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7KH DXWKRUV DFNQRZOHGJH WKH KHOSIXO FRPPHQWV DQG VXJJHVWLRQV RI 5RJHU &OHZV� (ULF
(GPRQG� *RUGRQ *HPPLOO� +ROJHU 1HXKDXV� -DPHV 3URXGPDQ� 3DXO 6�RGHUOLQG DQG *DU\
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7HVWLQJ WKH 6WDELOLW\ RI ,PSOLHG 3UREDELOLW\

'HQVLW\ )XQFWLRQV

$EVWUDFW

,PSOLHG SUREDELOLW\ GHQVLW\ IXQFWLRQV �3')V� HVWLPDWHG IURP FURVV�VHFWLRQV RI REVHUYHG RS�
WLRQ SULFHV DUH JDLQLQJ LQFUHDVLQJ DWWHQWLRQ DPRQJVW DFDGHPLFV DQG SUDFWLWLRQHUV� +RZHYHU�
WR GDWH OLWWOH DWWHQWLRQ KDV EHHQ SDLG WR WKH UREXVWQHVV RI WKHVH HVWLPDWHV RU WR WKH FRQn�
GHQFH XVHUV FDQ SODFH LQ WKH VXPPDU\ VWDWLVWLFV� IRU H[DPSOH VNHZQHVV RU WKH ��WK SHUFHQWLOH�
GHULYHG IURP nWWHG 3')V� 7KLV SDSHU EHJLQV WR DGGUHVV WKHVH TXHVWLRQV E\ H[DPLQLQJ WKH
DEVROXWH DQG UHODWLYH UREXVWQHVV RI WZR RI WKH PRVW FRPPRQ PHWKRGV IRU HVWLPDWLQJ LPSOLHG
3')V_WKH GRXEOH�ORJQRUPDO DSSUR[LPDWLQJ IXQFWLRQ DQG WKH VPRRWKHG LPSOLHG YRODWLOLW\
VPLOH PHWKRGV� 7KH FKDQJHV UHVXOWLQJ IURP UDQGRPO\ SHUWXUELQJ TXRWHG SULFHV E\ QR PRUH
WKDQ D KDOI WLFN SURYLGH D ORZHU ERXQG RQ WKH FRQnGHQFH LQWHUYDOV RI WKH VXPPDU\ VWDWLVWLFV
GHULYHG IURP WKH HVWLPDWHG 3')V� 7HVWV DUH FRQGXFWHG XVLQJ RSWLRQV FRQWUDFWV WLHG WR 6KRUW
6WHUOLQJ IXWXUHV DQG WKH )76( ��� LQGH[_ERWK WUDGLQJ RQ WKH /RQGRQ ,QWHUQDWLRQDO )LQDQ�
FLDO )XWXUHV ([FKDQJH� 2XU WHVWV VKRZ WKDW WKH VPRRWKHG LPSOLHG YRODWLOLW\ VPLOH PHWKRG
GRPLQDWHV WKH GRXEOH�ORJQRUPDO DV D WHFKQLTXH IRU HVWLPDWLQJ LPSOLHG 3')V ZKHQ DYHUDJH
JRRGQHVV�RI�nWV DUH FRPSDUDEOH IRU ERWK PHWKRGV�



� ,QWURGXFWLRQ

,PSOLHG SUREDELOLW\ GHQVLW\ IXQFWLRQV �3')V� HVWLPDWHG IURP FURVV�VHFWLRQV RI REVHUYHG RS�

WLRQ SULFHV DUH JDLQLQJ LQFUHDVLQJ DWWHQWLRQ� 7KH\ DUH XVHG WR SULFH FRPSOH[ GHULYDWLYHV�

$ QXPEHU RI DXWKRUV KDYH XVHG LPSOLHG 3')V DV LQGLFDWRUV RI PDUNHW VHQWLPHQW XVHG WR

H[DPLQH ZKHWKHU RSWLRQV PDUNHWV DQWLFLSDWHG PDMRU HFRQRPLF HYHQWV�� &HQWUDO EDQNV� LQ

SDUWLFXODU� KDYH EHHQ LQWHUHVWHG LQ XVLQJ LPSOLHG 3')V WR PDNH DVVHVVPHQWV RI PDUNHW SDU�

WLFLSDQWV
 H[SHFWDWLRQV RI IXWXUH FKDQJHV LQ LQWHUHVW UDWHV� VWRFN SULFHV DQG H[FKDQJH UDWHV��

$ QXPEHU RI PHWKRGV KDYH EHHQ GHYHORSHG LQ WKH OLWHUDWXUH IRU HVWLPDWLQJ LPSOLHG 3')V�

+RZHYHU� WR GDWH OLWWOH DWWHQWLRQ KDV EHHQ SDLG WR WKH UREXVWQHVV RI WKHVH HVWLPDWHV RU WR

WKH FRQnGHQFH XVHUV FDQ SODFH LQ WKH VXPPDU\ VWDWLVWLFV� IRU H[DPSOH VNHZQHVV RU WKH ��WK

SHUFHQWLOH� GHULYHG IURP WKHVH nWWHG 3')V�

7KLV SDSHU EHJLQV WR DGGUHVV WKHVH TXHVWLRQV E\ H[DPLQLQJ WKH DEVROXWH DQG UHODWLYH

UREXVWQHVV RI WZR FRPPRQ PHWKRGV IRU HVWLPDWLQJ LPSOLHG 3')V_WKH GRXEOH�ORJQRUPDO

DSSUR[LPDWLQJ IXQFWLRQ �'/1�� DQG WKH VPRRWKHG LPSOLHG YRODWLOLW\ VPLOH �60/� PHWKRGV_

WR VPDOO HUURUV LQ UHFRUGHG RSWLRQ SULFHV� :H GR WKLV E\ UDQGRPO\ SHUWXUELQJ SULFHV E\ QR

PRUH WKDQ SOXV RU PLQXV RQH KDOI RI WKH TXRWDWLRQ WLFN VL]H� 7KH KDOI�WLFN VL]H UHSUHVHQWV WKH

PLQLPXP LUUHGXFLEOH XQFHUWDLQW\ DVVRFLDWHG ZLWK RSWLRQ SULFHV�

7HVWV DUH FRQGXFWHG XVLQJ 6KRUW 6WHUOLQJ IXWXUHV RSWLRQV DQG )76( ��� LQGH[ RSWLRQV

FRQWUDFWV� ERWK WUDGLQJ RQ WKH /RQGRQ )LQDQFLDO )XWXUHV ([FKDQJH� 2XU UHVXOWV VKRZ WKDW

WKH GRXEOH�ORJQRUPDO PHWKRG IRU HVWLPDWLQJ LPSOLHG 3')V LV V\VWHPDWLFDOO\ OHVV VWDEOH WKDQ

WKH VPRRWKHG LPSOLHG YRODWLOLW\ VPLOH PHWKRG� HYHQ ZKHQ WKH ODWWHU LV FDOLEUDWHG WR KDYH

WKH VDPH JRRGQHVV�RI�nW� :H FRQFOXGH WKDW WKH VPRRWKHG LPSOLHG YRODWLOLW\ VPLOH PHWKRG

GRPLQDWHV WKH GRXEOH�ORJQRUPDO DV D WHFKQLTXH IRU HVWLPDWLQJ LPSOLHG 3')V�

�6HH IRU H[DPSOH %XWOHU DQG 'DYLHV ������� &DPSD� &KDQJ DQG 5HIDOR ������� &RXWDQW� -RQGHDX DQG
5RFNLQJHU ������� *HPPLOO DQG 6DoHNRV ������� /HDK\ DQG 7KRPDV ������� 0DO] ������� 0F&DXOH\ DQG
0HOLFN �����E�� 0F0DQXV ������� 1DNDPXUD DQG 6KLUDWVXND ������� DQG 6�RGHUOLQG �������

�([DPSOHV RI FHQWUDO EDQN UHVHDUFK LQ WKH XVH RI LPSOLHG 3')V LQFOXGH %DQFR GH (VSDQD� 0DQ]DQR DQG
6DQFKH] ������� %DQN RI &DQDGD� 0F0DQXV ������� %DQN RI (QJODQG� %DKUD ������ ����� DQG %XWOHU DQG
'DYLHV ������� %DQN RI ,QWHUQDWLRQDO 6HWWOHPHQWV� *DODWL DQG 0HOLFN ������� %DQN RI -DSDQ� 1DNDPXUD DQG
6KLUDWVXND ������ DQG 6KLUDWVXND ������� %DQTXH GH )UDQFH� &RXWDQW� -RQGHDX DQG 5RFNLQJHU ������ DQG
&RXWDQW ������� (XURSHDQ &HQWUDO %DQN� +�RUGDKO ������� )HGHUDO 5HVHUYH %DQN RI $WODQWD� $ENHQ� 0DGDQ
DQG 5DPDPXUWLH ������� )HGHUDO 5HVHUYH %DQN RI 1HZ <RUN� 0DO] ������ ����D� ����E�� )HGHUDO 5HVHUYH
%RDUG� /HDK\ DQG 7KRPDV ������ DQG 0HOLFN DQG 7KRPDV ������� DQG 'HXWVFKH %XQGHVEDQN� 1HXKDXV
�������

�



7KH UHPDLQGHU RI WKH SDSHU LV RUJDQL]HG DV IROORZV� 6HFWLRQ � SURYLGHV DQ RYHUYLHZ RI

3') HVWLPDWLRQ WHFKQLTXHV DQG WKHLU DSSOLFDWLRQV� WRJHWKHU ZLWK D GLVFXVVLRQ RI WKH SRWHQWLDO

VRXUFHV RI HUURU LQ WKH XQGHUO\LQJ RSWLRQV SULFHV� 7HFKQLFDO GHWDLOV RI WKH WZR LPSOLHG 3')

HVWLPDWLRQ PHWKRGV XVHG LQ WKLV SDSHU DUH JLYHQ LQ $SSHQGL[ $� 6HFWLRQ � GLVFXVVHV WKH GDWD

DQG HPSLULFDO WHVWV WR EH FDUULHG RXW� 'HWDLOV RI WKH XQGHUO\LQJ RSWLRQV FRQWUDFWV DUH JLYHQ

LQ $SSHQGL[ %� 6HFWLRQ � GLVFXVVLRQV WKH HPSLULFDO UHVXOWV DQG 6HFWLRQ � FRQFOXGHV�

� ,PSOLHG 3') (VWLPDWLRQ

��� /LWHUDWXUH 5HYLHZ

0HWKRGV IRU HVWLPDWLQJ LPSOLHG 3')V IDOO LQWR nYH JURXSV� VWRFKDVWLF SURFHVV PHWKRGV�

LPSOLHG ELQRPLDO WUHHV� 3') DSSUR[LPDWLQJ IXQFWLRQ PHWKRGV� nQLWH�GLmHUHQFH PHWKRGV�

DQG LPSOLHG YRODWLOLW\ VPRRWKLQJ PHWKRGV�

6WRFKDVWLF SURFHVV PHWKRGV IRU HVWLPDWLQJ 3')V EHJLQ E\ DVVXPLQJ D PRGHO IRU WKH

VWRFKDVWLF SURFHVV GULYLQJ WKH SULFHV RI WKH XQGHUO\LQJ VHFXULW\� XVXDOO\ RQH IRU ZKLFK LW LV

SRVVLEOH WR REWDLQ DQ DQDO\WLFDO VROXWLRQ WR WKH LPSOLHG 3') IRU D JLYHQ KRUL]RQ�� $IWHU HVWL�

PDWLRQ� WKH SDUDPHWHUV RI WKH VWRFKDVWLF SURFHVV DUH SOXJJHG LQWR WKH DQDO\WLFDO IRUPXOD IRU

WKH 3')� )RU LQVWDQFH� 0DO] ������ nWV D ORJQRUPDO�MXPS GLmXVLRQ SURFHVV WR 27& IRUHLJQ

H[FKDQJH GHULYDWLYH SULFHV DQG WKHQ DQDO\WLFDOO\ FRPSXWHV ULVN�QHXWUDO UH�DOLJQPHQW SURED�

ELOLWLHV DURXQG WKH WLPH RI WKH ���� (50 FULVLV� 7KH VWRFKDVWLF SURFHVV DSSURDFK FDQ EH XVHG

LQ WKH DEVHQFH RI RSWLRQV SULFHV �WKH RWKHU DSSURDFKHV FDQQRW�� )RU LQVWDQFH� +�RUGDKO ������

DSSOLHG WKH /RQJVWDm�6FKZDUW] PRGHO WR 6ZHGLVK LQWHUHVW UDWHV� 7KH /RQJVWDm�6FKZDUW]

PRGHO KDV DQDO\WLF VROXWLRQV IRU ERWK WKH WHUP VWUXFWXUH RI LQWHUHVW UDWHV REVHUYHG DW DQ\

SRLQW LQ WLPH DQG WKH IXWXUH GLVWULEXWLRQ RI VKRUW UDWHV DW DQ\ JLYHQ KRUL]RQ� +�RUGDKO XVHG WKH

REVHUYHG WHUP VWUXFWXUH RI 6ZHGLVK LQWHUHVW UDWHV WR HVWLPDWH WKH /RQJVWDm�6FKZDUW] PRGHO

SDUDPHWHUV� 7KHVH HVWLPDWHG SDUDPHWHUV ZHUH WKHQ VXEVWLWXWHG LQWR WKH DQDO\WLFDOO\�GHULYHG

3') IXQFWLRQ WR SURGXFH WKH HVWLPDWHG LPSOLHG 3')�

�6XFK DQDO\WLF WUDFWDELOLW\ LV QRW QHFHVVDU\� 0RQWH &DUOR PHWKRGV FRXOG DOVR EH XVHG WR JHQHUDWH WKH
3') IRU LQWUDFWDEOH VWRFKDVWLF SURFHVVHV�

�



7KH LPSOLHG ELQRPLDO WUHH PHWKRG ZDV GHYHORSHG LQ 5XELQVWHLQ ������ DQG -DFNZHUWK

DQG 5XELQVWHLQ ������� 7KH PHWKRG VHHNV WR EXLOG D ELQRPLDO WUHH IRU WKH YDOXH RI WKH

XQGHUO\LQJ DVVHW� 7KH WUHH LV FRQVWUXFWHG VR DV WR PLQLPL]H GHYLDWLRQV IURP D ORJ�QRUPDO

SURFHVV VXEMHFW WR WKH WUHH nWWLQJ WKH REVHUYHG RSWLRQV SULFHV� 7KH LPSOLHG ELQRPLDO WUHH LV

WKXV D QRQ�SDUDPHWULF %D\HVLDQ WHFKQLTXH UHODWHG WR VWRFKDVWLF SURFHVV PHWKRGV LQ WKDW LWV

IRFXV LV RQ PRGHOLQJ WKH HYROXWLRQ RI WKH XQGHUO\LQJ DVVHW
V SULFH�

$SSUR[LPDWLQJ IXQFWLRQ PHWKRGV EHJLQ ZLWK WKH RSWLRQ SULFLQJ UHODWLRQ LQ &R[ DQG 5RVV

������ ZKR VKRZ WKDW WKH SULFH RI DQ RSWLRQ LV WKH GLVFRXQWHG ULVN�QHXWUDO H[SHFWHG YDOXH RI

WKH SD\RmV�
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ZKHUH &�W� 7�.� DQG 3 �W� 7�.� DUH WKH SULFHV RI (XURSHDQ FDOOV DQG SXWV REVHUYHG DW WLPH

W KDYLQJ H[SLULHV DW 7 DQG VWULNH SULFHV RI .� U LV WKH ULVNOHVV UDWH RI LQWHUHVW� DQG Z�67 �

LV WKH ULVN�QHXWUDO SUREDELOLW\ GHQVLW\ IXQFWLRQ IRU WKH YDOXH RI WKH XQGHUO\LQJ DVVHW 6 DW

WLPH�7 � 3DUDPHWULF DSSUR[LPDWLQJ IXQFWLRQ PHWKRGV DVVXPH WKDW Z�67 � KDV D SDUWLFXODU

IXQFWLRQDO IRUP� FKRVHQ WR DOORZ IRU D YDULHW\ RI SRVVLEOH VKDSHV� 3DUDPHWHU YDOXHV DUH IRXQG

E\ PLQLPL]LQJ VRPH IXQFWLRQ RI WKH nWWHG SULFH HUURUV� ([DPSOHV RI WKH DSSUR[LPDWLQJ

IXQFWLRQV WKDW KDYH EHHQ XVHG LQFOXGH� PL[WXUHV RI ORJQRUPDOV� GHYHORSHG E\ 0HOLFN DQG

7KRPDV �������� +HUPLWH SRO\QRPLDOV� GHYHORSHG E\ 0DGDQ DQG 0LOQH ������� DQG D %XUU ,,,

GLVWULEXWLRQ� XVHG E\ 6KHUULFN� *DUFLD DQG 7LUXSDWWXU ������� $OWHUQDWLYHO\� QRQ�SDUDPHWULF

PHWKRGV FDQ EH XVHG� ([DPSOHV LQFOXGH WKH NHUQHO HVWLPDWRU RI $LW�6DKDOLD DQG /R ������

DQG PD[LPXP HQWURS\ PHWKRGV GHYHORSHG E\ %XFKHQ DQG .HOO\ �������

7KH PL[WXUHV RI ORJQRUPDOV DQG WKH UHODWHG PL[WXUHV RI QRUPDOV DSSOLHG WR WKH ORJ�SULFH

DUH WKH PRVW ZLGHO\ XVHG PHWKRGV IRU HVWLPDWLQJ LPSOLHG 3')V� 7KLV SDSHU XVHV D GRXEOH�

ORJQRUPDO DV RQH PHWKRG IRU HVWLPDWLQJ LPSOLHG 3')V� 'HWDLOV RI WKH PHWKRG DUH SUHVHQWHG

LQ $SSHQGL[ $�

�$ YDULDQW LV WR PRGHO WKH ORJ�SULFH DV D PL[WXUH RI QRUPDOV� DV ZDV GRQH LQ 6�RGHUOLQG DQG 6YHQVVRQ
������ DQG 6�RGHUOLQG �������

�



7KH nQLWH GLmHUHQFH PHWKRGV EHJLQ ZLWK WKH REVHUYDWLRQ� PDGH E\ %UHHGHQ DQG /LW]HQ�

EHUJHU ������� WKDW GLmHUHQWLDWLQJ HTXDWLRQ ��� RQFH ZLWK UHVSHFW WR . SURGXFHV WKH

FXPXODWLYH GHQVLW\ IXQFWLRQ �OHVV ��

#&�W� 7�.�

#.
 bHbU�7bW�

= �

.
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ZKLOH GLmHUHQWLDWLQJ WZLFH \LHOGV WKH SUREDELOLW\ GHQVLW\ IXQFWLRQ

#�&�W� 7�.�

#.�
 HbU�7bW�Z�.�� ���

%UHHGHQ DQG /LW]HQEHUJHU ������ VKRZ WKDW RQH FDQ XVH nQLWH GLmHUHQFH PHWKRGV WR DSSUR[�

LPDWH HTXDWLRQ ��� XVLQJ VWULNHV ZKHUH ERQG SULFHV DUH REVHUYHG� 1HXKDXV ������ DSSOLHG

nQLWH GLmHUHQFH PHWKRGV WR HTXDWLRQ ��� LQVWHDG�

7KH VPRRWKHG LPSOLHG YRODWLOLW\ VPLOH PHWKRG ZDV RULJLQDOO\ GHYHORSHG E\ 6KLPNR �������

7KH PHWKRG LV DQ DSSUR[LPDWLQJ IXQFWLRQ PHWKRG DSSOLHG WR WKH YRODWLOLW\ VPLOH UDWKHU WKDQ

WR WKH 3')� 2SWLRQ SULFHV DUH nUVW FRQYHUWHG WR LPSOLHG YRODWLOLWLHV XVLQJ WKH %ODFN�6FKROHV

RSWLRQV SULFLQJ IRUPXOD� $ FRQWLQXRXV DSSUR[LPDWLQJ �VPRRWKLQJ� IXQFWLRQ LV WKHQ nWWHG

WR WKH LPSOLHG YRODWLOLWLHV DQG WKH DVVRFLDWHG VWULNH SULFHV �RQ WKH ;�D[LV�� 7KLV FRQWLQXRXV

LPSOLHG YRODWLOLW\ IXQFWLRQ LV WKHQ FRQYHUWHG EDFN LQWR D FRQWLQXRXV FDOO SULFH IXQFWLRQ DQG

WKHQ HTXDWLRQ ��� LV XVHG WR REWDLQ WKH 3')� 7KH %ODFN�6FKROHV PRGHO LV XVHG KHUH VLPSO\ DV

D WUDQVIRUPDWLRQ RU PDSSLQJ IURP RQH PHDVXUHPHQW VSDFH WR DQRWKHU� 7KH VPRRWKHG LPSOLHG

YRODWLOLW\ VPLOH PHWKRG GRHV QRW DVVXPH WKDW WKH XQGHUO\LQJ SULFH SURFHVV LV ORJQRUPDO� 0DO]

