three (Vives, 2001). Using the interpretation of βr given above,
it is straightforward to see 1/βr as a measure of the proximity of variety r to the repre-
sentative consumer’s ideal set of characteristics. Consequently, a variety having a large
βr has a weak impact on the demand for variety s because the representative consumer is
not willing to buy much of it.9 In contrast, a variety with a small βr has a strong impact
on the consumption of variety s because the representative consumer highly values its
horizontal characteristics. All of this explains why βr appears in the denominator of the

9Formally, we should consider an open interval of varieties containing r because the
impact of a single variety upon another is zero.
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three statistics.

Having this in mind, although N is the actual mass of varieties, it should be clear
why each one is weighted by the inverse of its taste mismatch to determine the effec-
tive mass of varieties, given by N. Indeed, N, and not N , is what the consumer cares
about when she chooses how much to consume of a given variety because N accounts
for idiosyncrasies. For example, adding or deleting varieties with bad matches does not
affect much her demand for the others, whereas the opposite holds when the match is
good. Note that N may be larger or smaller than N according to the distribution of taste
mismatches. Similarly, the quality and price of a variety are weighted by the inverse of
its taste mismatch to determine the effective quality and price indices. In particular,
varieties displaying the same quality (or price) may have very different impacts on the
demand for other varieties according to their taste mismatches.

The above discussion shows that it is possible to introduce heterogeneity across vari-
eties on the consumer side in order to generate a large array of new features in consumer
demand. In what follows, we call verti-zontal differentiation this new interaction of ver-
tical and horizontal characteristics.

3.4 Monopolistic competition under verti-zontal differentiation

When each variety s is associated with a marginal production cost cs > 0, operating
profits earned from variety s are as follows:

Πs = (ps − cs)qs

where qs is given by (6). Differentiating this expression with respect to ps yields

p∗s(P) =
αs + cs

2
− γ(A− P)

2(1 + γN)
. (7)

The natural interpretation of this expression is that it represents firm s’ best-reply
to the market conditions. These conditions are defined by the aggregate behavior of all
producers, which is summarized here by the price index P. The best-reply function is
upward sloping because varieties are substitutable: a rise in P enables each firm to sell its
variety at a higher price. Because each firm is negligible, even though the price index is
endogenous, it accurately treats P parametrically. In contrast, A and N are exogenously
determined by the distributions of quality and tastes. In particular, a larger effective
mass N of firms makes competition tougher and pushes prices downward. Similarly,
when the quality index A rises, each firm faces varieties having in the aggregate a higher
quality, thus making harder the market penetration of its variety.
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The natural interpretation of this expression is that it represents firm s’ best-reply
to the market conditions. These conditions are defined by the aggregate behavior of all
producers, which is summarized here by the price index P. The best-reply function is
upward sloping because varieties are substitutable: a rise in P enables each firm to sell its
variety at a higher price. Because each firm is negligible, even though the price index is
endogenous, it accurately treats P parametrically. In contrast, A and N are exogenously
determined by the distributions of quality and tastes. In particular, a larger effective
mass N of firms makes competition tougher and pushes prices downward. Similarly,
when the quality index A rises, each firm faces varieties having in the aggregate a higher
quality, thus making harder the market penetration of its variety.

Integrating (7) over S shows that the equilibrium price index can be expressed in
terms of three aggregated indices:

P∗ = C+
A− C
2 + γN

(8)

where the cost index is defined as

C =

∫
S

cr
βr
dr.

In this expression, varieties’ costs are weighted as in the above indices for the same
reasons. Hence, efficiently produced varieties may have a low impact on the cost index
when they have a bad match with the consumer’s ideal.

Plugging P∗ into (7), we obtain the (absolute) markup of variety s:

p∗s − cs =
αs − cs

2
− T

(
A− C

2N

)
(9)

In words, a variety markup is equal to half of its social value minus half of the average
social value of all varieties, the second term being weighted by a coefficient that accounts
for the toughness of competition, i.e.

T ≡ γN
2 + γN

∈ [0; 1]

which depends on the effective mass of firms and the degree of substitutability across
varieties. In particular, when T → 1, only the varieties with the highest social value will
survive and will be supplied at their marginal cost. When γN is arbitrarily small, each
variety is supplied at its monopoly price since T → 0.

The expression (9) shows that allowing consumers to have different ideal horizontal
attributes affects the equilibrium markups and prices through the values of the three
indices A, C and N. To be precise, by distributing β we allow for heterogeneous con-
sumers who have different hedonic values for the horizontal attributes of each variety.
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In contrast, although the standard quadratic utility with constant β does encapsulate
horizontal product differentiation, it does so by assuming that consumers have exactly
the same hedonic values for the horizontal attributes of varieties.

Last, suppose that the average effective quality A/N increases by ∆ > 0. Then, if
the quality upgrade ∆s of variety s is such that

∆s > T ∆

then its markup and price will increase, even though the quality upgrade ∆s may be
lower than ∆. In contrast, if the quality upgrade of variety s is smaller than T ∆, then
its markup and price will decrease, even though the quality upgrade ∆s is positive.
Hence, the toughness of competition matters for the determination of the equilibrium
markups.

Using the properties of linear demand functions, we readily verify that the equilibrium
output of each variety is given by

q∗s =
1

βs
(p∗s − cs) (10)

while the corresponding equilibrium operating profits are as follows:

πs =
1

βs
(p∗s − cs)2.

These various properties show that our model retains the flexibility displayed by the
standard quadratic utility model, while enabling to capture several new effects. In order
to gain further insights on the role played by each source of heterogeneity, we now con-
sider the following special cases.

