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1 Introduction

The purpose of this paper is to evaluate if standard neoclassical theory can be used to explain the observed behavior of
establishment dynamics, vacancies and unemployment both at growth and business cycle frequencies. To this end, the
paper constructs a real business cycle model that blends three important strands in the literature: 1) the Hopenhayn and
Rogerson (15) model of establishment dynamics, 2) the Mortensen and Pissarides (18) matching model, and 3) the Lucas
and Prescott (16) islands model. A key feature of the model is that it fully relies on classical price theory: All prices,
including that of labor, are determined in Walrasian markets.

The economy is populated by a representative household that values consumption and leisure. Output, which can be
consumed or invested, is produced by a large number of spatially separated establishments that are subject to aggregate and
idiosyncratic productivity shocks. The amount of hiring that an establishment can undertake is constrained by the number
of recruitment opportunities that it has available. Unemployed workers can become employed only if they gain employment
opportunities. Recruitment opportunities for establishments and employment opportunities for workers are jointly produced
by a neoclassical recruitment technology that uses unemployed workers and the consumption good as inputs of production.
Following the matching literature, the recruitment technology is allowed to be subject to production externalities: The total
number of unemployed workers in the economy and the aggregate amount of recruitment expenditures affect its productivity.
Any of the workers with employment opportunities can be hired by any of the establishments with recruitment opportunities.

The paper defines and fully characterizes a recursive competitive equilibrium for this economy. It shows that an
equilibrium can be constructed by solving a social planning problem with side conditions. The social planner solves a
standard utility maximization problem subject to feasibility constraints, except that it takes as given the total number
of unemployed workers and the aggregate amount of recruitment expenditures that enter the recruitment technology as
external effects. At equilibrium, these variables must be generated by the social planner’s optimal decision rules. The
recruitment opportunities and employment decision rules of the establishments are also characterized. In particular, they
are shown to be of the (S,s) variety. This, together with the assumptions that the idiosyncratic productivity shocks take
a finite number of values and that the aggregate productivity shocks are sufficiently small, implies that the distribution
over establishment types has a finite support. As a consequence, the social planner’s problem can be formulated in terms
of a finite number of state and decision variables. This is an important result: Despite the model’s complexity, simple
linear-quadratic methods can be used for computing a recursive competitive equilibrium.

The paper then evaluates how well the model is able to explain the data. Two versions are considered: A version
without external effects in the recruitment technology and a version with external effects. Both versions are calibrated to
identical U.S. long-run observations. Some parameter values are closely related to the neoclassical growth model and are
calibrated to reproduce similar observations (e.g. the capital/output ratio, the investment/output ratio, etc.). The rest of
the parameters are chosen to reproduce observations on establishment dynamics (e.g. the size distribution of establishments,
job creation and destruction rates, etc.), worker flows (e.g. the separation rates, the hazard rate from unemployment, etc.),
and vacancies (e.g. the vacancy rate, recruitment costs, etc.). When an aggregate productivity shock of empirically relevant
magnitude is introduced, the paper finds that the version without external effects in the recruitment technology fails to

reproduce the data: The aggregate fluctuations that it generates are too small. On the contrary, the version with external



effects generates aggregate fluctuations of reasonable magnitude. Thus the paper indicates that, when looked through the
eyes of neoclassical theory, there is empirical support for the hypothesis of congestion externalities in the matching process.

While the paper has a strong empirical focus it also makes a theoretical contribution to the literature on equilibrium
unemployment. This literature has been dominated by two main strands: the Mortensen-Pissarides (18) matching model
and the Lucas-Prescott (16) islands model. The Mortensen-Pissarides model is extremely useful for analyzing vacancies and
unemployment and has been extended to incorporate business cycle fluctuations (e.g. Andolfatto (4), Merz (17), Shimer
(20), Hall (13), Hagedorn and Manovskii (9), etc.) and, more recently, establishment dynamics (e.g. Acemoglu and Hawkins
(1), Cooper et. al (6), etc.). However, the model has a significant drawback: It introduces free parameters in the wage
determination process. Even in the simplest version of the model it is unclear what value to use for the Nash bargaining
parameter. In versions with aggregate fluctuations and establishment dynamics, the degrees of freedom multiply since it
is possible for the Nash bargaining parameter to vary systematically with the state of the economy or of an individual
establishment. The Lucas-Prescott model does not suffer from these difficulties since wages are determined in Walrasian
markets.! However, there is no notion of vacancies in that model: Firms behave as if they could hire any number of workers
at the island specific competitive wage rate. That is, firms do not need to undertake any type of active recruitment effort
in order to fill their job openings. This paper avoids these limitations: By blending together the Mortensen-Pissarides
model and the Lucas-Prescott model, it delivers a framework for analyzing vacancies and unemployment in which all prices
are fully determined by preferences and technology. Incorporating the Hopenhayn-Rogerson model is also important since
establishments dynamics are the counterpart to worker flows and vacancies. The result is a comprehensive theory of labor
market dynamics.