������ XVHG GHOWD� c s #& #) � UDWKHU WKDQ VWULNH SULFH DV WKH ;�D[LV YDULDEOH ZKHQ nWWLQJ

WKH LPSOLHG YRODWLOLW\ VPLOH VPRRWKLQJ IXQFWLRQ� %RWK 6KLPNR DQG 0DO] XVHG ORZ�RUGHU

SRO\QRPLDO IXQFWLRQDO IRUPV WR nW WKH LPSOLHG YRODWLOLW\ VPLOH� &DPSD� &KDQJ DQG 5HLGHU

������ LQWURGXFHG WKH XVH RI VPRRWKLQJ VSOLQHV WR nW WKH LPSOLHG YRODWLOLW\ IXQFWLRQ� LQ WKHLU

FDVH DV D IXQFWLRQ RI WKH VWULNH SULFH� 7KH VHFRQG PHWKRG H[DPLQHG LQ WKLV SDSHU LV D YDULDQW

RI WKH VPRRWKHG LPSOLHG YRODWLOLW\ VPLOH PHWKRG GHYHORSHG E\ 3DQLJLUW]RJORX DW WKH %DQN RI

(QJODQG� FRPELQLQJ WKH LQQRYDWLRQV RI 0DO] ������ DQG &DPSD� &KDQJ DQG 5HLGHU�������

7KH PHWKRG XVHV D QDWXUDO VSOLQH� DV GHVFULEHG LQ $SSHQGL[ $� WR nW %ODFN�6FKROHV LPSOLHG

YRODWLOLWLHV DV D IXQFWLRQ RI WKH GHOWDV RI WKH RSWLRQV LQ WKH VDPSOH�

�



$ QXPEHU RI SDSHUV KDYH FRPSDUHG GLmHUHQW LPSOLHG 3') HVWLPDWLRQ PHWKRGV� &DPSD�

&KDQJ DQG 5HLGHU ������ FRPSDUHG ELQRPLDO WUHH� VPRRWKHG LPSOLHG YRODWLOLW\ VPLOH DQG

PL[WXUHV RI ORJQRUPDO PHWKRGV� &RPSDULQJ YDULRXV PRPHQWV RI WKH LPSOLHG GLVWULEXWLRQV

WKH\ FRQFOXGHG WKDW DOO PHWKRGV SURGXFHG VLPLODU UHVXOWV� 7KH\ FKRVH WR XVH WKH ELQRPLDO

WUHH PHWKRG LQ WKHLU VXEVHTXHQW DQDO\VLV� &RXWDQW� -RQGHDX� DQG 5RFNLQJHU ������ FRPSDUHG

VLQJOH ORJQRUPDO� PL[WXUHV RI ORJQRUPDOV� +HUPLWH SRO\QRPLDOV DQG PD[LPXP HQWURS\ PHWK�

RGV� $JDLQ UHVXOWV ZHUH EURDGO\ VLPLODU� DOWKRXJK WKH\ QRWHG WKDW WKH PD[LPXP HQWURS\

PHWKRG UDQ LQWR FRQYHUJHQFH SUREOHPV� 7KH\ FKRVH WR XVH WKH +HUPLWH SRO\QRPLDO DS�

SURDFK LQ WKHLU VXEVHTXHQW DQDO\VLV� +�RUGDKO ������ FRPSDUHG LPSOLHG 3')V GHULYHG IURP

WKH /RQJVWDm�6FKZDUW] VWRFKDVWLF SURFHVV ZLWK 3')V GHULYHG XVLQJ WKH GRXEOH�ORJQRUPDO

PHWKRG� +H FRQFOXGHG WKDW WKH 3')V LPSOLHG E\ WKH WZR PHWKRGV ZDV VLPLODU DQG WKHUHIRUH

WKH /RQJVWDm�6FKZDUW] VWRFKDVWLF SURFHVV PHWKRG FRXOG UHOLDEO\ EH XVHG ZKHUH RSWLRQV GDWD

ZDV QRQ�H[LVWHQW� 0F0DQXV ������ FRPSDUHG WZR VWRFKDVWLF SURFHVV PHWKRGV� XVLQJ %ODFN

DQG MXPS GLmXVLRQ SURFHVVHV� DQG IRXU DSSUR[LPDWLQJ IXQFWLRQ PHWKRGV� GRXEOH�ORJQRUPDO�

�WK DQG �WK RUGHU +HUPLWH SRO\QRPLDOV DQG PD[LPXP HQWURS\� 8VLQJ FRPSDULVRQV RI LQ�

VDPSOH nW� KH FRQFOXGHG WKDW WKH GRXEOH�ORJQRUPDO PHWKRG ZDV EHVW� 6KHUULFN� *DUFLD DQG

7LUXSDWWXU ������ FRPSDUHG WZR 3') DSSUR[LPDWLQJ IXQFWLRQ DSSURDFKHV XVLQJ GRXEOH�

ORJQRUPDO DQG %XUU ,,, IXQFWLRQV� %DVHG RQ LQ�VDPSOH JRRGQHVV�RI�nW WKH\ FRQFOXGHG WKDW

WKH %XUU ,,, DSSUR[LPDWLQJ IXQFWLRQ SURGXFHG WKH EHWWHU UHVXOWV�

/LNH DOO VWDWLVWLFV HVWLPDWHG IURP nQLWH GDWD VDPSOHV� LPSOLHG 3')V DQG WKHLU VXPPDU\

VWDWLVWLFV DUH SRLQW HVWLPDWHV� VXEMHFW WR HVWLPDWLRQ HUURU� +RZHYHU� ZKLOH PDQ\ SDSHUV KDYH

HVWLPDWHG DQG LQWHUSUHWHG LPSOLHG 3')V� VXUSULVLQJO\ IHZ KDYH FRQVLGHUHG WKH UHOLDELOLW\

RI HVWLPDWHG LPSOLHG 3')V DQG WKHLU DVVRFLDWHG VXPPDU\ VWDWLVWLFV� 7ZR PHWKRGV KDYH

EHHQ XVHG LQ SUHYLRXV SDSHUV WR H[DPLQH WKH VWDELOLW\ RI LPSOLHG 3')V� ZRUNLQJ ZLWK WKH

SDUDPHWHU YDULDQFH�FRYDULDQFH PDWUL[ DQG SHUWXUELQJ SVHXGR�SULFHV JHQHUDWHG IURP NQRZQ

3')V�

6�RGHUOLQG DQG 6YHQVVRQ ������ DVVXPHG WKDW WKH GLVWULEXWLRQ RI HVWLPDWHG SDUDPHWHUV

ZDV PXOWLYDULDWH QRUPDO� 7KH 3') FRQnGHQFH LQWHUYDOV ZHUH GHULYHG DQDO\WLFDOO\ XVLQJ WKH

GHOWD PHWKRG DSSOLHG WR WKH KHWHURVNHGDVWLF�FRQVLVWHQW HVWLPDWRU� 0HOLFN DQG 7KRPDV ������

XVHG WKH +HVVLDQ DW WKH PD[LPXP OLNHOLKRRG VROXWLRQ DV WKH HVWLPDWHG SDUDPHWHU YDULDQFH�

�



FRYDULDQFH PDWUL[� DJDLQ DVVXPLQJ WKH SDUDPHWHUV ZHUH PXOWL�YDULDWH QRUPDOV� 7KH\ WKHQ

XVHG D 0RQWH &DUOR VLPXODWLRQ WR UDQGRPO\ SHUWXUE WKH SDUDPHWHUV� UHFRPSXWLQJ WKH LPSOLHG

3') IRU HDFK VLPXODWLRQ� %RWK SDSHUV DSSOLHG WKHLU PHWKRGV WR D VLQJOH FURVV�VHFWLRQ RI

RSWLRQ SULFHV� ZKLFK ZHUH WKHQ DQDO\]HG YLVXDOO\ E\ SORWWLQJ WKH YDOXH RI WKH 3') DQG WKH

HVWLPDWHG �� WR ��� FRQnGHQFH LQWHUYDOV�� 0HOLFN DQG 7KRPDV DOVR XVHG D VHFRQG PHWKRG

IRU REWDLQLQJ WKH GLVWULEXWLRQ RI WKH LPSOLHG 3')� 7KLV ZDV WR ERRWVWUDS WKHLU RULJLQDO VDPSOH

RI RSWLRQ SULFHV DQG UH�HVWLPDWH WKH 3') IRU HDFK UHVDPSOLQJ�

%RWK 6�RGHUOLQG DQG 6YHQVVRQ ������ DQG 0HOLFN DQG 7KRPDV ������ IRXQG WKDW FRQnGHQFH

LQWHUYDOV EDVHG RQ WKH WKHRUHWLFDO GLVWULEXWLRQV RI WKH SDUDPHWHUV DW WKH VROXWLRQ DSSHDUHG

WR EH TXLWH QDUURZ� +RZHYHU� ZKHQ 0HOLFN DQG 7KRPDV UHVDPSOHG WKH GDWD WKH FRQnGHQFH

LQWHUYDOV ZHUH PXFK ZLGHU� 7KLV GLVSDULW\ VXJJHVWV WKDW SHUKDSV WKH DVVXPSWLRQV XQGHUO\LQJ

WKH PD[LPXP OLNHOLKRRG HVWLPDWLRQ RI WKH LPSOLHG 3')V ZHUH YLRODWHG LQ VRPH ZD\�

6�RGHUOLQG ������ DQG &RRSHU ������ ERWK EHJDQ ZLWK NQRZQ 3')V� 7KH 3') ZDV XVHG

WR JHQHUDWH nWWHG SULFHV� ZKLFK ZHUH WKHQ SHUWXUEHG� 7KH UHVXOWLQJ SVHXGR�SULFHV ZHUH

WKHQ XVHG WR HVWLPDWH WKH LPSOLHG 3')� 6�RGHUOLQG ������ HVWLPDWHG LPSOLHG 3')V IURP

DFWXDO SULFHV DQG WKHQ DSSOLHG 0RQWH &DUOR PHWKRGV WR WKH nWWHG RSWLRQ SULFHV� 7ZR HUURU

GLVWULEXWLRQV ZHUH H[DPLQHG� LQ WKH nUVW H[SHULPHQW 6�RGHUOLQG XVHG QRUPDOO\ GLVWULEXWHG

SHUWXUEDWLRQV ZLWK YDULDQFH HTXDO WR WKH REVHUYHG YDULDQFH RI WKH DFWXDO nWWHG SULFH HUURUV�

LQ WKH VHFRQG H[SHULPHQW 6�RGHUOLQG UHVDPSOHG IURP WKH DFWXDO nWWHG SULFH HUURUV� 7R H[DPLQH

WKH UHVXOWLQJ GLVWULEXWLRQV 6�RGHUOLQG SORWWHG WKH WLPH VHULHV RI PHDQV� �WK DQG ��WK SHUFHQWLOHV

RI WKH GLVWULEXWLRQ HDFK GD\ IRU nYH PRQWKV DQG � GLmHUHQW FRQWUDFW W\SHV� 7KH FRQnGHQFH

LQWHUYDOV ZHUH GHHPHG WR EH QDUURZ�� &RRSHU ������ JHQHUDWHV 3')V IURP DQ DVVXPHG +HVWRQ

VWRFKDVWLF YRODWLOLW\ SURFHVV DQG WKHQ JHQHUDWHV SVHXGR�SULFHV IURP WKH 3')V� &RRSHU WKHQ

DSSOLHV WKH WHVW PHWKRGRORJ\ GHYHORSHG LQ WKLV SDSHU WR WKH SVHXGR�SULFHV�

�,W LV VRPHZKDW GLpFXOW WR LQWHUSUHW WKHVH HUURU EDQGV� )RU HDFK YDOXH RI ; WKH FRQnGHQFH LQWHYDOV
UHSUHVHQW WKH FRQnGHQFH EDQG IRU WKH 3') DW WKDW VLQJOH SRLQW� +RZHYHU� WDNHQ WRJHWKHU WKH ORZHU ERXQG
QHFHVVDULO\ LQWHJUDWHV WR OHVV WKDQ XQLW\� DQG WKH XSSHU ERXQG LQWHJUDWHV WR PRUH WKDQ XQLW\� 7KXV� XQOLNH
FRQnGHQFH LQWHUYDOV IRU DQ HVWLPDWHG SDUDPHWHU� ZKLFK UHSUHVHQW SRVVLEOH YDOXHV IRU WKDW SDUDPHWHU� WKH
FRQnGHQFH LQWHUYDOV 6�RGHUOLQG DQG 6YHQVVRQ ������ DQG 0HOLFN DQG 7KRPDV ������ HVWLPDWH GR QRW UHSUHVHQW
SRVVLEOH 3')V�

�7KH FRQnGHQFH LQWHUYDOV ZHUH ��� SHUFHQW ZLGH IRU LQWHUHVW UDWHV WKDW YDU\ DSSUR[LPDWHO\ ��� SHUFHQW
RYHU WKH HQWLUH VDPSOH SHULRG� 2WKHUV PLJKW UHDVRQDEO\ FRQVLGHU WKLV UDQJH WR EH ZLGH�

�



$GYRFDWHV RI WKH SVHXGR�SULFHV DSSURDFK XVHG E\ 6�RGHUOLQG ������ DQG &RRSHU ������

DUJXH WKDW E\ EHJLQQLQJ ZLWK D NQRZQ 3') RQH FDQ FRPSDUH WKH nWWHG LPSOLHG 3')V WR

WKH ?WUXH� 3') WR H[DPLQH KRZ ZHOO WKH HVWLPDWHG 3')V nW WKH RULJLQDO 3')V� 7KLV LV

FRUUHFW� EXW PD\ EH RI OLPLWHG XVHIXOQHVV� *RRGQHVV�RI�nW UHVXOWV PD\ QRW JHQHUDOLVHG WR

3')V RXWVLGH WKH VHW H[DPLQHG� $ GRXEOH�ORJQRUPDO LPSOLHG 3') HVWLPDWLRQ PHWKRG PD\

GR ZHOO ZKHQ WKH DVVXPHG 3') KDV D GRXEOH�ORJQRUPDO IXQFWLRQDO IRUP� EXW PD\ GR OHVV

ZHOO ZKHQ WKH DVVXPHG 3') LV DQRWKHU GLVWULEXWLRQ� 1HLWKHU 6�RGHUOLQG QRU &RRSHU FRQVLGHU

WKLV LVVXH� 6LQFH ZH FDQQRW NQRZ WKH WUXH GLVWULEXWLRQ XQGHUO\LQJ DFWXDO RSWLRQ SULFHV� LW LV

GLpFXOW WR H[WUDSRODWH IURP VXFK H[SHULPHQWV WR SUDFWLFDO DSSOLFDWLRQV�

7KH UREXVWQHVV UHVXOWV RI ERWK SDUDPHWHU YDULDQFH�FRYDULDQFH PDWUL[ DQG SVHXGR�SULFH

DSSURDFKHV DUH DSW WR EH PLVOHDGLQJ IRU DQRWKHU UHDVRQ� 6WDELOLW\ RI DQ HVWLPDWHG 3')

KDV WZR FRPSRQHQWV� WKH WKHRUHWLFDO VWDELOLW\ DW WKH VROXWLRQ� DQG WKH VWDELOLW\ RI WKH FRQ�

YHUJHQFH WR D VROXWLRQ� 6�RGHUOLQG DQG 6YHQQVRQ ������ DQG 0HOLFN DQG 7KRPDV ������

H[DPLQHG RQO\ WKH VWDELOLW\ DW WKH VROXWLRQ� 7KHVH VWXGLHV UHO\ RQ DVVXPHG GLVWULEXWLRQV IRU

HVWLPDWHG SDUDPHWHUV DQG RQ HVWLPDWHG�YDULDQFH FRYDULDQFH PDWULFHV� 7KLV DSSURDFK LV RSHQ

WR WKH FULWLFLVP WKDW DFWXDO SDUDPHWHU GLVWULEXWLRQV PD\ EH IDU GLmHUHQW WKDQ WKH DVVXPHG

GLVWULEXWLRQ�

7KH RWKHU FRPSRQHQW RI VWDELOLW\ LV WKH VWDELOLW\ RI WKH FRQYHUJHQFH WR WKH RULJLQDO VR�

OXWLRQ� 0HWKRGV VXFK DV 6�RGHUOLQG ������ DQG &RRSHU ������ WKDW XVH GDWD FUHDWHG IURP

LGHDOL]HG 3')V_HLWKHU nWWHG YDOXHV RU VLPXODWHG IURP DVVXPHG VWRFKDVWLF SURFHVVHV_DUH

LPSRVLQJ D GHJUHH RI VPRRWKQHVV LQ WKH VLPXODWHG GDWD WKDW PD\ QRW EH FRQJUXHQW ZLWK

UHDOLW\� 3HUWXUELQJ nWWHG� UDWKHU WKDQ DFWXDO� SULFHV PD\ UHVXOW LQ TXLWH GLmHUHQW FRQYHU�

JHQFH EHKDYLRU RI WKH RSWLPL]LQJ DOJRULWKP� $FWXDO nWWHG�SULFH HUURUV PD\ EH ODUJHU WKDQ

WKH VPDOO SHUWXUEDWLRQV XVHG LQ &RRSHU ������� 6�RGHUOLQG ������� E\ UHVDPSOLQJ IURP DFWXDO

nWWHG SULFH HUURUV� RmHUV D VRPHZKDW EHWWHU PHWKRGRORJ\� +RZHYHU� ZKHUH DFWXDO nWWHG SULFH

HUURUV DUH QRW KRPRVNHGDVWLF DQG LQGHSHQGHQW DFURVV VWULNHV� KLV PHWKRG PD\ VWLOO PLVOHDG�

,Q ERWK FDVHV� WKH FRQYHUJHQFH RI WKH RSWLPL]DWLRQ PD\ EH LQoXHQFHG E\ WKH ZHOO�EHKDYHG

QDWXUH RI WKH DVVXPHG IXQFWLRQDO IRUP RI WKH 3')V XVHG WR JHQHUDWH SVHXGR�SULFHV�

2QO\ E\ SHUWXUELQJ DFWXDO RSWLRQ SULFHV FDQ ZH H[DPLQH WKH UREXVWQHVV RI HVWLPDWHG

LPSOLHG 3')V LQ DQ HQYLURQPHQW WKDW DSSUR[LPDWHV WKH UHDO ZRUOG� 8QWLO WKLV SDSHU WKHUH

�



KDV EHHQ QR V\VWHPDWLF FRPSDULVRQ RI WKH DEVROXWH DQG UHODWLYH UREXVWQHVV RI LPSOLHG 3')

HVWLPDWLRQ PHWKRGV WR PHDVXUHPHQW HUURUV LQ DFWXDO RSWLRQ SULFHV��

��� 6RXUFHV RI (UURU LQ 2SWLRQ 3ULFHV

7KH SULFHV XVHG DV LQSXWV IRU HVWLPDWLQJ LPSOLHG 3')V DUH VXEMHFW WR YDULRXV HUURUV WKDW

FDXVH WKH REVHUYHG SULFHV WR GHYLDWH IURP WKRVH ZH H[SHFW ZRXOG REWDLQ LQ D IULFWLRQOHVV

ZRUOG� WKH ZRUOG HQYLVLRQHG LQ WKH PRGHOV ZH LQYHUW LQ RUGHU WR HVWLPDWH GLVWULEXWLRQV IURP

SULFHV� 7KHVH LQFOXGH�

q 'DWD HUURUV_PLVWDNHV LQ WKH UHFRUGLQJ DQG UHSRUWLQJ RI SULFHV�

q 1RQ�V\QFKURQLFLW\_DULVLQJ IURP WKH QHHG WR XVH PXOWLSOH VLPXOWDQHRXV SULFHV �RSWLRQ

DQG XQGHUO\LQJ YDOXHV� DV LQSXWV WR WKH PRGHO�

q /LTXLGLW\ SUHPLD_DULVLQJ IURP WKH SRWHQWLDO LPSDFW RI GLmHUHQWLDO OLTXLGLW\ RQ SULFHV�

q 'LVFUHWHQHVV_DULVLQJ IURP TXRWLQJ� WUDGLQJ DQG UHSRUWLQJ RI SULFHV LQ GLVFUHWH LQFUH�

PHQWV�

,W LV IUHTXHQWO\ SRVVLEOH WR REWDLQ HYLGHQFH VXJJHVWLYH RI SULFLQJ HUURUV� WKRXJK LW LV QRW

DOZD\V SRVVLEOH WR GHWHUPLQH ZKHWKHU WKHUH LV LQ IDFW DQ HUURU� RU RI ZKDW W\SH� 6XVSL�

FLRXV FLUFXPVWDQFHV ZRXOG LQFOXGH D VHULHV RI RSWLRQ SULFHV ZKLFK YLRODWH EDVLF DUELWUDJH

UHVWULFWLRQV VXFK DV PRQRWRQLFLW\ �FDOO SULFHV VKRXOG GHFUHDVH DV H[HUFLVH SULFHV LQFUHDVH� RU

FRQYH[LW\ �SULFHV RI RSWLRQ WULSOHWV VKRXOG EH FRQYH[ LQ WKHLU H[HUFLVH SULFHV�� $QRWKHU ED�

VLF QR�DUELWUDJH UHODWLRQ LV SXW�FDOO SDULW\� 7KLV PD\ EH YHULnHG IRU LQGLYLGXDO VWULNHV XVLQJ

REVHUYHG YDOXHV IRU WKH XQGHUO\LQJ DVVHW
V SULFH DQG WKH ULVNOHVV LQWHUHVW UDWH WR WHVW SXW�

FDOO SDULW\ IRU HDFK SDLU RI SXWV DQG VWULNHV� $OWHUQDWLYHO\� LI VRPH GRXEW H[LVWV DV WR WKH

DSSURSULDWH YDOXHV IRU WKH XQGHUO\LQJ DVVHW DQG ULVN�IUHH UDWH �7UHDVXU\ ELOOV PD\ QRW EH D

JRRG SUR[\�� D FURVV VHFWLRQ RI SXWV DQG FDOOV PD\ EH WHVWHG VLPXOWDQHRXVO\ E\ nQGLQJ WKH

XQGHUO\LQJ SULFH DQG LQWHUHVW UDWH YDOXHV WKDW PLQLPL]H SXW�FDOO SDULW\ YLRODWLRQV DFURVV DOO

�7KH UHVDPSOLQJ DSSURDFK RI 0HOLFN DQG 7KRPDV ������ LV D SODXVLEOH DOWHUQDWLYH ZKHUH WKHUH DUH VXp�
FLHQW XVDEOH VWULNHV DYDLODEOH LQ HDFK FURVV�VHFWLRQ RI SULFHV� 0HOLFN DQG 7KRPDV OLPLWHG WKHLU VWXG\ WR RQH
HVWLPDWLRQ PHWKRG DQG D VLQJOH FURVV�VHFWLRQ RI SULFHV�

�



SXW�FDOO SDLUV� DQG WKHQ H[DPLQLQJ WKH PDJQLWXGH RI YLRODWLRQV JLYHQ WKHVH ?EHVW nW� YDOXHV�

:KHQ YLRODWLRQV RI WKHVH QR�DUELWUDJH UHVWULFWLRQV RFFXU� LW LV XQFOHDU ZKHWKHU LW LV GXH WR

GDWD HUURUV� QRQ�V\QFKURQLFLW\� RU OLTXLGLW\ SUHPLD�

7KH GDWD XVHG LQ WKLV VWXG\ FRQVLVW RI VHWWOHPHQW SULFHV� ZKLFK DUH XVHG WR PDUN SRVLWLRQV

WR PDUNHW DW WKH HQG RI HDFK GD\
V WUDGLQJ� 6HWWOHPHQW SULFHV DUH VHW E\ WKH H[FKDQJH DW

WKH HQG RI WUDGLQJ� +RZHYHU� DV PRVW RSWLRQ VWULNHV WUDGH LQIUHTXHQWO\ DQG ZLWK JUHDW

YDULDWLRQV LQ WLPH�RI�ODVW�WUDGH� WKH PDUNHW LQIRUPDWLRQ XVHG E\ WKH H[FKDQJH ZKHQ VHWWLQJ

VHWWOHPHQW SULFHV LV OLNHO\ WR EH QRQ�V\QFKURQRXV� 8QOHVV WKH /,))( DFWLYHO\ FRUUHFWV IRU

QRQ�V\QFKURQLFLW\� WKH SUREOHP ZLOO EH WUDQVIHUHG WR VLPXOWDQHRXVO\ GHWHUPLQHG VHWWOHPHQW

SULFHV�

7R WKH GHJUHH WKDW OLTXLGLW\ LV UHoHFWHG LQ RSWLRQV SULFHV� LW UHSUHVHQWV D PLVVSHFLnFDWLRQ

RI WKH PRGHO WKDW ZH XVH WR LQIHU XQREVHUYDEOHV VXFK DV LPSOLHG YRODWLOLW\ DQG 3')V IURP

RSWLRQ SULFHV� 7KHUH LV DEXQGDQW HYLGHQFH RI GLmHUHQWLDO OLTXLGLW\ DFURVV RSWLRQV ZLWK GLmHUHQW

VWULNHV IRU WKH VDPH H[SLU\� 8QIRUWXQDWHO\� WKHUH LV QR RSWLRQ SULFLQJ PRGHO �WKDW ZH DUH

DZDUH RI� WKDW LQFRUSRUDWHV OLTXLGLW\ LQWR SULFLQJ HTXDWLRQV� (YHQ LI WKHUH ZHUH� OLTXLGLW\ LV

WLPH�YDU\LQJ DQG GLpFXOW WR PHDVXUH� 7KXV� WKH SRWHQWLDO LPSDFWV RI GLmHUHQWLDO OLTXLGLW\ RQ

WKH YDOXHV GHULYHG IURP RSWLRQV SULFHV LV D FXUUHQWO\ XQUHVROYHG SUREOHP� 7KH SUREOHP FDQ

KRZHYHU EH PLWLJDWHG E\ XVLQJ RQO\ WKH PRVW OLTXLG VWULNHV_LPSOLFLWO\ DVVXPLQJ WKDW WKHUH

LV QR SUHPLXP IRU OLTXLG RSWLRQV� RQO\ GLVFRXQWV IRU LOOLTXLG RQHV� 'RLQJ WKLV KDV WKH DGGHG

DGYDQWDJH RI UHGXFLQJ WKH SRWHQWLDO VHYHULW\ RI QRQ�V\QFKURQLFLW\ SUREOHPV� 7KLV DSSURDFK LV

SUDFWLFDO ZKHQ FRPSXWLQJ LPSOLHG YRODWLOLWLHV� ZKHQ ZH DUH LQWHUHVWHG LQ UHSUHVHQWDWLYH YDOXHV

IRU WLPH�VHULHV DSSOLFDWLRQ� UDWKHU WKDQ WKH FURVV VHFWLRQ RI LPSOLHG YRODWLOLWLHV� +RZHYHU�

ZKHQ FRPSXWLQJ LPSOLHG 3')V� UHVWULFWLQJ WKH HVWLPDWLRQ WR WKH PRVW OLTXLG LVVXHV OLPLWV WKH

UDQJH RI DYDLODEOH VWULNHV DQG WKXV� WR WKH H[WHQW WKDW WKHUH LV LQIRUPDWLRQ LQ WKH LOOLTXLG VWULNH

TXRWHV� OLPLWLQJ WKH LQIRUPDWLRQ LQFRUSRUDWHG LQWR WKH HVWLPDWHG LPSOLHG 3')� )XUWKHUPRUH�

DV RQO\ WKH IRXU RU nYH QHDUHVW�WKH�PRQH\ VWULNHV WUDGH UHDVRQDEO\ RIWHQ� UHVWULFWLQJ RXU

VDPSOH WR WKHVH IHZ ZRXOG SUHFOXGH DSSOLFDWLRQ RI LPSOLHG 3') HVWLPDWLRQ PHWKRGV ZLWK

PRUH WKDQ IRXU RU nYH SDUDPHWHUV�

,W LV ZRUWK QRWLQJ WKDW RSWLRQ SULFHV FDQ SURYLGH LQIRUPDWLRQ DERXW WKH XQGHUO\LQJ GHQVLW\

IXQFWLRQ RQO\ DW WKHLU VWULNH SULFHV� 7KH VKDSH RI WKH GHQVLW\ IXQFWLRQ EHWZHHQ VWULNHV PD\
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EH FRQVWUXFWHG E\ VPRRWKLQJ� ,I WKH VWULNHV DUH QRW WRR ZLGHO\ VSDFHG DQG WKH 3') QRW WRR

LOO�EHKDYHG� WKLV VPRRWKQHVV DVVXPSWLRQ LV OLNHO\ WR EH LQQRFXRXV� +RZHYHU� D FURVV VHFWLRQ

RI RSWLRQV FDQ RQO\ WHOO XV WKH WRWDO SUREDELOLW\ PDVV DERYH WKH KLJKHVW VWULNH DQG EHORZ

WKH ORZHVW VWULNH� DQG WKDW LPSHUIHFWO\� 7KH VKDSH RI WKH WDLOV EH\RQG WKH UDQJH RI LQFOXGHG

VWULNHV LV HQWLUHO\ DQ DUWLIDFW RI WKH 3') HVWLPDWLRQ PHWKRG XVHG� 8QIRUWXQDWHO\� HVWLPDWHV

RI KLJKHU PRPHQWV VXFK DV VNHZQHVV DQG NXUWRVLV DUH VHQVLWLYH WR VPDOO YDULDWLRQV LQ WKH WDLOV

RI WKH GLVWULEXWLRQ� ,W LV WKXV GHVLUDEOH WR XVH DV ZLGH D UDQJH RI VWULNHV DV SRVVLEOH VR DV WR

UHGXFH WKH UHOLDQFH RQ XQYHULnDEOH DVVXPSWLRQV DERXW WKH IXQFWLRQDO IRUP RI WKH 3')�

7KH GLVFUHWHQHVV ZLWK ZKLFK SULFHV DUH TXRWHG LPSRVHV DQ LUUHGXFLEOH OHYHO RI XQFHUWDLQW\

DV WR WKH XQGHUO\LQJ ?WUXH� RU HTXLOLEULXP SULFH RI DQ RSWLRQ� (YHQ LI QR GDWD HUURUV RFFXU LQ

WKH UHSRUWLQJ SURFHVV DQG WKHUH DUH QR QRQ�V\QFKURQLFLW\ DQG OLTXLGLW\ HUURUV� LW UHPDLQV WKH

FDVH WKDW ZH FDQQRW NQRZ WR DQ DFFXUDF\ RI OHVV WKDQ RQH KDOI D WLFN ZKDW SULFH WKH RSWLRQ

ZRXOG KDYH WUDGHG DW LI SULFHV ZHUH TXRWHG RQ D FRQWLQXXP RI SRVLWLYH UHDO QXPEHUV�

��� :HLJKWLQJ

,Q nWWLQJ DQ LPSOLHG 3')� UHJDUGOHVV RI WKH PHWKRG XVH� WKH REMHFWLYH LV WR PLQLPL]H VRPH

IXQFWLRQ RI WKH GLVWDQFH EHWZHHQ WKH REVHUYHG FDOO DQG SXW SULFHV� &L� DQG 3L� L  �� � � � � 1 �

DQG WKH nWWHG SULFHV GHULYHG IURP WKH HVWLPDWHG 3')� A&L DQG A3L� ,Q D PD[LPXP OLNHOLKRRG

IUDPHZRUN� ZKHUH WKH HUURUV DWWDFKHG WR WKH REVHUYHG SULFHV DUH DVVXPHG WR EH QRUPDOO\

GLVWULEXWHG ZLWK PHDQ ]HUR DQG YDULDQFHV s�L � ZH ZRXOG KDYH
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DQG 13 DUH UHVSHFWLYHO\ WKH QXPEHUV RI FDOO DQG SXW SULFHV WR EH nWWHG� 'HnQLQJ ZL s � s�L
ZH VHH WKDW WKLV REMHFWLYH IXQFWLRQ LV MXVW ZHLJKWHG OHDVW VTXDUHV�
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:KLOH LQ WKLV SDSHU ZH GR QRW XVH PD[LPXP OLNHOLKRRG RU LPSRVH WKH QRUPDOLW\ DVVXPSWLRQ�

ZH GR UHWDLQ WKH ZHLJKWHG VTXDUHG nWWHG SULFH HUURU ORVV IXQFWLRQ� 8QIRUWXQDWHO\� sL LV QRW

NQRZQ DQG PXVW EH LQIHUUHG� 7KH GHWHUPLQDWLRQ RI sL GHSHQGV LQ WXUQ RQ ZKLFK VRXUFHV RI

HUURU LQ TXRWHG RU nWWHG SULFHV ZH ZLVK WR FRQVLGHU� (UURUV LQ WKH LQSXWV WR WKH nWWHG SULFH

FRPSXWDWLRQV� DV ZHOO DV HUURUV LQ WKH REVHUYHG SULFHV� DOO FRQWULEXWH WR sL�

)LWWHG SULFHV DUH IXQFWLRQV RI WKH VWULNH SULFH� .� WKH XQGHUO\LQJ DVVHW
V FXUUHQW SULFH�

6� WKH WLPH WR H[SLU\� ~ � WKH ULVNOHVV UDWH U� DQG WKH ULVN QHXWUDO GLVWULEXWLRQ RI YDOXHV RI

WKH XQGHUO\LQJ DVVHW DW H[SLU\� WKH 3')� 7KH VWULNH SULFH LV D FRQWUDFWXDO SDUDPHWHU DQG LV

NQRZQ ZLWK FHUWDLQW\� DV LV WKH H[SLU\ GDWH� 8QFHUWDLQW\ UHJDUGLQJ SUHFLVH WLPH�RI�TXRWH LV

JHQHUDOO\ D WLQ\ IUDFWLRQ RI WLPH�WR�H[SLU\ �PLQXWHV RU KRXUV UDWKHU WKDQ ZHHNV RU PRQWKV�

DQG RSWLRQ SULFHV DUH QRW VHQVLWLYH WR VPDOO FKDQJHV LQ WLPH�WR�H[SLU\� 7KXV� IRU DOO SUDFWLFDO

SXUSRVHV ZH PD\ FRQVLGHU WLPH�WR�H[SLU\ DV NQRZQ ZLWK FHUWDLQW\� 7KH ULVNOHVV UDWH LV PRUH

SUREOHPDWLF� 3UR[LHV� VXFK DV DQ HTXLYDOHQW�PDWXULW\ 7�%LOO UDWH� PD\ EH DmHFWHG E\ PDUNHW

PLFURVWUXFWXUH IDFWRUV XQUHODWHG WR WKH UDWHV DW ZKLFK PDUNHW SDUWLFLSDQWV FDQ ERUURZ DQG

OHQG DW �VHH 'XmHH� ����� DQG RWKHU PRQH\ PDUNHW UDWHV PD\ HPEHG QRQ�HTXLYDOHQW GHIDXOW

SUHPLD� )RUWXQDWHO\� OLNH WLPH�WR�H[SLU\� VPDOO YDULDWLRQV LQ GLVFRXQW UDWHV KDYH D QHJOLJLEOH

HmHFW RQ RSWLRQ SULFHV��

8QFHUWDLQW\ UHJDUGLQJ WKH YDOXH RI WKH XQGHUO\LQJ DVVHW LV DQ LPSRUWDQW IDFWRU LQ GHWHU�

PLQLQJ WKH XQFHUWDLQW\ UHJDUGLQJ nWWHG RSWLRQ YDOXHV� &KDQJHV LQ WKH YDOXH RI WKH XQGHUO\LQJ

DVVHW KDYH D ODUJH LPSDFW RQ WKH WKHRUHWLFDO YDOXH RI DOO EXW GHHS RXW�RI�WKH PRQH\ RSWLRQV�

8QFHUWDLQW\ UHJDUGLQJ WKH YDOXH RI WKH XQGHUO\LQJ DVVHW DULVHV IURP XQFHUWDLQW\ DV WR WKH

H[DFW WLPH DW ZKLFK WKH SULFH RI WKH RSWLRQ ZDV GHWHUPLQHG DQG KHQFH ZKLFK LQWUD�GD\ YDOXH

RI WKH XQGHUO\LQJ DVVHW VKRXOG EH XVHG� /DVWO\� XQFHUWDLQW\ UHJDUGLQJ WKH SUREDELOLW\ GLVWUL�

EXWLRQ RI WKH YDOXH RI WKH XQGHUO\LQJ DVVHW LV DOVR DQ LPSRUWDQW FRPSRQHQW RI WKH XQFHUWDLQW\

UHJDUGLQJ WKH nWWHG RSWLRQ YDOXHV�

7KXV� LQ GHWHUPLQLQJ sL ZH VKRXOG LGHDOO\ FRQVLGHU WKUHH SRWHQWLDO VRXUFHV RI HUURU� QRQ�

V\QFKURQLFLW\� XQFHUWDLQW\ UHJDUGLQJ WKH GLVWULEXWLRQ RI IXWXUH YDOXHV RI WKH XQGHUO\LQJ DVVHW�

DQG XQFHUWDLQW\ UHJDUGLQJ WKH DFWXDO HTXLOLEULXP SULFH DULVLQJ IURP TXRWH GLVFUHWHQHVV� :H

�)RU RSWLRQV VXFK DV 6KRUW 6WHUOLQJ WKDW KDYH D SD\�DW�H[HUFLVH IHDWXUH� ERWK WLPH�WR�H[SLU\ DQG WKH
ULVNOHVV UDWH GURS RXW RI WKH SULFLQJ HTXDWLRQV�

��



PD\ VDIHO\ LJQRUH RWKHU IDFWRUV� 8QIRUWXQDWHO\� WKHUH LV QR VLPSOH RU JHQHUDOO\ DFFHSWHG

PDQQHU IRU PRGHOLQJ DOO RI WKHVH HmHFWV�

(UURUV DULVLQJ IURP QRQ�V\QFKURQLFLW\ DmHFW WKH YDOXHV RI WKH XQGHUO\LQJ DVVHW� 6� 7KHVH

LQ WXUQ DUH UHODWHG WR WKH FDOO �DQG SXW� SULFH WKURXJK GHOWD� c s #& #6� 7KXV� DQ HUURU RI

q6 LQ PHDVXULQJ WKH SULFH RI WKH XQGHUO\LQJ DVVHW UHVXOWV LQ DQ HUURU IRU WKH RSWLRQ SULFH� q&L

RI

q&L
 

#&L

#6
q6  cLq6�

7KH YDOXH RI c LQFUHDVHV IURP ]HUR IRU GHHS RXW�RI�WKH�PRQH\ RSWLRQV WR DSSUR[LPDWHO\

��� IRU DW�WKH�PRQH\ RSWLRQV DQG WKHQ XQLW\ IRU GHHS LQ�WKH�PRQH\ RSWLRQV� 7UDQVODWLQJ

XQFHUWDLQW\ DERXW WKH FXUUHQW YDOXH RI WKH XQGHUO\LQJ DVVHW� ZKLFK LV WKH VDPH IRU DOO VWULNHV�

LQWR XQFHUWDLQW\ DERXW WKH RSWLRQ SULFH OHDGV WR LQYHUVH�c ZHLJKWLQJ �ZL  � c
�
L �� +RZHYHU�

WKLV KDV WKH GLVDGYDQWDJH RI WKH ZHLJKWV EHFRPLQJ H[FHVVLYHO\ ODUJH DV c � � IRU GHHS

RXW�RI�WKH�PRQH\ RSWLRQV� ZKLFK DUH DOVR WKH PRVW LOOLTXLG�

(UURUV DULVLQJ IURP XQFHUWDLQW\ DERXW WKH GLVWULEXWLRQ RI IXWXUHV YDOXHV RI WKH XQGHUO\LQJ

DVVHW UHODWH WKH XQNQRZQ 3') GLUHFWO\ WR WKH RSWLRQ SULFHV� ,Q WKH FRQWH[W RI WKH %ODFN�

6FKROHV SULFLQJ PRGHO WKH XQFHUWDLQW\ FRQFHUQLQJ WKH 3') OLHV RQO\ LQ WKH XQREVHUYDEOH

YRODWLOLW\ SDUDPHWHU } DV LW LV DVVXPHG WKH RWKHU SDUDPHWHUV DUH REVHUYDEOH DQG WKH IXQFWLRQDO

IRUP RI WKH GLVWULEXWLRQ LV DVVXPHG WR EH ORJQRUPDO� 7KH UHODWLRQ EHWZHHQ YRODWLOLW\� }� DQG

FDOO �DQG SXW� SULFH LV WHUPHG y �YHJD�

y s #&

#}
�

7KH YDOXH RI y DSSURDFKHV ]HUR IRU GHHS RXW�RI� DQG LQ�WKH�PRQH\ RSWLRQV DQG UHDFKHV D

PD[LPXP IRU DW�WKH�PRQH\ RSWLRQV� 7KLV LV EHFDXVH WKH YDOXH RI IDU DZD\�IURP�WKH�PRQH\

RSWLRQV LV DOPRVW HQWLUHO\ GHWHUPLQHG E\ WKH LQWULQVLF YDOXH� DQG WKH WLPH YDOXH� ZKLFK

GHSHQGV RQ }� LV YDQLVKLQJO\ VPDOO� ,I ZH DVVXPH WKDW XQFHUWDLQW\ UHJDUGLQJ LPSOLHG YRODWLOLW\

LV WKH VDPH DFURVV VWULNHV� WUDQVODWLQJ WKLV �KRPRVNHGDVWLF� XQFHUWDLQW\ LQWR XQFHUWDLQW\ DERXW

WKH RSWLRQ SULFH OHDGV WR LQYHUVH�y ZHLJKWLQJ �ZL  � y
�
L �� (TXDO�ZHLJKWLQJ �ZL  �� ZKHQ

nWWLQJ VPRRWKLQJ IXQFWLRQV WR LPSOLHG YRODWLOLWLHV LV WKH VDPH WKLQJ� %RWK ZHLJKWLQJV SURGXFH

WKH QRQ�VHQVLFDO UHVXOW RI JLYLQJ WKH JUHDWHVW ZHLJKW WR RSWLRQV ZLWK WKH ORZHVW y� WKRVH

��



IDUWKHVW DZD\�IURP�WKH�PRQH\� ZKLFK DUH DOVR WKH OHDVW OLTXLG FRQWUDFWV DQG PRVW VXVFHSWLEOH

WR QRQ�V\QFKURQLFLW\ HUURUV� 7KH DOWHUQDWLYH RI y�ZHLJKWLQJ �ZL  y�L � LV LQWXLWLYHO\ DSSHDOLQJ

DV LW ZRXOG SODFH WKH PRVW ZHLJKW RQ QHDU�WKH�PRQH\ RSWLRQV� DQG FRUUHVSRQGLQJ OHVVHU ZHLJKW

RQ DZD\�IURP�WKH�PRQH\ RSWLRQV� 1RQHWKHOHVV� ZLWKRXW D NQRZQ RU DVVXPHG VWUXFWXUH IRU

RSWLRQ SULFLQJ HUURUV� y�ZHLJKWLQJ LV DG KRF�

(TXDO ZHLJKWLQJ RI nWWHG SULFH HUURUV LV DSSURSULDWH ZKHUH WKH VRXUFHV RI SULFH PHDVXUH�

PHQW HUURU DUH KRPRVNHGDVWLF� ,Q WKLV SDSHU ZH IRFXV RQ SULFH HUURUV UHVXOWLQJ IURP WKH

GLVFUHWH WLFN VL]H� ZKLFK LV WKH VDPH IRU DOO RSWLRQV UHJDUGOHVV RI PRQH\QHVV� 2XU PDLQWDLQHG

K\SRWKHVLV LV WKDW WKH GLVFUHWHQHVV ZLWK ZKLFK RSWLRQV DUH TXRWHG LPSRVHV D KRPRVNHGDV�

WLF XQFHUWDLQW\ RQ WKH REVHUYHG SULFHV XQUHODWHG WR WKH GHWHUPLQDQWV RI WKHLU IXQGDPHQWDO

YDOXH� )RU WKLV UHDVRQ ZH XVH HTXDO�ZHLJKWLQJ LQ WKH '/1 PHWKRG DQG VHW ZL  �� �L�
,Q WKH 60/ PHWKRG ZH DUH PLQLPL]LQJ QRW nWWHG SULFH HUURUV� EXW nWWHG LPSOLHG YRODWLOLW\