1. When the cost cs is the only idiosyncratic parameter, firms charge higher prices if
and only if they face higher marginal costs:

p∗s =
α+ cs

2
− γN

2β + γN

α− c
2

where
c =

1

N

∫
S
crdr

is the average cost (since β is the same across varieties, we simply have C = Nc/β).
Given the linearity of demand functions, firms pass onto their customers half of their
costs. This implies that higher-cost firms have lower markups, quantities sold and profits.

Whereas cs has a negative impact on firm s-profitability, the average cost has a posi-
tive impact because increasing c relaxes competition. Therefore, only idiosyncratic costs
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and market indices interact in determining the equilibrium price, markup and output for
each variety.

Unfortunately, this cost-based approach to heterogeneity does not provide much flex-
ibility in terms of firms’ characteristics. The most evident limits are that: (i) higher
prices can stem only from higher costs; (ii) lower markups always coincide with lower
levels of output; (iii) the ratio between markup and output is constant and the same
across varieties; and (iv) firms with identical costs charge the same price. These effects
are illustrated in Figure 2.

Figure 2: Equilibrium prices and quantities under cost heterogeneity only.

We now show how vertical and horizontal differentiation features address these issues.

2. Once we also allow for heterogeneity in α and c, higher prices need not be the
symptom of productive inefficiency: they may also reflect higher quality. Unlike the case
of cost heterogeneity alone, the introduction of vertical differentiation allows to have
higher prices associate with higher markups and outputs:

p∗s =
αs + cs

2
− γN

2β + γN

α− c
2

where
α =

1

N

∫
S
αrdr

is the average quality. A new feature emerges: market size and productive efficiency
are not anymore the only sources of difference in competitive pressures across markets.
The average quality of varieties available in a particular market plays a role as well. In
particular, it is striking that the average quality α affects the price index in such a way
that, although markets with higher average quality show higher prices than markets with
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lower average quality, competition is tougher in the former. That is, idiosyncratic and
average qualities work in opposite directions in determining the equilibrium price and
markup of a variety. Hence, by introducing heterogeneity in quality, the above-mentioned
relationships (i) and (iv) do not hold anymore.

Notably, this suggests that high quality may turn out to be as important as high
productive efficiency in preventing access to a particular market. If products in devel-
oped countries have a higher average quality than products in developing countries, these
properties may reconcile the Balassa-Samuelson hypothesis, which states that developed
economies display higher prices, with the empirical observation that it is difficult for de-
veloping country firms to penetrate and thrive in developed countries’ markets (Edwards
and Lawrence, 2010). See Figure 3 for an illustration of the shifting effect when α is the
only source of heterogeneity.

Figure 3: Equilibrium prices and quantities under vertical differentiation only.

3. Last, we account for heterogeneity in β and c only. In this case, the equilibrium
price is given by

p∗s =
α+ γ C

2

2 + γN
+
cs
2

which is independent of βs. Figure 4 illustrates how the market price is determined when
β is the only distributed parameter.

Nevertheless, as shown in (10), the ratio between markup and output varies across
varieties: if βs decreases, variety s’ markup and price remain constant but its output of
increases. In other words, a change in βs results in output rather than price adjustments,
and thus the relationship (iii) does not hold anymore. In addition, if the parameter βs
decreases strongly for a small range of varieties in a way such that C remains more or less
constant while N increases, then prices and markups decrease. Therefore, markups and

16



Figure 4: Equilibrium prices and quantities under horizontal differentiation only

outputs of the varieties experiencing lower βs move in opposite directions. As a result,
relationship (ii) need not hold either.

4 Conclusions

In this paper we have presented a generalization of the quadratic utility model. By al-
lowing their parameters to be variety- or market-variety-specific, instead of homogeneous
within a sector, we show that it can be seen as the aggregation across a mass of varieties
of a traditional model of vertical and horizontal differentiation. After having shown how
a unique functional form may fit both recent trade models and traditional frameworks of
product differentiation, we adapt the results and definitions of the latter, characterized
by unitary purchases of mutually exclusive varieties, to a framework more suitable for
the study of trade under monopolistic competition, where consumers are allowed to buy
different varieties of the same kind of good in different quantities. In equilibrium, verti-
cal attributes of a variety are shown to have a direct effect on prices and sales, whereas
horizontal characteristics only affect quantities sold.

The interaction between two sources of demand-side heterogeneity (quality and tastes)
and one source of supply-side heterogeneity (productive efficiency) is shown to have the
potential to address the data-fitting issues arisen from the empirical testing of existing
intra-industry trade theories. In particular, taste mismatch, which can be directly es-
timated through markups and quantities, can be used to capture and exploit the vast
amount of variability in quantities sold for given levels of prices and markups.

Measurable horizontal differentiation parameters can then be used to obtain new ag-
gregate indices that are closely related to the competitiveness of a particular market. By
weighting prices, costs, quality and the mass of firms by this taste-mismatch parameter,
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we can improve the accuracy of our estimates of competitive interactions between indi-
vidual varieties and market aggregates.

Disentangling the effects of substitutability, productive efficiency, vertical and hor-
izontal differentiation, the model sheds new light and adds generality to a theoretical
framework widely used to study trade patterns and firm dynamics without altering it
substantially. The technical innovations proposed have the potential to accommodate
puzzling empirical results and reconcile them with theory, providing at the least a series
of consistency checks to adopt in future works on intra-industry trade.

Given its full identifiability, the model is ready to be directly tested and confronted
with alternative models using the available micro-level data. If proven empirically rele-
vant, it can deepen our understanding of the indirect market interactions between het-
erogeneous varieties in a sector, helping us better define the determinants of firm perfor-
mance in different markets and the expected effects of changes in trade policy.
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