The paper is organized as follows. Section 2 describes the economy. Section 3 describes a recursive competitive
equilibrium. Section 4 characterizes a recursive competitive equilibrium and describes how to compute it. Section 5
calibrates the two versions of the model. Finally, Section 6 presents the results. An appendix provides proofs to the most

important claims made in the paper.

2 The economy

The economy is endowed with a measure one of workers. A worker is a capital good that does not depreciate and can
not be produced. During any period of time a worker can be in either of two states: employed or unemployed. Employed
workers produce the consumption good while unemployed workers produce home goods. Employed workers can be freely
transformed into unemployed workers. However, unemployed workers can only be transformed into employed workers using
a costly technology. All workers are subject to an idiosyncratic productivity shock called a quit shock, that makes them
temporarily unproductive as employed workers. A worker that quits needs to spend a full period of time unemployed before
regaining his productive capacity. The probability that a worker quits at the beginning of the following period depends on

his current employment status: It is equal to 7, if the worker is currently employed and it is equal to m, if the worker is

!The Lucas-Prescott model has been used, among other things, to study the effects of labor market policies (e.g. Alvarez and Veracierto
(3)), business cycle dynamics (e.g. Veracierto (23)), occupational mobility (e.g. Kambourov and Manovskii (11)), and rest unemployment (e.g.

Alvarez and Shimer (2)).



currently unemployed.

The economy is populated by a representative household with preferences given by

&o {i h [& + @Ut:| } ) (1)
Pt l1-0
where C} is consumption, U; is the total number of unemployed workers, ¢ >0, c > 0and 0 < 8 < 1.
The consumption good is produced by a large number of establishments. Each establishment has a production function
given by
yr = ™5 F (g, k),

where z; is an aggregate productivity shock, s; is an idiosyncratic productivity shock, n; is the number of employed workers,
k; is physical capital, and F' is a continuously differentiable, strictly increasing, strictly concave and decreasing returns to
scale production function that satisfies the Inada conditions. The idiosyncratic productivity shock s; takes values in a
finite set S and follows a Markov process with monotone transition matrix (). Realizations of s; are independent across
establishments and s; = 0 is an absorbing state. Since there are no fixed costs of operation, exit takes place only when the
idiosyncratic productivity level becomes zero. In every period of time a measure ¢ of new establishments is exogenously
born. Their distribution over initial productivity shocks is given by 1. The aggregate productivity shock follows an AR(1)
process given by

Zt+1 = P2t + €41, (2)

where 0 < p < 1, and €441 is i.i.d., normally distributed, with variance o2 and zero mean.

The number of employed workers n; at an establishment is given by
ny =ng—1 +he — fi,

where h; are the gross employment increases (i.e. hirings) and f; are the gross employment reductions (i.e. firings). All the
workers that are fired become unemployed. Because of the exogenous quit of employed workers, f; is effectively constrained
as follows

Tpni—1 < fr <mgn.

The number of new hires h; is limited by the number of recruiting opportunities j; that the establishment has at the
beginning of the period, i.e.

he < gy (3)

Unemployed workers can become employed only if they are transformed into workers with employment opportunities.
Workers with employment opportunities e;y; and recruiting opportunities j;y1 are jointly produced using the following

recruitment technology:

err1 = Glag,ug, A, Uy), (4)

Jirr = H(ag,ug, Ay, Uy), (5)



where a; are recruitment expenditures (in the consumption good), u; are unemployed workers, A, is the aggregate amount
of recruitment expenditures in the economy, and Uy is the total number of unemployed workers in the economy.?