HUURUV� y�ZHLJKWLQJ WKH nWWHG LPSOLHG YRODWLOLW\ HUURUV LV HTXLYDOHQW WR HTXDOO\ ZHLJKWLQJ WKH

nWWHG SULFH HUURUV RI WKH RSWLRQV IURP ZKLFK WKH WDUJHW LPSOLHG YRODWLOLWLHV DUH GHULYHG XQGHU

WKH %ODFN�6FKROHV PRGHO� )LJXUH � VKRZV WKLV JUDSKLFDOO\ E\ SORWWLQJ� IRU RQH FRQWUDFW� WKH

RSWLRQ SULFHV ZLWK HUURU EDUV FRUUHVSRQGLQJ WR SOXV DQG PLQXV RQH KDOI RI D WLFN �GLpFXOW

WR VHH GXH WR WKH VPDOO WLFN VL]H� WRJHWKHU ZLWK WKH FRUUHVSRQGLQJ LPSOLHG YRODWLOLWLHV IRU

WKH RULJLQDO RSWLRQ SULFHV DQG HUURU EDUV IRU WKH LPSOLHG YRODWLOLWLHV IRU RSWLRQ SULFHV RQH

KDOI WLFN DERYH DQG EHORZ WKH RULJLQDO SULFHV� 7KH nJXUH VKRZV KRZ VPDOO HTXDO VL]HG SULFH

SHUWXUEDWLRQV FDQ SURGXFH YDULDEOH VL]H LPSOLHG YRODWLOLW\ SHUWXUEDWLRQV ZLWK WKH VL]H RI WKH

FKDQJH LQFUHDVLQJ IRU DV VWULNHV PRYH IXUWKHU IURP DW�WKH�PRQH\� 7KXV� WKH 60/ HVWLPDWLRQ

PHWKRG XVHV y�ZHLJKWLQJ ZKHQ nWWLQJ WKH YRODWLOLW\ VPLOH� +RZHYHU� ZKHQ ZH FRPSDUH WKH

WZR PHWKRGV ZH GR VR RQ WKH EDVLV RI WKHLU HTXDOO\�ZHLJKWHG nWWHG SULFH HUURUV�

,W ZRXOG EH GLpFXOW WR GHYLVH DQ LGHDO ZHLJKWLQJ VFKHPH WKDW ZDV QRW FRPSOHWHO\ DG

KRF� RQH WKDW FRXOG DFFRXQW IRU DOO VRXUFHV RI SULFLQJ HUURU� 6XFK D ZHLJKWLQJ VFKHPH ZRXOG

UHTXLUH DQ DV\PPHWULF IXQFWLRQ WKDW SODFHG JUHDWHVW ZHLJKW RQ QHDU�WKH�PRQH\ RSWLRQV DQG

GHFUHDVLQJ ZHLJKW RQ DZD\�IURP�WKH�PRQH\ RSWLRQV� EXW ZLWK ZHLJKWV IDOOLQJ Rm IDVWHU IRU

LQ�WKH�PRQH\ RSWLRQV WKDQ IRU RXW�RI�WKH�PRQH\ RSWLRQV� 7KH FKRLFH RI ZHLJKWLQJ VFKHPH LV

OLNHO\ WR EH OHVV LPSRUWDQW LI nWWHG SULFH HUURUV DUH VPDOO� )RUWXQDWHO\� DERXW �� SHUFHQW RI

WKH nWWHG SULFH HUURUV LQ RXU HVWLPDWLRQV DUH OHVV WKH RQH�KDOI RI D WLFN� 7R HQVXUH WKDW WKH

��



IXOO VDPSOH UHVXOWV DUH QRW GHSHQGHQW RQ FKRLFH RI ZHLJKWLQJ VFKHPH ZH WHVW VHYHUDO ZHLJKWLQJ

VFKHPHV XVLQJ D VXEVHW RI WKH GDWD XVHG LQ WKLV VWXG\�

��� 0HDQ�)RUZDUG 3ULFH (TXDOLW\

2SWLRQ WKHRU\ GLFWDWHV WKDW WKH PHDQ RI WKH ULVN QHXWUDO 3') VKRXOG HTXDO WKH FXUUHQWO\

REVHUYHG IRUZDUG SULFH RI WKH XQGHUO\LQJ DVVHW� ,Q WKH '/1 SURFHGXUH� LW LV SRVVLEOH WR

LPSRVH WKH IRUZDUG�PHDQ HTXDOLW\ DV D FRQVWUDLQW XVLQJ WKH IXWXUHV SULFH DV D SUR[\ IRU WKH

IRUZDUG SULFH� WKXV UHGXFLQJ WKH IUHH SDUDPHWHUV IURP nYH WR IRXU� +RZHYHU� WKLV WKHRUHWLFDO

UHODWLRQ LV QRW UHTXLUHG E\ WKH PDWKHPDWLFV XQGHUO\LQJ WKH '/1 PHWKRG� LW IROORZV IURP

UHODWHG� EXW VHSDUDWH� DUELWUDJH DUJXPHQWV� 7KLV FRQVWUDLQW ZLOO XVXDOO\ EH ELQGLQJ DQG ZLOO

GHJUDGH WKH JRRGQHVV�RI�nW� 1RW LPSRVLQJ WKH FRQVWUDLQW DOORZV XV WR VHH KRZ FORVHO\ WKH

HVWLPDWHG 3') FRQIRUPV WR WKH WKHRUHWLFDO UHVWULFWLRQ RQ WKH PHDQ� LQ HmHFW� KRZ ZHOO WKH

XQGHUO\LQJ FRQGLWLRQV IRU QR�DUELWUDJH KROG� 7KH FKRLFH LV D PDWWHU RI WDVWH��

%\ FRQVWUXFWLRQ WKH 60/ PHWKRG SULFHV D ]HUR�VWULNH FDOO WR EH HTXDO WR WKH YDOXH RI WKH

XQGHUO\LQJ DVVHW� 7KH YDOXH RI D ]HUR�VWULNH FDOO LV MXVW WKH H[SHFWHG YDOXH RI WKH XQGHUO\LQJ

DVVHW DW H[SLU\��� )RU WKH 67/* RSWLRQV XVHG LQ WKLV VWXG\� WKH XQGHUO\LQJ LV WKH IXWXUHV

SULFH 7KH )76( RSWLRQV� ZKLOH RSWLRQV RQ DQ LQGH[� FDQ EH WKRXJKW RI DV DQ RSWLRQ RQ WKH

IXWXUHV RQ WKH LQGH[ DV WKH IXWXUHV FRQWUDFW H[SLUHV DW WKH VDPH WLPH DV WKH RSWLRQ DQG VR

ZLOO KDYH WKH VDPH YDOXH DV WKH LQGH[ DW RSWLRQ H[SLUDWLRQ� 7KXV� WKH 60/ PHWKRG QDWXUDOO\

HQIRUFHV WKH IRUZDUG�PHDQ FRQVWUDLQW� DEVWUDFWLQJ IURP IRUZDUG�IXWXUHV GLmHUHQFHV�

� 6WDELOLW\ 7HVW 0HWKRGRORJ\

7KH VWDELOLW\ RI DQ HVWLPDWHG IXQFWLRQ� DV XVHG LQ WKLV SDSHU� LV D PHDVXUH RI KRZ PXFK

HVWLPDWHV DUH OLNHO\ WR EH DmHFWHG E\ GDWD LPSHUIHFWLRQV RU FRPSXWDWLRQDO SUREOHPV� 7KHUH

DUH VHYHUDO PHWKRGV RI DVVHVVLQJ VWDELOLW\� )RU VLPSOH OLQHDU PRGHOV ZH FDQ H[DPLQH WKH

�,Q DQ HDUOLHU YHUVLRQ RI WKLV SDSHU� XVLQJ DSSUR[LPDWHO\ ��� RSWLRQ FURVV�VHFWLRQV DQG �� 0RQWH &DUOR
VLPXODWLRQV SHU FURVV�VHFWLRQ� ZH LPSRVHG WKH PHDQ�IRUZDUG FRQVWUDLQW� 7KH UHVXOWV REWDLQHG ZHUH QRW
TXDOLWDWLYHO\ GLmHUHQW IURP WKRVH ZH SUHVHQW LQ WKLV SDSHU�

��7KLV LV WUXH IRU RSWLRQV RQ IXWXUHV DQG IRU SD\�XSRQ�H[HUFLVH GHIHUUHG SUHPLXP RSWLRQV� )RU QRUPDO
RSWLRQV RQ SRVLWLYH�LQYHVWPHQW XQGHUO\LQJ DVVHWV VXFK DV VWRFNV� WKH YDOXH RI D ]HUR�VWULNH FDOO ZRXOG HTXDO
WKH SUHVHQW YDOXH RI WKH H[SHFWHG YDOXH RI WKH XQGHUO\LQJ DVVHW DW H[SLU\�

��



FRQGLWLRQLQJ RI WKH GDWD PDWUL[� ,W LV ZHOO NQRZQ WKDW DQ LOO FRQGLWLRQHG SUREOHP OHDGV WR

XQVWDEOH HVWLPDWHV��� +RZHYHU� QR VLPSOH HTXLYDOHQW RI WKH FRQGLWLRQ QXPEHU RI D GDWD PDWUL[

H[LVWV IRU PRUH FRPSOLFDWHG HVWLPDWLRQ SURFHGXUHV VXFK DV YDULRXV PHWKRGV RI HVWLPDWLQJ WKH

3')V LPSOLFLW LQ D FURVV�VHFWLRQ RI RSWLRQ SULFHV�

,Q WKLV SDSHU ZH WKHUHIRUH UHO\ RQ UHSHDWHG�HVWLPDWLRQ PHWKRGV� %RRWVWUDS DQG MDFN

NQLIH PHWKRGV DUH RQH SRVVLELOLW\ DOUHDG\ GLVFXVVHG� ,Q WKH SUHVHQW FRQWH[W� WKLV ZRXOG WDNH

WKH IRUP RI UHSHDWHGO\ VHOHFWLQJ D VXEVHW �ZLWK RU ZLWKRXW UHSODFHPHQW� RI WKH RSWLRQ SULFHV

DYDLODEOH LQ D FURVV VHFWLRQ� HVWLPDWLQJ WKH 3') RQ WKLV VDPSOH� DQG UHSHDWLQJ WKH SURFHGXUH

QXPHURXV WLPHV WR EXLOG D GLVWULEXWLRQ RI HVWLPDWHG 3')V� 7KHVH PHWKRGV ZRUN EHVW ZKHUH

WKHUH LV D ODUJH QXPEHU RI RSWLRQ VWULNHV IURP ZKLFK WR VDPSOH� ,Q SUDFWLFH� WKLV LV QRW DOZD\V

WKH FDVH�

$Q DOWHUQDWLYH UH�HVWLPDWLRQ PHWKRG LV WR VOLJKWO\ SHUWXUE WKH LQSXWV DQG WKHQ UH�HVWLPDWH�

7KLV FDQ EH GRQH DQ\ QXPEHU RI WLPHV ZLWK HYHQ D VPDOO QXPEHU RI VWULNHV� 3HUWXUELQJ WKH

GDWD VLPXODWHV WKH HmHFWV RI PHDVXUHPHQW HUURU EHWZHHQ WKH ?WUXH� RSWLRQ YDOXH UHSUHVHQW�

LQJ WKH XQGHUO\LQJ HFRQRPLF IDFWRUV ZH VHHN WR XQFRYHU �WKH PDUNHW FOHDULQJ ULVN�QHXWUDO

GLVWULEXWLRQ RI IXWXUH YDOXHV RI WKH XQGHUO\LQJ DVVHW� DQG WKH REVHUYHG TXRWHV WKDW DGG WR

WKLV LQIRUPDWLRQ QRLVH IURP WKH YDULRXV VRXUFHV RI HUURU GLVFXVVHG DERYH� )XUWKHUPRUH� LI WKH

SHUWXUEDWLRQV DUH FDOLEUDWHG WR WKH VL]H RI WKH SRVVLEOH PHDVXUHPHQW HUURUV� WKH GLVWULEXWLRQ

RI VLPXODWHG 3') VXPPDU\ VWDWLVWLFV SURYLGHV D FRQnGHQFH UHJLRQ IRU DVVHVVLQJ WKH VXPPDU\

VWDWLVWLFV� DQG WKHLU SHULRG�WR�SHULRG FKDQJHV� HVWLPDWHG IURP WKH RULJLQDO XQSHUWXUEHG GDWD�

,Q WKLV SDSHU� ZH LQWURGXFH WKH SULFH�SHUWXUEDWLRQ PHWKRG IRU DVVHVVLQJ WKH VWDELOLW\ RI

3')V HVWLPDWHG IURP RSWLRQV SULFHV� :H DSSO\ WKLV WHFKQLTXH WR WZR PHWKRGV IRU HVWLPDWLQJ

3')V DQG WR RSWLRQV RQ WZR LPSRUWDQW XQGHUO\LQJ DVVHWV�

��� 'DWD

7KH GDWD XVHG LQ WKLV VWXG\ DUH WKH GDLO\ VHWWOHPHQW SULFHV SXEOLVKHG E\ WKH /RQGRQ ,Q�

WHUQDWLRQDO )LQDQFLDO )XWXUHV ([FKDQJH �/,))(�� 7KHVH SULFHV DUH EDVHG RQ TXRWHV DQG

WUDQVDFWLRQV GXULQJ WKH GD\ DQG DUH XVHG WR PDUN RSWLRQV DQG IXWXUHV SRVLWLRQV WR PDUNHW�

��6HH %HOVOH\� .XK DQG :HOFK ������ IRU D GLVFXVVLRQ�

��



7ZR FRQWUDFW W\SHV DUH XVHG WR HQVXUH WKH UHVXOWV DUH QRW FRQWUDFW VSHFLnF� 7KHVH DUH WKH

)76( ��� LQGH[ RSWLRQV �)76(� DQG WKH 6KRUW 6WHUOLQJ IXWXUHV RSWLRQV �67/*�� 'HWDLOV

RI WKH FRQWUDFWV DUH SUHVHQWHG LQ $SSHQGL[ %� 6XPPDU\ VWDWLVWLFV IRU WKH IXOO VDPSOH DQG

nQDO VDPSOH �IROORZLQJ YDULRXV nOWHUV GHVFULEHG EHORZ� DUH SUHVHQWHG LQ 7DEOH �� 7KH RULJLQDO

GDWD VHW FRYHUHG DOO REVHUYHG RSWLRQ FURVV�VHFWLRQV �D VHW RI SXW DQG FDOO SULFHV ZLWK LGHQWLFDO

H[SLULHV REVHUYHG RQ D JLYHQ TXRWDWLRQ GDWH� IRU DOO DYDLODEOH H[SLULHV IRU WKHVH WZR FRQWUDFW

W\SHV GXULQJ ����� ���� )76( RSWLRQ FURVV�VHFWLRQV DQG ���� 67/* RSWLRQ FURVV�VHFWLRQV�

)RU 67/* RSWLRQV� SXW�FDOO SDULW\ DOZD\V KROGV H[DFWO\� VR SXWV DQG FDOOV IRU WKH VDPH

VWULNH DUH UHGXQGDQW� 7KHUHIRUH� IRU WKH 67/* SRUWLRQV RI WKH VWXG\ ZH XVH RQO\ FDOO SULFHV�

)RU )76( RSWLRQV SXW�FDOO SDULW\ GRHV QRW DOZD\V KROG DQG VR )76( SXW DQG FDOO SULFHV

DUH QRW UHGXQGDQW� 5DWKHU WKDQ LQFOXGH ERWK ZH VHHN WR XVH WKH PRVW OLTXLG VWULNHV� $

UHODWHG XQSXEOLVKHG LQYHVWLJDWLRQ E\ %OLVV DQG ;X DW WKH %DQN RI (QJODQG ORRNHG DW GDLO\

WUDGLQJ DQG TXRWDWLRQ DFWLYLW\ IRU ERWK 67/* DQG )76( RSWLRQV FRQWUDFWV DV D IXQFWLRQ

RI PRQH\QHVV� ([FHSW IRU WKH IRXU RU nYH QHDUHVW�WKH�PRQH\ VWULNHV DQG ZLWK H[SLUDWLRQV RI

OHVV WKDQ � PRQWKV� PRVW RSWLRQ VWULNHV DUH QRW TXRWHG RU WUDGHG RQ PRVW GDWHV� 7KDW VWXG\

DOVR FRQnUPHG WKH JHQHUDO XQGHUVWDQGLQJ WKDW RXW�RI�WKH�PRQH\ FDOOV WHQG WR EH PRUH OLTXLG

WKDQ SXWV RI WKH VDPH VWULNH� DQG VLPLODUO\ IRU RXW�RI�WKH�PRQH\ SXWV DQG LQ�WKH�PRQH\ FDOOV�

7KXV ZH XVH RQO\ RXW�RI�WKH�PRQH\ RSWLRQV LQ WKH )76( SRUWLRQV RI WKLV VWXG\�

7KH GDWD ZHUH nOWHUHG WR H[FOXGH RSWLRQ FURVV�VHFWLRQV ZLWK OHVV WKDQ � GD\V WR H[SLU\ RU

OHVV WKDQ nYH ?JRRG� RSWLRQ VWULNHV� $ PLQLPXP RI nYH VWULNHV LV UHTXLUHG WR HVWLPDWH WKH

nYH SDUDPHWHU GRXEOH�ORJQRUPDO IXQFWLRQ� *RRG VWULNHV DUH GHnQHG DV WKRVH ZLWK SRVLWLYH

SXW DQG FDOO SULFHV�� IRU ZKLFK LW LV SRVVLEOH WR FRPSXWH D %ODFN�6FKROHV LPSOLHG YRODWLOLW\

WKDW LV VWULFWO\ JUHDWHU WKDQ ]HUR� 7KHVH WZR nOWHUV UHGXFHG WKH VDPSOH VL]HV WR ���� )76(

RSWLRQ FURVV�VHFWLRQV DQG ��� 67/* RSWLRQ FURVV�VHFWLRQV�

��� &RPSDUDELOLW\ RI (VWLPDWLRQ 0HWKRGV

:KHQ FRPSDULQJ LPSOLHG 3') HVWLPDWLRQ PHWKRGV LW LV LPSRUWDQW WR HQVXUH WKDW LQSXWV RI

WKH WZR PHWKRGV DUH DV VLPLODU DV SRVVLEOH� 7KH JRRGQHVV�RI�nW RI WKH 60/ PHWKRG FDQ EH

��$ZD\�IURP�WKH�PRQH\ 67/* RSWLRQV DUH IUHTXHQWO\ TXRWHG DW WKHLU LQWULQVLF YDOXH �PD[I�� 6 b.J IRU
FDOOV� PD[I��. b 6J IRU SXWV� UHJDUGOHVV RI WLPH WR H[SLU\�

��



FRQWUROOHG ZKLOH WKDW RI WKH '/1 PHWKRG FDQQRW� 7KH '/1 PHWKRG VRPHWLPHV IDLOV HQWLUHO\�

WKXV SURGXFLQJ QR RXWSXW IRU RSWLRQ FURVV�VHFWLRQV IRU ZKLFK WKH 60/ PHWKRG LV VXFFHVVIXO�

,Q HQVXULQJ FRPSDUDELOLW\ RI UHVXOWV ZH DGMXVW IRU ERWK IDFWRUV�

7KHUH LV D QDWXUDO WHQVLRQ EHWZHHQ JRRGQHVV�RI�nW DQG VWDELOLW\� :KLOH QRW LQYDULDEO\

WUXH� RQH H[SHFWV D PHWKRG WKDW nWV WKH GDWD DFFXUDWHO\ WR EH OHVV VWDEOH WR SHUWXUEDWLRQV

RI WKH GDWD� ,Q WKLV SDSHU RXU IRFXV LV RQ VWDELOLW\ DQG VR ZH DEVWUDFW IURP JRRGQHVV�RI�nW

FRQVLGHUDWLRQV� 7KH 60/ PHWKRG LQYROYHV D VPRRWKLQJ SDUDPHWHU� w� ZKLFK FRQWUROV WKH

WUDGH�Rm EHWZHHQ VPRRWKQHVV DQG JRRGQHVV�RI�nW� 7KH '/1 PHWKRG KDV QR VXFK GHJUHH RI

FRQWURO� ,Q WKLV SDSHU� w ZDV VHOHFWHG VR WKDW WKH WZR JRRGQHVV�RI�nW PHDVXUHV� DV PHDVXUHG

E\ WKH PHDQ VTXDUHG nWWHG RSWLRQ SULFH HUURU DFURVV DOO RSWLRQ FURVV�VHFWLRQV DQG VWULNHV

�WKRVH LQFOXGHG LQ WKH HVWLPDWLRQV�� ZHUH DSSUR[LPDWHO\ HTXDO LQ WKH XQSHUWXUEHG GDWD VHWV�

,Q WKLV ZD\� ZH DUH DEOH WR FRPSDUH WKH VWDELOLW\ RI WZR 3') HVWLPDWLRQ PHWKRGV WKDW

nW WKH GDWD HTXDOO\ ZHOO� ,Q SUDFWLFH� WKH w UHTXLUHG WR DFFRPSOLVK WKLV LV WRR ?ORRVH�

DQG RFFDVLRQDOO\ SURGXFHV LPSUREDEO\ FRQWRUWHG 3')V� MXVW DV WKH '/1 PHWKRG VRPHWLPHV

SURGXFHV LPSUREDEO\ VSLNHG 3')V� $ WLJKWHU w� ZKLOH VWLOO nWWLQJ WKH RSWLRQ SULFHV WR ZHOO

ZLWKLQ D KDOI WLFN LQ WKH YDVW PDMRULW\ RI FDVHV� ZLOO SURGXFH 3')V WKDW DUH PRUH SODXVLEOH�

7KLV VPRRWKHU 60/ 3') ZRXOG EH PRUH VWDEOH WKDQ WKH 60/ 3') FDOLEUDWHG WR PDWFK WKH

JRRGQHVV�RI�nW RI WKH '/1 3')V�

7KH '/1 PHWKRG IDLOHG WR FRQYHUJH WR D VROXWLRQ RQ WKH RULJLQDO XQSHUWXUEHG GDWD IRU

D QXPEHU RI RSWLRQ FURVV�VHFWLRQV� 7KLV QHYHU RFFXUUHG ZLWK WKH 60/ PHWKRG� 7KH PLGGOH

SDQHO RI 7DEOH � WUDFNV WKH UHVXOWLQJ DGMXVWPHQWV WR WKH VDPSOHV� 7R HQVXUH FRPSDUDELOLW\

RI WHVWV DFURVV 3') HVWLPDWLRQ PHWKRGV� ZH H[FOXGHG RSWLRQ FURVV�VHFWLRQV IRU ZKLFK LW

ZDV QRW SRVVLEOH WR FRPSXWH ERWK '/1 DQG 60/ VROXWLRQV� 7KLV UHGXFHG WKH VDPSOH WR

���� )76( RSWLRQ FURVV�VHFWLRQV DQG ��� 67/* RSWLRQ FURVV�VHFWLRQV� 6LPLODU FRQYHUJHQFH

IDLOXUHV RFFXUHG GXULQJ SULFH�SHUWXUEDWLRQ VLPXODWLRQV� $JDLQ� IDLOXUHV LQ HLWKHU PHWKRG

UHVXOWHG LQ WKH RSWLRQ FURVV�VHFWLRQ EHLQJ H[FOXGHG IURP WKH VDPSOH� UHGXFLQJ WKH VDPSOH

VL]HV WR ���� )76( RSWLRQ FURVV�VHFWLRQV DQG ��� 67/* RSWLRQ FURVV�VHFWLRQV� 'HOHWLQJ

FURVV�VHFWLRQV ZKHUH WKH '/1 VROXWLRQV SURGXFHG HYLGHQFH RI D VSLNHG 3') �ZKHQ YRODWLOLW\

FRQVWUDLQW ZDV ELQGLQJ RU ZKHQ WKH PRGH RI WKH 3') KDG DQ H[WUHPHO\ KLJK YDOXH� UHGXFHG

WKH nQDO VDPSOHV WR ���� )76( RSWLRQ FURVV�VHFWLRQV DQG ��� 67/* RSWLRQ FURVV�VHFWLRQV�

��



7KH TXRWDWLRQ GDWHV DQG WLPHV WR H[SLU\ RI WKH VXUYLYLQJ RSWLRQ FURVV VHFWLRQV DUH SORWWHG LQ

)LJXUH �� 7KH VKRUW�H[SLU\ 67/* FURVV�VHFWLRQV LQYDULDEO\ KDG WRR IHZ XVDEOH VWULNHV� 7KLV

SUREOHP RFFXUHG OHVV IUHTXHQWO\ ZLWK )76( RSWLRQV�

��� 0RQWH�&DUOR 6LPXODWLRQV

7R WHVW WKH UHODWLYH HmHFWV RI PHDVXUHPHQW HUURU RQ WKH VWDELOLW\ RI HVWLPDWHG 3')V� ZH WDNH

REVHUYHG RSWLRQ SULFHV� SHUWXUE WKHP DQG UH�HVWLPDWH WKH 3')V UHSHDWHGO\� 7R REWDLQ HDFK

VLPXODWHG SULFH ZH DGG D XQLIRUPO\�GLVWULEXWHG UDQGRP SULFH SHUWXUEDWLRQ RI EHWZHHQ SOXV

DQG PLQXV RQH KDOI RI WKH FRQWUDFW
V WLFN VL]H� 7KH WLFN VL]H IRU WKH 67/* FRQWUDFW LV �����

DQG IRU WKH )76( FRQWUDFW� ���� $V WKH VLPXODWHG SULFHV OLH ZLWKLQ D KDOI WLFN RI WKH RULJLQDO

GDWD WKH\ DUH REVHUYDWLRQDOO\ HTXLYDOHQW WR WKH RULJLQDO GDWD��� )RU HDFK VHW RI VLPXODWHG

SULFHV� ZH HVWLPDWH ERWK '/1 DQG 60/ 3')V� 7KLV SURFHVV LV WKHQ UHSHDWHG ��� WLPHV IRU

HDFK RSWLRQ FURVV�VHFWLRQ�

1XPHURXV '/1 DQG VRPH 60/ IDLOXUHV RFFXUHG GXULQJ WKH SULFH�SHUWXUEDWLRQ VLPXOD�

WLRQV� '/1 IDLOXUHV ZHUH GXH HLWKHU WR FRQYHUJHQFH IDLOXUHV RU GHJHQHUDF\ UHVXOWLQJ LQ 3')V

QRW LQWHJUDWLQJ WR XQLW\� 60/ IDLOXUHV RFFXUHG ZKHQ %ODFN�6FKROHV LPSOLHG YRODWLOLWLHV FRXOG

QRW EH FRPSXWHG IRU DOO RI WKH SHUWXUEHG SULFHV LQ WKH RSWLRQ FURVV�VHFWLRQ��� :KHQ IDLOXUHV

RFFXUHG IRU HLWKHU '/1 RU 60/� WKDW VHW RI VLPXODWHG SULFHV ZDV GLVFDUGHG DQG DQRWKHU

UDQGRP VDPSOH ZDV GUDZQ� ,I �� VXFK VLPXODWLRQ IDLOXUHV RFFXUHG EHIRUH WKH WDUJHW RI ���

VXFFHVVIXO VROXWLRQV ZDV UHDFKHG� WKHQ WKH HQWLUH RSWLRQ FURVV�VHFWLRQ ZDV GLVFDUGHG IURP WKH

VLPXODWLRQV VDPSOH�

7KH UHVXOW RI WKLV SURFHVV ZDV D VHW RI ��� '/1 3')V DQG ��� 60/ 3')V IRU HDFK RSWLRQ

FURVV�VHFWLRQ� DQG WKHLU DVVRFLDWHG PHDQ�VTXDUHG nWWHG RSWLRQ SULFH HUURUV �92)V�� HVWLPDWHG

RQ LGHQWLFDO VHWV RI SHUWXUEHG SULFHV IRU HDFK RSWLRQ FURVV�VHFWLRQ� 7KHVH VLPXODWHG 3')V

ZHUH WKHQ nOWHUHG WR GHOHWH LQVWDQFHV ZKHQ WKH '/1 PHWKRG DUULYHG DW D FRUQHU VROXWLRQ�

XVXDOO\ WKH ORZHU ERXQG RQ RQH RI WKH FRPSRQHQW ORJQRUPDO YDULDQFHV �LQGLFDWLYH RI D SRVVLEOH

VSLNH�� 7KLV UHGXFHG WKH QXPEHU RI XVDEOH )76( VLPXODWLRQV IURP ������� WR ������� DQG

��)RU H[DPSOH� 6KRUW 6WHUOLQJ RSWLRQ SULFHV RI ����� DQG ����� ZRXOG ERWK EH TXRWHG DV ����� DQG KHQFH
DUH ?REVHUYDWLRQDO HTXLYDOHQW��

��%\ FRQVWUXFWLRQ %ODFN�6FKROHV LPSOLHG YRODWLOLWLHV FDQ EH HVWLPDWHG IRU DOO WKH XQSHUWXUEHG SULFHV�

��



WKH QXPEHU RI 67/* VLPXODWLRQV IURP ������ WR �������

7KH VHYHUDO nOWHUV DSSOLHG WR WKH XQSHUWXUEHG GDWD 3')V DQG WR WKH VLPXODWLRQ UHVXOWV

H[FOXGH PRVW LOO EHKDYHG '/1 VROXWLRQV� %HFDXVH WKHUH DUH QR FRUUHVSRQGLQJ SUREOHPV ZLWK

WKH 60/ PHWKRG� WKH nOWHULQJ IDYRUV WKH '/1 PHWKRG�

,W LV GLpFXOW WR FRPSDUH PRUH WKDQ D IHZ 3')V LQ WKHLU HQWLUHW\ �IRU H[DPSOH E\ RYHUOD\LQJ

JUDSKV�� 7KHUHIRUH� ZH DQDO\]H WKH SHUWXUEHG�SULFH 3')V E\ H[DPLQLQJ WKH GLVWULEXWLRQV RI

WZHOYH 3') VXPPDU\ VWDWLVWLFV� )RU D QXPEHU RI DSSOLFDWLRQV� VXFK DV LQIHUULQJ DV\PPHWULHV

RI PDUNHW H[SHFWDWLRQV� HVWLPDWHG 3')V DUH XVHG DV DQ LQWHUPHGLDWH VWHS WR FRPSXWLQJ

PHDVXUHV RI DV\PPHWU\ RU VNHZQHVV� )RU VXFK SXUSRVHV LW LV WKH VWDELOLW\ RI WKH GHULYHG

VWDWLVWLF WKDW LV RI LQWHUHVW� )RU DSSOLFDWLRQV� VXFK DV SULFLQJ RWKHU GHULYDWLYHV� WKH HQWLUH

3') LV QHHGHG� +RZHYHU� WKH VWDELOLW\ RI WKH PRPHQWV GHULYHG IURP HVWLPDWHG 3')V� ZKHQ

WDNHQ WRJHWKHU� SURYLGHV LQVLJKW LQWR WKH VWDELOLW\ RI WKH HQWLUH 3')� 7KXV� IRFXVLQJ RQ

LPSOLHG 3') VXPPDU\ VWDWLVWLFV SURYLGHV D SUDFWLFDO PHWKRG IRU DVVHVVLQJ WKH DEVROXWH DQG

UHODWLYH VWDELOLW\ RI HVWLPDWHG 3')V�

7KLV VWXG\ H[DPLQHV DW WKH IROORZLQJ 3') VXPPDU\ VWDWLVWLFV�

Ax� 0HDQ�

A}� 6WDQGDUG GHYLDWLRQ

6NHZ�� 7KH VNHZQHVV FRHpFLHQW� GHnQHG DV WKH WKLUG FHQWUDO PRPHQW QRUPDOL]HG E\ WKH FXEH

RI WKH VWDQGDUG GHYLDWLRQ�

6NHZ�  
AP�

A}�

ZKHUH P� LV WKH WKLUG FHQWUDO PRPHQW DERXW WKH PHDQ� 7KLV LV WKH PRVW FRPPRQO\

XVHG PHDVXUH RI VNHZQHVV�

6NHZ�� 7KH 3HDUVRQ PRGH�EDVHG VNHZQHVV PHDVXUH� GHnQHG DV

6NHZ�  
Axb A0RGH

A}

��



6NHZ�� 7KH 3HDUVRQ PHGLDQ�EDVHG VNHZQHVV PHDVXUH� GHnQHG DV

6NHZ�  
Axb A;��
A}

ZKHUH ;Q LV WKH Q
WK�SHUFHQWLOH RI WKH 3')� LQ WKLV FDVH ��WK�SHUFHQWLOH RU PHGLDQ�

6NHZ�� $ PHDVXUH RI DV\PPHWU\ GHnQHG E\

6NHZ�  
A;�� b A;��
A;�� b A;��

:KHQ FRPSXWLQJ VDPSOH VWDWLVWLFV� WKLV PHDVXUH LV UREXVW WR WKH SUHVHQFH RI RXWOLHUV���

,Q WKH FRQWH[W RI 3') IXQFWLRQV� WKLV PHDVXUH VKRXOG EH UREXVW WR oXFWXDWLRQV LQ WKH

WDLOV RI WKH GLVWULEXWLRQ� ZKHUH WKHUH LV QR XQGHUO\LQJ RSWLRQV GDWD�

.XUW� 7KH NXUWRVLV FRHpFLHQW� GHnQHG DV WKH IRXUWK FHQWUDO PRPHQW QRUPDOL]HG E\ WKH VTXDUH

RI WKH YDULDQFH�

.XUW  
AP�

A}�

ZKHUH P� LV WKH IRXUWK FHQWUDO PRPHQW DERXW WKH PHDQ�

;Q� 7DLO SHUFHQWLOHV ;��� ;���;��� ;��� 7KHVH DUH LPSRUWDQW LQ ULVN PDQDJHPHQW�

7R FRPSXWH WKH DERYH PRPHQWV ZH� nUVW FRPSXWH WKH YDOXH RI WKH 3') DW ������ SRLQWV

VSDQQLQJ D UDQJH RI YDOXHV VXpFLHQW WR HQVXUH WKDW WKH 3') LQWHJUDWHV WR DSSUR[LPDWHO\

XQLW\��� :H WKHQ QXPHULFDOO\ LQWHJUDWH WKH DSSURSULDWH IXQFWLRQ RI WKH 3') WR HVWLPDWH WKH

PRPHQWV� QXPHULFDOO\ LQWHJUDWH WKH &') WR HVWLPDWH WKH SHUFHQWLOHV� DQG nQG WKH PD[LPXP

YDOXH RI WKH 3') WR HVWLPDWH WKH PRGH� )RU WKH VLPXODWLRQV� ZH WKHQ FRPSXWH WKH GHYLDWLRQV

RI WKH 92)V DQG VXPPDU\ VWDWLVWLFV IURP WKHLU XQSHUWXUEHG YDOXHV�

��6HH %DUQHWW DQG /HZLV ������� S� ���
��,I WKH 3') LQWHJUDWHG WR OHVV WKH ����� WKH VROXWLRQ LV GHHPHG D IDLOXUH� 7KLV XVXDOO\ RFFXUHG IRU '/1

3')V ZHUH WKH 3') FRQWDLQHG D VSLNH� UDWKHU WKDQ EHFDXVH WKH UDQJH RI LQWHJUDWLRQ ZDV LQVXpFLHQW� :KHQ
WKH 3') LQWHJUDWHG WR D YDOXH EHWZHHQ ���� DQG ����� WKH 3') ZDV QRUPDOL]HG E\ GLYLGLQJ E\ WKDW YDOXH�

��



� (PSLULFDO 5HVXOWV

7KH PHDQV DQG VWDQGDUG GHYLDWLRQV RI WKH XQSHUWXUEHG GDWD 92)V DQG VXPPDU\ VWDWLVWLFV

IRU '/1 DQG 60/ DUH SUHVHQWHG LQ 7DEOH �� 7KH 92)V� PHDQV� VWDQGDUG GHYLDWLRQV� DQG WDLO

SHUFHQWLOHV DUH TXLWH FORVH LQ WKHLU PHDQV DQG� H[FHSW IRU WKH )76( 92)V� LQ WKHLU VWDQGDUG

GHYLDWLRQV��� 'LmHUHQFHV LQ PHDQV RI WKH VHYHUDO VNHZQHVV PHDVXUHV VRPHWLPHV DSSHDU PRG�

HUDWHO\ ODUJH �IRU H[DPSOH )76( 6NHZ� DQG 67/* 6NHZ��� 7KH VWDQGDUG GHYLDWLRQV RI WKH

'/1 VNHZQHVV PHDVXUHV LV JHQHUDOO\ ODUJHU WKDQ WKH 60/ VNHZQHVV PHDVXUHV� LQ VHYHUDO FDVHV

E\ D IDFWRU RI WZR RU PRUH� 6LPLODUO\� WKH '/1 PHWKRG SURGXFHV PXFK JUHDWHU YDULDWLRQ LQ

HVWLPDWHG NXUWRVLV WKDQ GRHV WKH 60/ PHWKRG RI ERWK )76( DQG 67/*� +RZHYHU� WKH PHDQ

NXUWRVLV LV FRPSDUDEOH DFURVV PHWKRGV� 7KH XQSHUWXUEHG GDWD UHVXOWV VXJJHVW WKDW WKH '/1

DQG 60/ PHWKRGV DUH VLPLODU LQ SHUIRUPDQFH�

)LJXUH � SORWV WKH '/1 UHVXOWV DJDLQVW WKH 60/ UHVXOWV IRU VHOHFWHG VWDWLVWLFV� 7KH UDQJH

RI WKH '/1 D[HV ZHUH VKRUWHQHG WR H[FOXGH RXWOLHUV� *RRGQHVV�RI�nW LV FRUUHODWHG IRU WKH

WZR PHWKRGV IRU WKH 67/* FURVV�VHFWLRQV� EXW QRW IRU WKH )76( FURVV�VHFWLRQV� 7KHUH DUH

YDU\LQJ GHJUHHV RI FRUUHODWLRQ IRU WKH RWKHU VWDWLVWLFV� ,W LV QRWHZRUWK\ WKDW SDUWLFXODUO\ ODUJH

YDOXH RI '/1 VNHZQHVV DQG NXUWRVLV DUH QRW DVVRFLDWHG ZLWK SDUWLFXODUO\ ODUJH 60/ YDOXHV�

7DEOH � SUHVHQWV PHDVXUHV RI WKH GLVWULEXWLRQ RI GD\�WR�GD\ FKDQJHV LQ WKH YDULRXV 3')

VXPPDU\ VWDWLVWLFV IRU WKH XQSHUWXUEHG RSWLRQ FURVV�VHFWLRQV� :KLOH WKH DYHUDJH YDOXHV

RI WKHVH VWDWLVWLFV DQG WKHLU VWDQGDUG GHYLDWLRQV GLG QRW GLmHU V\VWHPDWLFDOO\ DFURVV 3')