The recruitment technology satisfies the following assumptions: 1) G and H are continuously differentiable, 2) G and
H are increasing in (at, ut), 3) G and H are homogenous of degree one with respect to (at, us) and homogeneous of degree

zero with respect to (A;,U;), 4) G and H are concave in (at,ut), 5) and G satisfies that
G (at,ut, A, Up) < uy, for every (ag,ut, Ae, Up) . (6)

Observe from equation (6) that not all unemployed workers that enter the recruitment technology are transformed into
workers with employment opportunities:

Tt41 = Ut — G(atautaAt; Ut)7

is the number of unsuccessful candidates that the recruitment technology generates.

3 Recursive competitive equilibrium

The state of the economy is given by the quintuple (z, K, F, X, ), where z is the aggregate productivity level, K is the
aggregate stock of capital, E is the aggregate number of workers with employment opportunities, X is the aggregate number
of unsuccessful candidates, u (s,1 x j) is a measure of establishments over individual states (s,[,7), and (E, X, u) satisfies
that?

/lu(s,dlxdj)—&-E—i—X:l. (1)

There are three competitive sectors in the economy: a households sector, an establishments sector, and a recruitment
industry.

Households earn income from renting capital to the establishments and from the aggregate profits made by the es-
tablishments sector.* They spend their income on consumption, on investment and on renting unemployed workers. The
individual state of a household is the amount of capital that it owns x. The household’s problem is described by the

following Bellman equation:

B(f@z,K,E,X,u):{glija%(}{011_0—;1+<pm+65[B(n',z’,K’,E',X’,,u’)|z]} (8)
subject to:
c+i+r(z2, K,E, X, ;)m < 7% (K, E,X,u)k+1(2,K,E, X, 1), (9)
K = (1-90)k+1 (10)
(K'E',X",)/') = L(zK,E, X, p). (11)

20Observe that when G4, Gy, Ha or Hy are strictly positive, the recruitment technology is subject to production externalities.

3Equation (7) implies that either F or X could be removed from the aggregate state vector. However, this would complicate the definition of

a recursive competitive equilibrium.

4Bach household is assumed to own one share of each establishment in the economy.



where r* is the rental rate of an unemployed worker, r* is the rental rate of capital, II are the aggregate profits made
by the establishments sector, i is investment, m is the number of unemployed workers that the household rents, and L is
the law of motion for the endogenous state of the economy. Equation (9) is the budget constraint of the household, and
equation (10) is the law of motion for its stock of capital. The household’s optimal decisions are ¢ = ¢ (k, 2z, K, E, X, ),
1=1(k,2, K, E, X, ), and m =m (k, z, K, E, X, u) for consumption, investment and unemployed workers, respectively.

The establishments rent capital, purchase workers with employment opportunities (up to the number of recruitment
opportunities that they have at the beginning of the period), sell unemployed workers (up to their previous-period em-
ployment level), and purchase next-period recruitment opportunities. The individual state of an establishment is given by
a triple (s,1,7), where s is its current idiosyncratic productivity level, [ is its previous-period employment level and j is
its recruitment opportunities at the beginning of the period. The establishment’s problem is described by the following
Bellman equation:

W(s,l7j,z,K,E7X,u):{f}Ln]?x ) {e*sF (n,k)+p" (2, K,E, X, p) f —p° (2, K, E, X, u) h (12)
shR,m,v

—r* (2, K, B, X, 1))k —p® (2, K, E, X, i) v

+E D a (K B X, 2 YW (s, U, 5,2 K E X 1) Q (s,8) | 2|}

S

subject to
n = l+h—f (13)
ml < f (14)
fo= (15)
h < (16)
' = n (17)
jo= v (18)
(K'E',X",u') = L(zK,E,X,p). (19)

where p* is the price of an unemployed worker, p© is the price of a worker with employment opportunities, p¥ is the price of
a next-period recruitment opportunity, ¢ (-, 2’) is the price of an Arrow security that delivers one unit of the consumption
good if the next-period aggregate productivity level is equal to 2/, n is the number of employed workers, k is the capital
level, f are the firings, h are the hirings, and v are the purchases of next-period recruitment opportunities. The constraints
(13)-(16) have been described in the previous section. The establishment’s optimal decisions are n = n(s, !, j,z, K, E, X, ),
k= k(s,l,5,2, K,E, X, 1), [ = f(s,0,5,2, K, E, X, ), h = h(s,,5,2, K, E, X, 1), and v = v (s,l,j,2, K, FE, X, ), for
employed workers, capital, firings, hirings and next-period recruitment opportunities, respectively.