HVWLPDWLRQ PHWKRGV� WKHLU FKDQJHV GR� ,Q YLUWXDOO\ HYHU\ LQVWDQFH WKH GD\�WR�GD\ FKDQJHV

LQ WKH 60/�GHULYHG VWDWLVWLFV KDG D VPDOOHU GLVSHUVLRQ WKDQ WKH FRUUHVSRQGLQJ '/1�GHULYHG

QXPEHUV� LQ VRPH FDVHV E\ D IDFWRU RI WKUHH RU PRUH� 7KXV� ZKLOH DYHUDJH YDOXHV GR QRW

GLmHU� WKHUH LV PXFK OHVV VKRUW�UXQ VWDELOLW\ LQ WKH '/1 QXPEHUV� &KDQJHV LQ WKH XQGHUO\LQJ

RSWLRQV SULFHV IURP RQH GD\ WR WKH QH[W DSSHDU WR KDYH D ODUJHU HmHFW RQ '/1 3')V WKDQ

RQ 60/ 3')V�

)LJXUH � SORWV WKH GD\�WR�GD\ FKDQJHV LQ VHOHFWHG '/1 VWDWLVWLFV DJDLQVW WKH FRUUHVSRQGLQJ

60/ YDOXHV� 7KH FRUUHODWLRQV DUH ZHDN DW EHVW� 7KXV� WKH '/1 DQG 60/ PHWKRGV DUH DSW

WR JLYH FRQoLFWLQJ VLJQDOV RI FKDQJHV LQ WKH XQGHUO\LQJ GLVWULEXWLRQ� 7KH ;�� UHVXOWV SURYLGH

��%\ FRQVWUXFWLRQ WKH PHDQ 92)V DUH FRPSDUDEOH�

��



HYLGHQFH RI WKH KD]DUGV RI H[WUDSRODWLQJ WKH WDLOV RI WKH 3') EH\RQG WKH UDQJH RI DYDLODEOH

GDWD� 5HFDOO WKDW WKH QXPEHU DQG UDQJH RI XVDEOH )76( VWULNHV LQ HDFK FURVV�VHFWLRQ LV

JUHDWHU WKDQ LQ PRVW 67/* FURVV�VHFWLRQV� 7KXV� WKHUH LV PRUH LQIRUPDWLRQ DERXW DZD\�

IURP�WKH�PRQH\ SULFHV LQ WKH )76( FURVV�VHFWLRQV WKDQ LQ WKH 67/* FURVV�VHFWLRQV� OHDGLQJ

WR UHODWLYHO\ KLJK SRVLWLYH FRUUHODWLRQ IRU WKH )76( ;�� VWDWLVWLFV� LQ FRQWUDVW WR WKH FRPSOHWH

ODFN RI FRUUHODWLRQ IRU WKH VDPH 67/* VWDWLVWLF�

7KLV JUHDWHU GD\�WR�GD\ VWDELOLW\ RI WKH 60/ PHWKRG ZKHQ nWWLQJ FURVV�VHFWLRQV RI RSWLRQV

FDQQRW EH VLPSO\ EH GXH WR WKH 60/ 3')V XQGHU�nWWLQJ WKH GDWD DQG WKXV QRW UHVSRQGLQJ WR

DFWXDO FKDQJHV LQ WKH XQGHUO\LQJ ULVN�QHXWUDO GLVWULEXWLRQV� 7KH 60/ 3')V DUH FDOLEUDWHG

WR KDYH WKH VDPH DYHUDJH JRRGQHVV�RI�nW DV WKH '/1 3')V� ,W LV OLNHO\ WKDW WKH UHODWLYH

LQVWDELOLW\ RI WKH '/1 3')V LV GXH WR WKH SDUDPHWULF QDWXUH RI WKH '/1 PHWKRG ZKLFK PD\

UHVXOW LQ ORFDO SULFH FKDQJHV DmHFWLQJ WKH HQWLUH GLVWULEXWLRQ� ZKLOH WKH QRQ�SDUDPHWULF 60/

PHWKRG LV PRUH OLNHO\ WR LVRODWH WKH HmHFWV RI VPDOO SULFH FKDQJHV WR D VPDOOHU SRUWLRQ RI WKH

HVWLPDWHG 3')� $OWHUQDWLYHO\� WKH SUREOHP FRXOG EH GXH WR QXPHULFDO LQVWDELOLW\ LQ WKH '/1

PHWKRG� DV VXJJHVWHG E\ WKH IDLOXUH RI WKLV PHWKRG WR REWDLQ D VROXWLRQ LQ D QXPEHU RI FDVHV

�VHH 7DEOH ��� D IDLOXUH QRW REVHUYHG ZLWK WKH 60/ PHWKRG�

7R WHVW WKLV FRQMHFWXUH ZH WXUQ WR RXU SULFH SHUWXUEDWLRQ WHVWV� %\ NHHSLQJ WKH SHUWXUEHG

GDWD FORVH WR WKH RULJLQDO GDWD �ZLWKLQ KDOI D WLFN� ZH DUH KROGLQJ WKH XQGHUO\LQJ GLVWULEXWLRQ

QHDUO\ FRQVWDQW IRU HDFK URXQG RI VLPXODWLRQV� 7DEOH � SUHVHQWV YDULRXV PHDVXUHV RI GLVSHUVLRQ

LQ WKH SHUWXUEHG�SULFH LPSOLHG 3') VXPPDU\ VWDWLVWLFV� 7KH nUVW WZR SDQHOV SUHVHQW WKH

VWDWLVWLFV IRU YDULRXV VXEVHWV RI WKH UHVXOWV� 8VH RI SHUFHQWLOH UDQJHV LV UREXVW DV ORQJ DV WKH

UDQJH LV QRW VR EURDG DV WR LQFOXGH LOO EHKDYHG WDLO RXWFRPHV� )RU HYHU\ UDQJH ZH REVHUYH

WKDW WKH GLVSHUVLRQ RI 60/ UHVXOWV LV DOPRVW DOZD\V VPDOOHU WKDQ WKRVH GHULYHG IURP WKH '/1

PHWKRG� RIWHQ E\ DQ RUGHU RI PDJQLWXGH� $V WKH QXPEHU RI VLPXODWLRQV LQFOXGHG H[SDQGV�

WKH UDQJHV H[SDQG DV ZHOO� 7KH ;�� WR ;�� '/1 UHVXOWV VKRZ D SDUWLFXODUO\ SUHFLSLWRXV

GHFOLQH LQ WKH DELOLW\ RI WKH '/1 PHWKRG WR SURGXFH VWDEOH 3')V� 7KH H[FHSWLRQ LV LQ WKH

��



60/ Ax�PHDVXUHV� 60/ 3')V QDWXUDOO\ nW WKH 3') PHDQ WR WKH IXWXUHV SULFH� 7KH '/1

PHDQV RQ WKH RWKHU KDQG YDU\ FRQVLGHUDEO\�

7DEOH � SUHVHQWV WKH VWDQGDUG GHYLDWLRQV RI WKH SHUWXUEHG�SULFH 3') VXPPDU\ VWDWLVWLFV�

7KH ?%HIRUH )LOWHULQJ� VDPSOH LQFOXGHV WKH HQWLUH VHW RI RSWLRQ FURVV�VHFWLRQV LQFOXGHG LQ WKH

DQDO\VLV �DIWHU nOWHULQJ DV GHVFULEHG LQ WKH SUHYLRXV VHFWLRQ�� 7KHVH VWDWLVWLFV VKRZ D PDUNHG

GLVSDULW\ LQ WKH VWDELOLW\ RI WKH '/1 UHVXOWV ZKHQ FRPSDUHG WR WKH 60/ UHVXOWV� ,Q VRPH

FDVHV� VXFK DV WKH )76( Ax� A}� 6NHZ�� 6NHZ�� DQG .XUW� WKH GLmHUHQFHV DUH DSSUR[LPDWHO\

WZR RUGHUV RI PDJQLWXGH ���� WLPHV��

6WDQGDUG GHYLDWLRQ HVWLPDWHV DUH QRW UREXVW WR RXWOLHUV� 7R WHVW WKH UREXVWQHVV RI WKHVH

UHVXOWV ZH nOWHU WKH VLPXODWHG GDWD RQFH DJDLQ� 7KH ;��� WR ;���� UDQJH RI HDFK VXPPDU\

VWDWLVWLF IRU HDFK HVWLPDWLRQ PHWKRG ZDV nUVW FRPSXWHG� $Q\ VLPXODWLRQV WKDW FRQWDLQHG

D VXPPDU\ VWDWLVWLF WKDW IHOO RXWVLGH WKLV UDQJH ZDV WKHQ GLVFDUGHG� $SSOLHG WR D VLQJOH

VXPPDU\ VWDWLVWLF WKLV ZRXOG KDYH UHGXFHG WKH VDPSOH VL]H E\ RQH SHUFHQW� $SSOLHG WR DOO

�� VXPPDU\ VWDWLVWLFV ��� VWDWLVWLFV� � HVWLPDWLRQ PHWKRGV�� WKLV UHGXFHG WKH VDPSOH VL]HV WR

������� VLPXODWLRQV IRU )76( DQG ������ IRU 67/*�

)LOWHULQJ RXW WKH SRWHQWLDO RXWOLHUV VRPHZKDW PLWLJDWHV WKH H[WUHPH GLVSDULWLHV EHWZHHQ

WKH WZR PHWKRGV� EXW GRHV QRW FKDQJH WKH UHVXOWV� ,Q YLUWXDOO\ DOO FDVHV WKH 60/ PHWKRG LV

PRUH VWDEOH WKDQ WKH '/1 PHWKRG� XVXDOO\ E\ DQ RUGHU RI PDJQLWXGH� 7KH VROH H[FHSWLRQ LV

WKH 67/* 6NHZ� UHVXOWV� 7DNHQ WRJHWKHU� WKHVH WHVW UHVXOWV VKRZ WKDW '/1�HVWLPDWHG 3')V

DUH H[WUHPHO\ VHQVLWLYH WR VPDOO FKDQJHV LQ WKH GDWD DV FRPSDUHG WR WKH 60/�GHULYHG 3')V�

7KH SHUWXUEHG�SULFH VLPXODWLRQV PD\ DOVR EH XVHG WR SURYLGH URXJK FRQnGHQFH LQWHUYDOV

IRU WKH HVWLPDWHG XQSHUWXUEHG GDWD 3') VXPPDU\ VWDWLVWLFV� )RU H[DPSOH� LI ZH DUH LQWHU�

HVWHG LQ D �� SHUFHQW FRQnGHQFH LQWHUYDO ZH PD\ XVH WKH ;�� WR ;�� UDQJHV RI WKH VXPPDU\

VWDWLVWLF GHYLDWLRQV IURP WKH SHUWXUEDWLRQ UHVXOWV� 7DEOH � SUHVHQWV WKHVH UDQJHV DV SHUFHQW�

DJHV RI WKH FRUUHVSRQGLQJ PHDQ VWDWLVWLF YDOXH DQG WKH PHDQ DEVROXWH GD\�WR�GD\ FKDQJH LQ

WKH VWDWLVWLF� 7KH )76( '/1 6NHZ� HVWLPDWHV KDYH D URXJK �� SHUFHQW FRQnGHQFH LQWHUYDO

RI ����� RU �� SHUFHQW RI WKH DYHUDJH HVWLPDWHG VNHZQHVV �������� DQG �� SHUFHQW RI WKH

PHDQ DEVROXWH GD\�WR�GD\ FKDQJH LQ 6NHZ� �������� 7KH )76( 60/ 6NHZ� PHDVXUH KDV

D FRQnGHQFH LQWHUYDO RI RQO\ ����� RU � SHUFHQW RI WKH DYHUDJH VNHZQHVV YDOXH �������� DQG

�� SHUFHQW RI WKH PHDQ DEVROXWH GD\�WR�GD\ FKDQJH LQ 6NHZ� �������� )RU 67/* WKH FRQn�

��



GHQFH UHJLRQV DUH PXFK ODUJHU LQ UHODWLRQ WR WKH PHDVXUHG VWDWLVWLFV IRU ERWK 3') HVWLPDWLRQ

PHWKRGV� 7KLV LV EHFDXVH WKH DYHUDJH QXPEHU RI VWULNHV SHU RSWLRQ FURVV�VHFWLRQ LV PXFK

VPDOOHU� )RU WKH 67/* '/1 6NHZ�� WKH �� SHUFHQW FRQnGHQFH LQWHUYDO ������� LV DFWXDOO\

�� SHUFHQW ODUJHU WKDQ WKH DYHUDJH YDOXH RI WKH VWDWLVWLF ������� DQG PRUH WKDQ WKUHH WLPHV

WKH PHDQ DEVROXWH GD\�WR�GD\ FKDQJH LQ WKH VWDWLVWLF �������� )RU 67/* 60/ 6NHZ�� WKH

FRQnGHQFH LQWHUYDO ������� LV �� SHUFHQW RI WKH DYHUDJH YDOXH ������� DQG ��� SHUFHQW RI WKH

PHDQ DEVROXWH GD\�WR�GD\ FKDQJH �������� 7KH SUREOHP LV VLPLODUO\ VHYHUH IRU RWKHU VNHZQHVV

PHDVXUHV DQG IRU NXUWRVLV� 7KH WDLO SHUFHQWLOHV DOVR VKRZ UHODWLYHO\ ODUJHU FRQnGHQFH LQWHUYDOV

IRU '/1 DQG VPDOOHU RQHV IRU 60/� ,Q DOPRVW DOO FDVHV� WKH FRQnGHQFH LQWHUYDOV IRU 67/*

KLJKHU PRPHQW DQG WDLO VXPPDU\ VWDWLVWLFV H[FHHG WKH FRUUHVSRQGLQJ PHDQ DEVROXWH GD\�WR�

GD\ FKDQJHV� 7KH H[FHSWLRQV DUH WKH 67/* 6NHZ� DQG 6NHZ� VWDWLVWLFV� 7KH FRQnGHQFH

LQWHUYDOV IRU Ax DQG A} DUH PXFK VPDOOHU� )RU )76( '/1 3')V� WKH ��� FRQnGHQFH LQWHUYDOV

IRU Ax DQG A} ����� DQG ����� DUH � DQG �� SHUFHQW RI WKHLU UHVSHFWLYH PHDQ DEVROXWH GD\�WR�

GD\ FKDQJHV ����� DQG ������ )RU )76( 60/ 3')V WKH FRUUHVSRQGLQJ QXPEHUV DUH � DQG �

SHUFHQW UHVSHFWLYHO\� 7KH 67/* '/1 Ax FRQnGHQFH LQWHUYDO LV OLNHZLVH DSSUR[LPDWHO\ HTXDO

WR WKH GD\�WR�GD\ YDULDWLRQ� ZKLOH 67/* '/1 DQG 60/ A} FRQnGHQFH LQWHUYDOV DUH URXJKO\

WKUHH WLPHV DQG DOPRVW HTXDO WR WKHLU PHDQ DEVROXWH GD\�WR�GD\ FKDQJHV UHVSHFWLYHO\�

7KHVH UHVXOWV VKRZ WKDW� H[FHSW IRU PHDVXUHV RI ORFDWLRQ DQG GLVSHUVLRQ �Ax DQG A}� ZKHUH

FURVV�VHFWLRQ VL]HV DUH ODUJH �)76(�� WKH HmHFW RI SULFH PHDVXUHPHQW HUURU LQWURGXFHV D VLJ�

QLnFDQW GHJUHH RI XQFHUWDLQW\ VXUURXQGLQJ WKH DFFXUDF\ RI LPSOLHG 3')�GHULYHG VXPPDU\

VWDWLVWLFV� ,W VKRXOG EH UHPHPEHUHG WKDW WKHVH DUH PLQLPDO FRQnGHQFH LQWHUYDOV_WKH\ DF�

FRXQW IRU RQO\ RQH VRXUFH RI SULFLQJ XQFHUWDLQW\ DQG SUREDEO\ WKH VPDOOHVW RQH DW WKDW�

/DVWO\� ZH H[DPLQH WKH LPSDFW WKDW WKH FKRLFH RI ZHLJKWLQJ VFKHPH PLJKW KDYH RQ RXU

UHVXOWV� :H H[DPLQHG WKUHH ZHLJKWLQJ VFKHPHV� HTXDO ZHLJKWLQJ� YHJD ZHLJKWLQJ� DQG DQ

DG KRF ZHLJKWLQJ WKDW SODFHG ZHLJKWV RI � RQ WKH IRXU VWULNHV FORVHVW�WR�WKH�PRQH\� ZHLJKWV

RI ��� IRU WKH UHPDLQLQJ RXW�RI�WKH�PRQH\ VWULNHV DQG ��� IRU WKH UHPDLQLQJ LQ�WKH�PRQH\

VWULNHV� 7KHVH nWWHG SULFH HUURU ZHLJKWV ZHUH DSSOLHG WR WKH '/1 HVWLPDWLRQV� )RU WKH 60/

HVWLPDWLRQV WKH nWWHG SULFH HUURU ZHLJKWV ZHUH FRQYHUWHG WR nWWHG LPSOLHG YRODWLOLW\ HUURU

ZHLJKWV E\ PXOWLSO\LQJ WKHP E\ WKH DSSURSULDWH YHJDV� 7KH WHVW VDPSOH ZDV FUHDWHG E\

nQGLQJ WKH nUVW ��� FURVV�VHFWLRQV IRU ZKLFK LW ZDV SRVVLEOH WR nQG '/1 DQG 60/ VROXWLRQV

��



�DJDLQ� RQO\ WKH IRUPHU ZHUH SUREOHPDWLF� IRU DOO WKUHH SDLUV RI HVWLPDWLRQV� )RU HDFK SDLU RI

HVWLPDWLRQV WKH w ZDV FDOLEUDWHG VR WKDW WKH 60/ PHWKRG KDG DSSUR[LPDWHO\ WKH VDPH RYHUDOO

JRRGQHVV�RI�nW DV WKH '/1 PHWKRG� )RU HDFK FURVV�VHFWLRQ ��� SHUWXUEHG SULFH VLPXODWLRQV

ZHUH UXQ� DV EHIRUH�

7DEOH � SUHVHQWV VHOHFWHG UHVXOWV� $JDLQ WKH '/1 PHWKRG LV OHVV VWDEOH RYHUDOO WKDQ LV WKH

60/ PHWKRG UHJDUGOHVV RI WKH ZHLJKWLQJ VFKHPH XVHG� ,Q RQO\ WKUHH FDVHV IRU HDFK HVWLPDWLRQ

SDLU GRHV WKH '/1 VKRZ OHVV YDULDELOLW\ LQ WKH 3') VXPPDU\ VWDWLVWLF� 6NHZ� DQG 6NHZ�

LQ WKH LQWHU�TXDUWLOH UDQJH UHVXOWV� DQG 6NHZ� LQ WKH �� SHUFHQW FRQnGHQFH LQWHUYDO UHVXOWV�

7KHUH LV QR YDULDWLRQ LQ WKLV SDWWHUQ DFURVV ZHLJKWLQJ PHWKRGV� 1RU GRHV WKH FKRLFH RI

ZHLJKWLQJ VFKHPH PXFK HmHFW WKH VL]H RI WKH LQGLYLGXDO VWDWLVWLFV� 7KLV LV FRQVLVWHQW ZLWK WKH

K\SRWKHVLV DGYDQFHG HDUOLHU WKDW EHFDXVH WKH nWWHG SULFH HUURUV DUH JHQHUDOO\ YHU\ VPDOO� WKH

ZHLJKWV XVHG WR PXOWLSO\ WKHP KDYH OLWWOH LPSDFW RQ WKH HVWLPDWLRQ� 7KHVH UHVXOWV SURYLGH

HYLGHQFH WKDW WKH IXOO�VDPSOH UHVXOWV SUHVHQWHG DERYH DUH QRW DUWLIDFWV RI WKH VRPHZKDW

DUELWUDU\ FKRLFH RI ZHLJKWLQJ XVHG LQ WKH WHVWV�

� 6XPPDU\ DQG &RQFOXVLRQV

7KLV SDSHU KDV GHYHORSHG DQG DSSOLHG D PHWKRGRORJ\ IRU DVVHVVLQJ WKH UHODWLYH DQG DEVR�

OXWH VWDELOLW\ RI LPSOLHG 3')V HVWLPDWHG IURP RSWLRQV SULFHV WR VPDOO HUURUV LQ SULFHV� 7KH

WHFKQLTXH FRQVLVWV RI UH�HVWLPDWLQJ 3')V RQ UDQGRPO\ SHUWXUEHG VHWV RI RSWLRQV SULFHV FRQ�

VWUXFWHG VR DV WR EH REVHUYDWLRQDOO\ HTXLYDOHQW WR WKH RULJLQDO GDWD� 7KH SHUWXUEHG GDWD

3')V DUH WKHQ HYDOXDWHG E\ H[DPLQLQJ WKH GLVWULEXWLRQ RI D QXPEHU RI VXPPDU\ VWDWLVWLFV

HVWLPDWHG IURP HDFK 3')�

7KH WHVW PHWKRGRORJ\ LQWURGXFHG LQ WKLV SDSHU LV DSSOLHG WR WKH '/1 DQG WR WKH 60/

3') HVWLPDWLRQ PHWKRGV� 7KHVH 3') HVWLPDWLRQ PHWKRGV DUH WHVWHG RQ WZR VHWV RI RSWLRQV

GDWD� )76( ��� DQG 6KRUW 6WHUOLQJ�

7KH UHVXOWV LQ WKLV SDSHU SURYLGH VWURQJ HYLGHQFH RI WKH VXSHULRU VWDELOLW\ RI WKH VPRRWKHG

LPSOLHG YRODWLOLW\ VPLOH LPSOLHG 3') HVWLPDWLRQ PHWKRG RYHU WKH GRXEOH�ORJQRUPDO PHWKRG�

)XUWKHUPRUH� ZH VKRZ WKDW KLJKHU RUGHU VWDWLVWLFV� VXFK DV VNHZQHVV� FDQQRW DOZD\V EH HV�

WLPDWHG ZLWK SUHFLVLRQ� IRU HLWKHU 3') HVWLPDWLRQ PHWKRG� WKH FRQnGHQFH LQWHUYDOV FDQ EH
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VR ODUJH DV WR PDNH WKH HVWLPDWHV XVHOHVV� 7KLV LV SDUWLFXODUO\ WUXH RI WKH 67/* GDWD� 7KLV

VXJJHVWV WKDW GD\�WR�GD\ RU PRQWK�WR�PRQWK FKDQJHV LQ VNHZQHVV DQG NXUWRVLV VKRXOG QRW

EH RYHU�DQDO\]HG� 5HJDUGOHVV RI WKH GDWDVHW RU HVWLPDWLRQ PHWKRG XVHG� FRQnGHQFH UHJLRQV

DUH WRR ODUJH WR UHOLDEO\ PHDVXUH GD\�WR�GD\ FKDQJHV LQ VXPPDU\ VWDWLVWLFV� 6WXGLHV ZKLFK

ORRN DW DQQRXQFHPHQWV RQ HVWLPDWHG LPSOLHG 3')V VKRXOG WDNH WKLV XQFHUWDLQW\ LQWR FRQ�

VLGHUDWLRQ� 2QO\ SHUVLVWHQW FKDQJHV LQ WKHVH PHDVXUHV� RI DQ RUGHU H[FHHGLQJ WKH PLQLPDO

FRQnGHQFH LQWHUYDOV GHULYHG XVLQJ WKH PHWKRGV GHYHORSHG LQ WKLV SDSHU� DUH OLNHO\ WR FRQWDLQ

XVHIXO LQIRUPDWLRQ�

7KH SUREOHPV ZLWK WKH '/1PHWKRG DULVHV IURP LWV VHQVLWLYLW\ WR FRPSXWDWLRQDO SUREOHPV�

7KH VWDWLVWLFDO DQDO\VLV SUHVHQWHG KHUH LJQRUHV WKH IUHTXHQW FRQYHUJHQFH IDLOXUHV HQFRXQWHUHG

LQ DSSO\LQJ WKH '/1 LPSOLHG 3') HVWLPDWLRQ PHWKRG DQG WKH WHQGHQF\ RI WKH PHWKRG WR

SURGXFH VSXULRXV VSLNHV LQ WKH HVWLPDWHG 3')V ZKHQ RQH RI WKH FRPSRQHQW ORJQRUPDO GHQVLW\

IXQFWLRQV FROODSVHV� ,W PD\ EH SRVVLEOH WR UHVWDUW WKH '/1 VROXWLRQ E\ UHSHDWHGO\ XVLQJ D

JULG RI LQLWLDO YDOXHV DQG WKHQ YLVXDOO\ LQVSHFWLQJ WKH 3')V IRU DEQRUPDOLWLHV WR DUULYH DW D

SODXVLEOH VROXWLRQ� 7KLV LV LPSUDFWLFDEOH IRU ODUJH QXPEHUV RI RSWLRQ FURVV�VHFWLRQV DQG WKH

VROXWLRQ WKXV ODERULRXVO\ DFKLHYHG LV DSW WR VWLOO EH PRUH VHQVLWLYH WR GDWD SUREOHPV WKDQ

VROXWLRQV IURP PRUH UREXVW PHWKRGV VXFK DV WKH VPRRWKHG VPLOH XVHG LQ WKLV SDSHU���

7KH VPRRWKHG LPSOLHG YRODWLOLW\ VPLOH LPSOLHG 3') HVWLPDWLRQ PHWKRG LV UHPDUNDEO\ IUHH

RI FRPSXWDWLRQDO SUREOHPV� $SSOLHG WR D ODUJH FURVV�VHFWLRQ RI VWULNHV� VXFK DV ZH nQG ZLWK

)76( RSWLRQV� WKH HVWLPDWHG LPSOLHG 3')V DUH UHDVRQDEO\ LQVHQVLWLYH WR VPDOO PHDVXUHPHQW

HUURUV� +RZHYHU� IRU VPDOO FURVV�VHFWLRQV� VXFK DV ZH nQG ZLWK 67/* RSWLRQV� WKH HVWLPDWHG

60/ LPSOLHG 3')V� ZKLOH PXFK PRUH VWDEOH WKDQ WKH '/1 LPSOLHG 3')V HVWLPDWHG RQ WKH

VDPH GDWD VHW� DUH QRQHWKHOHVV QRW VR VWDEOH WKDW GHULYHG VWDWLVWLFV FDQ VDIHO\ EH YLHZHG DV

SUHFLVH PHDVXUHV� $V DOZD\V LQ VWDWLVWLFV� VWDWLVWLFV SDUDPHWHUV HVWLPDWHG IURP VDPSOH GDWD

DUH HVWLPDWHV ZLWK DVVRFLDWHG XQFHUWDLQWLHV� ,Q WKH FDVH RI KLJKHU PRPHQW VWDWLVWLFV GHULYHG

IURP RSWLRQV SULFHV� WKLV WUXWK FDQQRW EH LJQRUHG�

,W LV FOHDU IURP WKLV DQDO\VLV WKDW WKH GRXEOH�ORJQRUPDO PHWKRG� ZKLOH ZLGHO\ XVHG� VKRXOG

QRW EH� ,Q WKH IXWXUH RWKHU DOWHUQDWLYHV PD\ ZHOO SURYH VXSHULRU WR WKH VPRRWKHG LPSOLHG

��,W LV FRQFHLYDEOH WKDW D VROXWLRQ DUULYHG DW E\ WKH ODERU LQWHQVLYH PHDVXUHV PHQWLRQHG ZRXOG EH PRUH
VWDEOH WKDQ WKH VWUDLJKWIRUZDUG DSSOLFDWLRQ RI WKH '/1 HVWLPDWLRQ PHWKRG�

��



YRODWLOLW\ VPLOH� ,W LV OLNHO\ WKDW WKH VPRRWKHG LPSOLHG YRODWLOLW\ VPLOH PHWKRG XVHG LQ WKLV

SDSHU� FKRVHQ WR KDYH WKH VDPH JRRGQHVV�RI�nW RI WKH '/1 PHWKRG� PD\ LWVHOI EH LPSURYHG

XSRQ E\ WUDGLQJ Rm D VPDOO GHJUHH RI nW IRU D PRUH VWDEOH LPSOLHG 3') HVWLPDWH� 7KH PHWKRGV

XVHG LQ WKLV SDSHU ERWK nW WKH GDWD WR D KLJK SUHFLVLRQ ZKLFK WKH QDWXUH RI WKH TXRWDWLRQ

SURFHVV FDQ QRW MXVWLI\� 7KHUH LV FRQVLGHUDEOH URRP WR WUDGH Rm nW DQG VWDELOLW\� 7KH

VPRRWKHG LPSOLHG YRODWLOLW\ VPLOH PHWKRG SHUPLWV WKLV nQH WXQLQJ� 7KH GRXEOH�ORJQRUPDO

PHWKRG GRHV QRW�

��



%LEOLRJUDSK\

$ENHQ� 3� $�� '� %� 0DGDQ� DQG 6� 5DPDPXUWLH� ����� ?(VWLPDWLRQ RI 5LVN�1HXWUDO DQG
6WDWLVWLFDO 'HQVLWLHV E\ +HUPLWH 3RO\QRPLDO $SSUR[LPDWLRQ� :LWK DQ $SSOLFDWLRQ WR
(XURGROODU )XWXUHV 2SWLRQV�� :RUNLQJ 3DSHU � ����� )HGHUDO 5HVHUYH %DQN RI $WODQWD�

$LW�6DKDOLD� <� DQG $� :� /R� ����� ?1RQSDUDPHWULF (VWLPDWLRQ RI 6WDWH�3ULFH 'HQVLWLHV
,PSOLHG LQ )LQDQFLDO $VVHW 3ULFHV� -RXUQDO RI )LQDQFH� ������ ���^����

%DUQHWW� 9� DQG 7� /HZLV� ����� 2XWOLHUV LQ 6WDWLVWLFDO 'DWD� �QG HGLWLRQ� -RKQ :LOH\ 	
6RQV� 1HZ <RUN�

%DKUD� %�� ����� �3UREDELOLW\ 'LVWULEXWLRQV RI )XWXUH $VVHW 3ULFHV ,PSOLHG E\ 2SWLRQV
3ULFHV�� %DQN 2I (QJODQG 4XDUWHUO\ %XOOHWLQ �$XJXVW�� ��������

%DKUD� %�� ����� ?,PSOLHG 5LVN�1HXWUDO 3UREDELOLW\ 'HQVLW\ )XQFWLRQV IURP 2SWLRQ 3ULFHV�
7KHRU\ DQG $SSOLFDWLRQ�� %DQN RI (QJODQG :RUNLQJ 3DSHU 1R� ���

%HOVOH\� '� $�� (� .XK� DQG 5� (� :HOFK� ����� LW 5HJUHVVLRQ 'LDJQRVWLFV� ,GHQWLI\LQJ
,QoXHQWLDO 'DWD DQG 6RXUFHV RI &ROOLQHDULW\� -RKQ :LOH\ 	 6RQV� 1HZ <RUN�

%UHHGHQ� '� 7� DQG 5� +� /LW]HQEHUJHU� ����� ?3ULFHV RI 6WDWH�&RQWLQJHQW &ODLPV ,PSOLFLW
LQ 2SWLRQ 3ULFHV�� -RXUQDO RI %XVLQHVV� ������ ���^���

%XFKHQ� 3HWHU Z� DQG 0LFKDHO .HOO\� ����� ?7KH 0D[LPXP (QWURS\ 'LVWULEXWLRQ RI DQ
$VVHW ,QIHUUHG IURP 2SWLRQ 3ULFHV�� -RXUQDO RI )LQDQFH DQG 4XDQWLWDWLYH $QDO\VLV�
������ ���^����

%XWOHU� &� DQG +� 'DYLHV� ����� ?$VVHVVLQJ 0DUNHW 9LHZV RQ 0RQHWDU\ 3ROLF\� 7KH 8VH
RI ,PSOLHG 5LVN 1HXWUDO 3UREDELOLW\ 'LVWULEXWLRQV�� SDSHU SUHVHQWHG DW %,6�&(35
FRQIHUHQFH RQ $VVHW 3ULFHV DQG 0RQHWDU\ 3ROLF\�

&DPSD� -� 0�� 3� +� .� &KDQJ� DQG 5� /� 5HLGHU�� ����� ?,PSOLHG ([FKDQJH 5DWH 'LVWUL�
EXWLRQV� (YLGHQFH IURP 27& 2SWLRQ 0DUNHWV�� 1%(5 :RUNLQJ 3DSHU 1R� �����

&DPSD� -� 0�� 3� +� .� &KDQJ� DQG -� )� 5HIDOR� ����� ?$Q 2SWLRQV�%DVHG $QDO\VLV RI
(PHUJLQJ 0DUNHW ([FKDQJH 5DWH ([SHFWDWLRQV� %UD]LO
V 5HDO 3ODQ� ����������� ZRUN�
LQJ SDSHU� 1HZ <RUN 8QLYHUVLW\�

&RRSHU� 1�� ����� ?7HVWLQJ 7HFKQLTXHV IRU (VWLPDWLQJ ,PSOLHG 51'V IURP WKH 3ULFHV RI
(XURSHDQ DQG $PHULFDQ 2SWLRQV�� XQSXEOLVKHG ZRUNLQJ SDSHU� %DQN RI (QJODQG�

&RXWDQW� 6�� (� -RQGHDX DQG 0� 5RFNLQJHU� ����� ?5HDGLQJ ,QWHUHVW 5DWH DQG %RQG )XWXUHV
2SWLRQV
 6PLOHV� +RZ 3,%25 DQG 1RWDWLRQDO 2SHUDWRUV $SSUHFLDWHG WKH ���� )UHQFK
6QDS (OHFWLRQ�� :�3� 1(5 � ��� %DQTXH GH )UDQFH�

&RXWDQW� 6�� ����� ?,PSOLHG 5LVN $YHUVLRQ LQ 2SWLRQ 3ULFHV�� ZRUNLQJ SDSHU� %DQTXH GH
)UDQFH�
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&R[� -� DQG 6� 5RVV� ����� ?7KH 9DOXDWLRQ RI 2SWLRQV IRU $OWHUQDWLYH 6WRFKDVWLF 3URFHVVHV��
-RXUQDO RI )LQDQFLDO (FRQRPLFV� �� ���^���

'XmHH� *� 5�� ����� ?,GLRV\QFUDWLF 9DULDWLRQ RI 7UHDVXU\ %LOO <LHOGV�� -RXUQDO RI )LQDQFH�
������ ���^����

*DODWL� *� DQG :� 0HOLFN� ����� ?3HUFHLYHG &HQWUDO %DQN ,QWHUYHQWLRQ DQG 0DUNHW ([�
SHFWDWLRQV� $Q (PSLULFDO 6WXG\ RI WKH <HQ�'ROODU ([FKDQJH 5DWH ��������� :RUNLQJ
3DSHU 1R� ��� %DQN RI ,QWHUQDWLRQDO 6HWWOHPHQWV�

*HPPLOO� *� DQG $� 6DoHNRV� ����� ?+RZ 8VHIXO DUH ,PSOLHG 'LVWULEXWLRQV" (YLGHQFH IURP
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-DFNZHUWK� -� &� DQG 0� 5XELQVWHLQ� ����� ?5HFRYHULQJ 3UREDELOLW\ 'LVWULEXWLRQV IURP
2SWLRQV 3ULFHV�� -RXUQDO RI )LQDQFH� ������ ����^�����

/HDK\� 0� 3� DQG &� 3� 7KRPDV� ����� ?7KH 6RYHUHLJQW\ 2SWLRQ� 7KH 4XHEHF 5HIHUHQGXP
DQG 0DUNHW 9LHZV RQ WKH &DQDGLDQ 'ROODU�� ,QWHUQDWLRQDO )LQDQFH 'LVFXVVLRQ 3DSHU
� ���� %RDUG RI *RYHUQRUV RI WKH )HGHUDO 5HVHUYH 6\VWHP�

0DGDQ� '� %� DQG )� 0LOQH� ����� ?&RQWLQJHQW &ODLPV 9DOXHG DQG +HGJHG E\ 3ULFLQJ DQG
,QYHVWLQJ LQ D %DVLV�� 0DWKHPDWLFDO )LQDQFH� �� ��������

0DO]� $OODQ 0�� ����� ?8VLQJ 2SWLRQ 3ULFHV WR (VWLPDWH 5HDOLJQPHQW 3UREDELOLWLHV LQ WKH
(XURSHDQ 0RQHWDU\ 6\VWHP� 7KH &DVH RI 6WHUOLQJ�0DUN�� -RXUQDO RI ,QWHUQDWLRQDO
0RQH\ DQG )LQDQFH� ��� ���^����

0DO]� $OODQ 0�� ����D� ?2SWLRQ�,PSOLHG 3UREDELOLW\ 'LVWULEXWLRQV DQG &XUUHQF\ ([FHVV
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Figure 1: The effect of Price Perturbations on Implied Volatility
(Tick size = 0.01)
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Figure 2a: Short Sterling Option Cross-Sections

Quote Date (1997)
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Figure 2b: FTSE 100 Option Cross-Sections

Quote Date (1997)
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Figure 3: Comparison of SML and DLN Summary Statistics
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Figure 4: Comparison of Day-to-Day Changes in SML and DLN Summary Statistics
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$ 0HWKRGV IRU (VWLPDWLQJ ,PSOLHG 3')V

$�� 'RXEOH�/RJQRUPDO $SSUR[LPDWLQJ )XQFWLRQ

7KH GRXEOH�ORJQRUPDO DSSUR[LPDWLQJ IXQFWLRQ PHWKRG IRU HVWLPDWLQJ LPSOLHG 3')V IURP

RSWLRQ SULFHV LV EDVHG RQ WKH IROORZLQJ WKHRUHWLFDO SULFLQJ UHODWLRQV IRU (XURSHDQ FDOOV DQG

SXWV�

&W�.�  HbU~
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�67 b.�GI�67 �

DQG

3W�.�  HbU~
= .
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�. b 67 �GI�67 �

ZKHUH & DQG 3 DUH WKH FDOO DQG SXW SULFHV REVHUYHG DW WLPH W� U LV WKH ULVNOHVV UDWH� ~ LV WKH

WLPH WR H[SLU\� . LV WKH H[HUFLVH SULFH� DQG GI�67 � LV WKH ULVN QHXWUDO SUREDELOLW\ GHQVLW\

IXQFWLRQ IRU WKH YDOXH RI WKH XQGHUO\LQJ DVVHW� 6� DW H[SLU\� 7  W� ~ � 7KH GRXEOH�ORJQRUPDO

PHWKRG DSSUR[LPDWHV WKLV GHQVLW\ IXQFWLRQ ZLWK D PL[WXUH RI WZR ORJQRUPDO GHQVLW\ IXQF�

WLRQV�
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ZKHUH 6W LV WKH FXUUHQW YDOXH RI WKH XQGHUO\LQJ DVVHW DQG Ix�� }�� x�� }�� tJ DUH WKH XQNQRZQ
SDUDPHWHUV WKDW GHnQH WKH GRXEOH�ORJQRUPDO GHQVLW\ IXQFWLRQ� t � >�� �@��� 7KXV� WKH nWWHG
YDOXH IRU D FDOO SULFH� JLYHQ SDUDPHWHUV Ix�� }�� x�� }�� tJ� LV JLYHQ E\
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ZLWK DQ HTXLYDOHQW H[SUHVVLRQ IRU WKH YDOXH RI SXW RSWLRQ� *LYHQ REVHUYDWLRQV RI FDOO DQG

SXW SULFHV� WKH SDUDPHWHUV� Ix�� }�� x�� }�� tJ� RI WKH LPSOLHG GRXEOH�ORJQRUPDO 3') FDQ EH

��6HH 0HOLFN DQG 7KRPDV ������ DQG %DKUD ������ IRU GHYHORSPHQW RI WKLV PRGHO�

��



HVWLPDWHG XVLQJ QRQ�OLQHDU RSWLPL]DWLRQ PHWKRGV WR PLQLPL]H WKH ZHLJKWHG VXP RI nWWHG

SULFH HUURUV

PLQ
Ix��}��x��}��tJ

1F;
L �

ZL>&W�.L�b A&W�.LMx�� }�� x�� }�� t�@��
1S;
M �

ZM>3W�.L�b A3W�.LMx�� }�� x�� }�� t�@�

VXEMHFW WR

1F;
L �

ZL �
1S;
M �

ZM  � DQG ZL� ZM ! � �L� M

DQG ZKHUH 1F DQG 1S DQG WKH QXPEHU RI FDOOV DQG SXW FRQWUDFWV LQ WKH HVWLPDWLRQ VDPSOH

IRU D JLYHQ SDLU RI REVHUYDWLRQV DQG H[SLU\ GDWHV IW� 7J DQG WKH ZL� ZM DUH WKH ZHLJKWV SODFHG

RQ HDFK RSWLRQ�

$�� 6PRRWKHG ,PSOLHG 9RODWLOLW\ 6PLOH

7KH VPRRWKHG LPSOLHG YRODWLOLW\ VPLOH LPSOLHG 3') HVWLPDWLRQ PHWKRG LV EDVHG RQ D IHZ

VLPSOH LGHDV� %UHHGHQ DQG /LW]HQEHUJHU ������ VKRZHG WKDW WKH 3') IRU GLVWULEXWLRQ RI WKH

YDOXH RI WKH XQGHUO\LQJ DVVHW DW RSWLRQ H[SLU\� I�67 �� LV UHODWHG WR FDOO �RU SXW� SULFHV WKURXJK

I�67 �  
#�&

#.�

VR WKDW LI ZH REVHUYHG WKH FDOO SULFH IXQFWLRQ �DV D IXQFWLRQ RI VWULNH� ZH FRXOG GLmHUHQWLDWH

WZLFH WR REWDLQ WKH 3')� +RZHYHU� ZH RQO\ REVHUYH FDOO SULFHV IRU D UHODWLYHO\ IHZ GLVFUHWHO\

VSDFHG VWULNHV�

7KH REYLRXV VROXWLRQ LV WR LQWHUSRODWH �DQG H[WUDSRODWH�� RU DOWHUQDWLYHO\ VPRRWK� WKH

REVHUYHG SULFHV E\ nWWLQJ D IXQFWLRQ WR WKH REVHUYHG SULFHV� +RZHYHU� VHYHUDO WHFKQLFDO

UHDVRQV PDNH WKLV DSSURDFK XQGHVLUDEOH� 6PDOO nWWHG SULFH HUURUV FDQ KDYH ODUJH DmHFWV RQ

WKH 3')V� SDUWLFXODUO\ LQ WKH WDLOV� DQG RWKHUZLVH DGYDQWDJHRXV VPRRWKLQJ VSOLQHV DUH QRW

ZHOO VXLWHG WR nWWLQJ D IXQGDPHQWDOO\ H[SRQHQWLDO IXQFWLRQDO IRUP WKDW DV\PSWRWHV WR ]HUR

VORSH IRU GHHS RXW�RI�WKH�PRQH\ DQG VORSH RI RQH IRU GHHS LQ�WKH�PRQH\�

��



6KLPNR ������ SURSRVHG DV DQ DOWHUQDWLYH WKDW WKH REVHUYHG RSWLRQ SULFHV EH nUVW FRQ�

YHUWHG WR LPSOLHG YRODWLOLWLHV XVLQJ WKH %ODFN�6FKROHV RSWLRQ SULFLQJ IRUPXOD� 7KH LPSOLHG

YRODWLOLW\ IXQFWLRQ FRXOG WKHQ EH nWWHG DQG WKH FRQWLQXXP RI nWWHG LPSOLHG YRODWLOLWLHV FRQ�

YHUWHG EDFN WR D FRQWLQXXP RI nWWHG RSWLRQ SULFHV DQG WKHQFH WR D nWWHG 3')� 6KLPNR

FKRVH WR XVH D VLPSOH TXDGUDWLF SRO\QRPLDO VPRRWKLQJ IXQFWLRQ ZLWKLQ WKH VSDQ RI DYDLODEOH

VWULNHV DQG ZLWK oDW OLQHDU H[WUDSRODWLRQV RXWVLGH WKH UDQJH RI DYDLODEOH VWULNHV� :KLOH WKLV

PHWKRG UHOLHV RQ WKH %ODFN�6FKROHV SULFLQJ PRGHO DV D PHWKRG IRU WUDQVIRUPLQJ IURP RQH

VSDFH �SULFH�VWULNH� WR DQRWKHU �%6�LPSOLHG YRODWLOLW\�VWULNH� WKLV LV SXUHO\ D FRPSXWDWLRQDO

FRQYHQLHQFH DQG GRHV QRW SUHVXPH WKDW WKH %ODFN�6FKROHV PRGHO LV WUXH�

0DO] ������ PRGLnHG 6KLPNR
V WHFKQLTXH E\ WUDQVIRUPLQJ WKH RULJLQDO GDWD IURP SULFH�VWULNH

VSDFH WR LPSOLHG YRODWLOLW\�GHOWD VSDFH� ZKHUH

GHOWD s c  #&

#6
�

8VLQJ GHOWD� c� UDWKHU WKDQ VWULNH�.� DV WKH IXQFWLRQ DUJXPHQW� JURXSV DZD\�IURP�WKH�PRQH\

LPSOLHG YRODWLOLWLHV PRUH FORVHO\ WRJHWKHU WKDQ QHDU�WKH�PRQH\ LPSOLHG YRODWLOLWLHV� 7KLV KDV

WKH HmHFW RI SHUPLWWLQJ JUHDWHU ?VKDSH� QHDU WKH FHQWHU RI WKH GLVWULEXWLRQ ZKHUH WKH GDWD

LV PRUH UHOLDEOH �IUHTXHQWO\ WUDGHG�� ZLWKRXW XVLQJ D YDULDEOH VPRRWKQHVV SHQDOW\ DFURVV WKH

OHQJWK RI WKH VSOLQH��� 0DO] ������ IROORZHG 6KLPNR LQ XVLQJ D ORZ�RUGHU SRO\QRPLDO DV WKH

VPRRWKLQJ IXQFWLRQ�

&DPSD� &KDQJ� DQG 5HLGHU ������ LQWURGXFHG WKH XVH RI D VPRRWKLQJ VSOLQH IRU nWWLQJ

LPSOLHG YRODWLOLW\ FXUYHV� 7KH\ DSSOLHG WKLV WR VPRRWKLQJ WKH LPSOLHG YRODWLOLW\�VWULNH IXQF�

WLRQ� 8VH RI D QDWXUDO VSOLQH� UDWKHU WKDQ D ORZ RUGHU SRO\QRPLDO� SHUPLWV WKH XVHU WR FRQWURO

WKH VPRRWKQHVV RI WKH nWWHG IXQFWLRQ� 7KH VSOLQH LV DOVR OHVV UHVWULFWLYH RI WKH VKDSHV WKH

nWWHG IXQFWLRQ FDQ DVVXPH�

7KH VPRRWKHG VPLOH 3') HVWLPDWLRQ PHWKRG XVHG LQ WKLV SDSHU ZDV GHYHORSHG E\ 3DQL�

JLUW]RJORX LQ SUHYLRXVO\ XQSXEOLVKHG ZRUN DW WKH %DQN RI (QJODQG� 7KH PHWKRG IROORZV 0DO]

������ LQ VPRRWKLQJ LQ LPSOLHG YRODWLOLW\�GHOWD VSDFH DQG &DPSD� &KDQJ� DQG 5HLGHU ������

LQ XVLQJ D QDWXUDO VSOLQH WR VPRRWK WKH IXQFWLRQ� ,Q DGGLWLRQ� WKH nWWHG LPSOLHG YRODWLOLW\

��6HH :DJJRQHU ������ IRU WKH DSSOLFDWLRQ RI YDULDEOH VPRRWKQHVV SHQDOWLHV WR nWWLQJ QDWXUDO VSOLQHV�

��



HUURUV DUH ZHLJKWHG E\ WKH RSWLRQ YHJDV �y s #&
#}
� WR DFFRXQW IRU SUHVXPHG KRPRVNHGDVWLF

SULFLQJ HUURUV LQ WKH XQGHUO\LQJ UDZ SULFH GDWD�

$ QDWXUDO VSOLQH LV D SLHFH�ZLVH FXELF SRO\QRPLDO� )RU D QDWXUDO VSOLQH WKH SRLQWV RQ WKH

[�D[LV FRUUHVSRQGLQJ WR HDFK RI WKH GDWD SRLQWV GHnQH WKH ?NQRW SRLQWV���� %HWZHHQ WKH NQRW

SRLQWV WKH IXQFWLRQ LV D VLPSOH FXELF SRO\QRPLDO� +RZHYHU� WKH IXQFWLRQ LV FRQVWUDLQHG VR

WKDW LW LV FRQWLQXRXV DW WKH NQRW SRLQWV DQG KDV FRQWLQXRXV nUVW D VHFRQG GHULYDWLYHV� 7KH

VPRRWKQHVV RI WKH VSOLQH LV FRQWUROOHG E\ D VPRRWKQHVV SHQDOW\ w ZKLFK PXOWLSOLHV D PHDVXUH

RI WKH GHJUHH RI FXUYDWXUH LQ WKH IXQFWLRQ_WKH LQWHJUDO RI WKH VTXDUHG VHFRQG GHULYDWLYH RI

WKH IXQFWLRQ RYHU LWV UDQJH� 7KH REMHFWLYH IXQFWLRQ WR EH PLQLPL]HG LV WKXV
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ZKHUH d LV WKH PDWUL[ RI SDUDPHWHUV RI WKH FXELF VSOLQH �NQRW SRLQWV DQG FRPSRQHQW SRO\�

QRPLDO SDUDPHWHUV�� I�d� LV WKH FXELF VSOLQH IXQFWLRQ� DQG A,9 L�cL�d� LV WKH nWWHG LPSOLHG

YRODWLOLW\ DW cL� JLYHQ WKH VSOLQH SDUDPHWHUV d� ,PSOHPHQWLQJ WKH QDWXUDO VSOLQH LV ERWK

VLPSOH DQG FRPSXWDWLRQDO HpFLHQW�

7KH FXELF VPRRWKLQJ VSOLQH KDV WKH SURSHUW\ WKDW LW EHFRPHV OLQHDU RXWVLGH WKH UDQJH RI

DYDLODEOH GDWD� ,I WKH VORSH DW WKH H[WUHPH NQRW SRLQWV LV QHJDWLYH� LW LV SRVVLEOH IRU H[WUDSRODWH

YDOXHV RI WKH nWWHG GHQVLW\ WR EH QHJDWLYH� ,W LV SRVVLEOH WR DOWHU WKH VSOLQH IXQFWLRQ RU WR

FRQVWUDLQ LW WR DYRLG WKLV SUREOHP� WKRXJK DW VRPH FRVW WKH FRPSXWDWLRQ HpFLHQF\� ,Q WKLV

VWXG\� WKH QHJDWLYH nWWHG�GHQVLW\ SUREOHP GLG QRW RFFXU�

2QFH WKH QDWXUDO VSOLQH LV nWWHG� D ODUJH QXPEHU RI HTXDOO\ c�VSDFHG SRLQWV RQ WKH

IXQFWLRQ DUH FRPSXWHG� 7KHVH DUH WKHQ FRQYHUWHG LQWR HTXDOO\.�VSDFHG YDOXHV LQ SULFH�VWULNH

VSDFH� 7KHVH LQ WXUQ DUH XVHG WR FRPSXWH WKH 3') XVLQJ QXPHULFDO PHWKRGV�

��6RPH DSSOLFDWLRQV XVH D VPDOOHU VHW RI NQRW SRLQWV DW SUHGHWHUPLQHG LQWHUYDOV RU VHOHFWHG WR VSDQ DSSUR[�
LPDWHO\ HTXDO QXPEHU RI GDWD SRLQWV�

��



% 'DWD 'HVFULSWLRQ

%�� 6KRUW�6WHUOLQJ

7KH /,))( 6KRUW 6WHUOLQJ RSWLRQV FRQWUDFW LV DQ $PHULFDQ�VW\OH RSWLRQ RQ WKH WKUHH PRQWK

6WHUOLQJ LQWHUHVW UDWH IXWXUHV FRQWUDFW� 2SWLRQV DQG WKH XQGHUO\LQJ IXWXUHV FRQWUDFW H[SLUH

VLPXOWDQHRXVO\ RQ WKH WKLUG:HGQHVGD\ RI WKH QHDUHVW 0DUFK� -XQH� 6HSWHPEHU DQG 'HFHPEHU

�L�H� 6KLUDWVXND� 6KLJHQRUL� ����� �,QIRUPDWLRQ &RQWHQW RI ,PSOLHG 3UREDELOLW\ 'LVWULEXWLRQV�

(PSLULFDO VWXGLHV RI -DSDQHVH 6WRFN 3ULFH ,QGH[ 2SWLRQV�� ZRUNLQJ SDSHU� %DQN RI -DSDQ�QR

RSWLRQV DUH OLVWHG ZLWK H[SLU\ EH\RQG RQH \HDU�� 7KH 6KRUW 6WHUOLQJ RSWLRQ H[HUFLVH SULFHV

DUH LQ LQWHUYDOV RI ���� ��� EDVLV SRLQWV� H[FHSW IRU WKH QHDU FRQWUDFW ZKLFK LV TXRWHG LQ VWULNH

LQWHUYDOV RI ������ 7KH PLQLPXP WLFN VL]H LV ������� 7KH XQGHUO\LQJ IXWXUHV FRQWUDFW FDVK

VHWWOHV WR ��� PLQXV WKH ��PRQWK /,%25 UDWH RQ WKH IXWXUHV FRQWUDFW H[SLU\ GDWH� 2SWLRQ

SUHPLD DUH QRW SDLG DW WLPH RI SXUFKDVH� 2SWLRQ SRVLWLRQV DUH PDUNHG�WR�PDUNHW GDLO\ DQG

WKH SUHPLXP LV SDLG RQO\ LI WKH RSWLRQ LV H[HUFLVHG� 7KH FRPELQHG HmHFW RI WKH GHIHUUHG

SUHPLXP DQG WKH �LQLWLDOO\ FRVWOHVV� XQGHUO\LQJ DVVHW UHVXOWV LQ WKH IROORZLQJ 3XW�&DOO SDULW\

UHODWLRQ IRU WKH 6KRUW 6WHUOLQJ FRQWUDFW���

& b 3  6 b.

ZKHUH & LV WKH FDOO SULFH IRU DQ RSWLRQ ZLWK VWULNH .� 3 LV WKH FRUUHVSRQGLQJ SXW SULFH� DQG 6

LV WKH FXUUHQW YDOXH RI WKH XQGHUO\LQJ DVVHW� 7KLV FRQGLWLRQ LV QRW YLRODWHG IRU DQ\ FRQWUDFWV

LQ WKH ���� GDWDVHW� LQGLFDWLQJ WKDW WKH FRQGLWLRQ LV LPSRVHG ZKHQ 6KRUW 6WHUOLQJ RSWLRQ

VHWWOHPHQW SULFHV DUH GHWHUPLQHG� ,W DOVR PHDQV WKDW SXW DQG FDOO SULFHV DUH UHGXQGDQW DQG

ZH PD\ XVH HLWKHU� ,Q WKLV VWXG\ ZH XVH FDOO SULFHV�

��$IWHU $SULO ���� WKH WLFN VL]H ZDV UHGXFHG WR ����� IRU FRQWUDFWV WUDGLQJ DW OHVV WKDQ �����
��7KLV DVVXPHV DOO FDVK oRZV RFFXU DW H[SLUDWLRQ DQG LJQRUHV PDUN�WR�PDUNHW HmHFWV� (YLGHQFH IURP

VWXGLHV RI SULFH GLmHUHQFHV IRU LQWHUHVW UDWH IXWXUHV DQG LQWHUHVW UDWH IRUZDUGV LQGLFDWHV WKDW WKH PDUN�WR�
PDUNHW GLVWRUWLRQ LV PLQLPDO� 6WULFW HTXDOLW\ WKHRUHWLFDOO\ RQO\ KROGV IRU (XURSHDQ�VW\OH RSWLRQV� +RZHYHU�
WKH DEVHQFH RI SRWHQWLDO ?GLYLGHQGV� IURP KROGLQJ WKH XQGHUO\LQJ PDNH HDUO\ H[HUFLVH RI WKH FDOO VXERSWLPDO�
DQG WKH SUHPLXP�SD\PHQW�RQ�H[HUFLVH UDLVHV WKH WKUHVKROG DW ZKLFK LW LV RSWLPDO WR H[HUFLVH WKH SXW HDUO\�
,Q SUDFWLFH WKH 6KRUW 6WHUOLQJ FRQWUDFW WUDGHV DV LI LW ZHUH D (XURSHDQ�VW\OH RSWLRQ�

��



,Q ���� WKH DYHUDJH QHDU�WKH�PRQH\�� 6KRUW 6WHUOLQJ FDOO SULFH ZDV ����� �UDQJH ����� WR

��������� 7KH WLFN VL]H LV WKHUHIRUH ��� SHUFHQW RI WKH DYHUDJH QHDU�WKH�PRQH\ 6KRUW 6WHUOLQJ

RSWLRQ SUHPLXP� )RU DZD\�IURP�WKH�PRQH\ RSWLRQV WKH WLFN VL]H ZRXOG EH D FRUUHVSRQGLQJO\

KLJKHU SHUFHQWDJH RI WKH WLPH YDOXH �WKH LQWULQVLF YDOXH SRUWLRQ RI WKH RSWLRQ SULFH LV LUUHOHYDQW

LQ WKLV FRQWH[W�� ,I ZH DUH LQWHUHVWHG LQ WKH WLPH VHULHV RI FKDQJHV LQ GHULYHG VWDWLVWLFV UDWKHU

WKDQ LQ WKHLU DEVROXWH OHYHOV� WKH PRUH UHOHYDQW EHQFKPDUN IRU HYDOXDWLQJ WKH WLFN VL]H LV

WKH GDLO\ SULFH FKDQJH� ,Q ����� WKH GDLO\ QHDU�WKH�PRQH\ 6KRUW 6WHUOLQJ FDOO SULFH FKDQJHV

UDQJHG EHWZHHQ b����� DQG ������ ZLWK D PHDQ DEVROXWH YDOXH RI ����� DQG D VWDQGDUG
GHYLDWLRQ RI ������ 7KXV� WKH WLFN VL]H LV ��� SHUFHQW RI WKH PHDQ DEVROXWH GDLO\ SULFH FKDQJH

DQG ��� SHUFHQW RI WKH VWDQGDUG GHYLDWLRQ RI GDLO\ QHDU�WKH�PRQH\ 6KRUW 6WHUOLQJ FDOO SULFH

FKDQJHV DQG FRUUHVSRQGLQJO\ JUHDWHU IRU DZD\�IURP�WKH�PRQH\ VWULNHV�

%�� )76( ���

7KH /,))( )76( ��� RSWLRQ FRQWUDFW XVHG LQ WKLV VWXG\ LV DQ (XURSHDQ�VW\OH RSWLRQ RQ WKH

)76( ��� VWRFN LQGH[��� 2SWLRQV DUH OLVWHG IRU WKH QHDUHVW IRXU PRQWKV DQG IRU WKH QHDUHVW

-XQH DQG 'HFHPEHU� )76( ��� RSWLRQV H[SLUH RQ WKH WKLUG )ULGD\ RI WKH H[SLU\ PRQWK� 7KH

)76( ��� RSWLRQ VWULNHV DUH LQ LQWHUYDOV RI �� RU ��� SRLQWV GHSHQGLQJ RQ WLPH�WR�H[SLU\�

7KH PLQLPXP WLFN VL]H LV ���� )76( ��� RSWLRQV FDVK VHWWOH WR WKH GDLO\ VHWWOHPHQW SULFH�

ZKLFK LV GHWHUPLQHG E\ WDNLQJ WKH DYHUDJH OHYHO RI WKH )76( ��� LQGH[ VDPSOHG HYHU\ ��

VHFRQGV EHWZHHQ ����� DQG ����� �/RQGRQ WLPH�� )RU H[SLULQJ FRQWUDFWV WKH VDPSOLQJ LV GRQH

EHWZHHQ ����� DQG ����� RQ WKH ODVW WUDGLQJ GD\� 7KH RSWLRQ SUHPLXP LV SD\DEOH LQ IXOO DW

WKH WLPH RI SXUFKDVH �QH[W EXVLQHVV GD\��

%HFDXVH WKH )76( ��� IXWXUHV FRQWUDFW H[SLUHV RQ WKH VDPH GDWH DV WKH RSWLRQ DQG

WKHUHIRUH ZLOO KDYH WKH VDPH YDOXH DV WKH LQGH[ ZKHQ WKH RSWLRQ H[SLUHV� WKH (XURSHDQ�VW\OH

��'HnQHG DV WKH VWULNH LPPHGLDWHO\ DERYH DQG WKH VWULNH DW RU LPPHGLDWHO\ EHORZ WKH IXWXUHV SULFH�
��6WDWLVWLFV DUH EDVHG RQ DOO RSWLRQV ZLWK DW OHDVW � GD\V WR H[SLU\� 3ULFH FKDQJH VWDWLVWLFV DUH EDVHG RQ

FRQVHFXWLYH TXRWDWLRQV RYHU LQWHUYDOV RI QR PRUH WKDQ � GD\V� 7KH VDPH DSSOLHV WR WKH )76( ��� RSWLRQV
VWDWLVWLFV EHORZ�

��/,))( DOVR OLVWV D $PHULFDQ�VW\OH )76( ��� FRQWUDFW� 7KLV FRQWUDFW LV OHVV OLTXLG WKDQ WKH (XURSHDQ�VW\OH
FRQWUDFW�

��



)76( ��� FRQWUDFW PD\ EH YLHZHG DV DQ RSWLRQ RQ WKH IXWXUHV� 7KH 3XW�&DOO SDULW\ UHODWLRQ

IRU WKH )76( ��� FRQWUDFW LV WKHUHIRUH

& b 3  �6 b.�HbUI ~

ZKHUH & LV WKH FDOO SULFH IRU DQ RSWLRQ ZLWK VWULNH .� 3 LV WKH FRUUHVSRQGLQJ SXW SULFH� 6 LV

WKH FXUUHQW YDOXH RI WKH XQGHUO\LQJ DVVHW� LQ WKLV FDVH D IXWXUHV SULFH� ~ LV WKH WLPH WR H[SLU\�

DQG UI LV WKH ULVN IUHH LQWHUHVW UDWH� $JDLQ� WKLV WKHRUHWLFDO UHODWLRQ LJQRUHV PDUN�WR�PDUNHW

HmHFWV�

3XW�FDOO SDULW\ LV IUHTXHQWO\ YLRODWHG IRU )76( ��� RSWLRQV FRQWUDFWV LQ WKH ���� GDWDVHW

DV D UHVXOW SXW DQG FDOO SULFHV DUH QRW UHGXQGDQW�

,Q ���� WKH DYHUDJH QHDU�WKH�PRQH\ )76( ��� FDOO SULFH ZDV ����� �UDQJH ���� WR �������

7KH WLFN VL]H LV WKHUHIRUH ��� SHUFHQW RI WKH DYHUDJH QHDU�WKH�PRQH\ )76( ��� RSWLRQ SUH�

PLXP� ,Q ����� WKH GDLO\ SULFH FKDQJHV UDQJHG EHWZHHQ b����� DQG ������ ZLWK D PHDQ
DEVROXWH YDOXH RI ����� DQG D VWDQGDUG GHYLDWLRQ RI ������ 7KXV WKH WLFN VL]H LV ��� SHUFHQW

RI WKH PHDQ DEVROXWH GDLO\ SULFH FKDQJH DQG ��� SHUFHQW RI WKH VWDQGDUG GHYLDWLRQ RI GDLO\

SULFH FKDQJHV� 2QH ZRXOG H[SHFW WKHUHIRUH WKDW WLF�VL]H HmHFWV DUH OHVV RI D SUREOHP LQ WKH

)76( ��� RSWLRQ PDUNHW WKDQ LQ WKH 6KRUW 6WHUOLQJ PDUNHW�
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