The recruitment companies sell workers with employment opportunities and next-period recruitment opportunities.
They also buy and sell unemployed workers and rent them to the households sector. The individual state of a recruitment

company is a pair (e, z), where e is its number of workers with employment opportunities at the beginning of the period,



and z is its number of unsuccessful candidates. The problem of a recruitment company is given as follows:

R(e,x, 2, K, E, X, ) = e {p° (2, K, B, X, p)d+p" (2, K, E, X, 1) b (20)
+p" (2, K,E, X, p)[r+e—d—ul+7r* (2, K,E, X, )u—a

+€1q(z, K,E, X, u, 2" YR (', o', 2, K', E', X" 1) | 2]}
subject to

d < (1-—my)e

b = H(a,u,AU)

¢ = Gla,u,AU)

¥ = u-G(a,u,AU)

A = AR K E X p)

U = U(sK,E X, p)
(K'E',X",u') = L(zK,E,X,p).

where d is the number of workers with employment opportunities that the recruitment company sells, b is the number of
next-period recruitment opportunities that the recruitment company sells, u is the number of unemployed workers that the
recruitment company owns, a are the expenditures that the recruitment company makes, A are the aggregate recruitment
expenditures in the economy, and U is the aggregate number of unemployed workers. Observe that, since unemployed
workers quit at the rate m,, d cannot exceed (1 — m,,) e. Also observe that the recruitment company can sell as unemployed
workers all of its unsuccessful candidates = and any of its unsold workers with employment opportunities e — d. The
recruitment company’s optimal decisions are a = a(e,z,2z, K, E, X, ), b = b(e,z, 2, K, E, X, ), d = d(e,z, 2z, K, E, X, u),
and v = u(e,z,z, K, E, X, ), for recruitment expenditures, next-period recruitment opportunities, sales of workers with
employment opportunities, and unemployed workers, respectively.’

A recursive competitive equilibrium can now be defined.

Definition 1 A recursive competitive equilibrium (RCE) is a set of value functions B(k,z, K, E, X, ), W(s,l,j,2, K, E,
X,u), Rle,x,z, K,E, X, 1), a set of individual decision rules c(k,z, K,E, X, ), i(k,2, K,E, X, u), m(k,z, K, E, X, ),
n(s,l,j,2, K, E, X, 1), k(s,1,4,2, K, E, X, ), f(s,1,4,2, K, E, X, ), h(s,1, 4,2, K, E, X, ), v (s,1, 4,2, K, E, X, ), a(e, z, z,
K, E X, u),ble,x,z, K,E, X, n), dle,z,z, K, E, X, ), u(e,x, z, K, E, X, 1), a pair of aggregate decision rules A(z, K, E, X,
w), Uz, K, E, X, u), an aggregate law of motion L (z, K, E, X, i), an aggregate profits function 1(z, K, E, X, ), and a set of
price functions v* (2, K, E, X, 1), v (2, K, E, X, ), p* (2, K, E, X, 1), p°(2, K, B, X, ), p* (2, K, E, X, 1), q(z, K, E, X, s,
z"), such that:

(i) the value function B (k, z, K, E, X, 1) solves the households’ Bellman equation and ¢(k,z, K, E, X, ), i(k,z, K, E, X,

), and m(k,z, K, E, X, 1) are the associated decision rules,

5Sections 1.1-1.3 in the Technical Appendix provide first-order and envelope conditions for the household, establishment and recruitment

company’s decision problems, respectively.



(ii) the value function W(s,l,j,z, K, E, X, 1) solves the establishments’ Bellman equation and n(s,l,j,z, K, E, X, 1),
k(s,l,5,2, K,E, X, 1), f(s,1,4,2, K, E, X, ), h(s,l,j,2, K, E, X, ), and v(s, 1,7,2, K, E, X, 1) are the associated decision
rules,

(i) the value function R(e,xz,z, K, E, X, i) solves the Bellman equation of the recruitment companies and a(e,x, z, K, E,
X, u), ble,x, 2, K, E, X, ), dle,x,z, K, E, X, i), and u(e,x,z, K, E, X, u) are the associated decision rules,

(iv) the prices of the Arrow securities satisfy that

c(K,z,K,E,X,u)’

K, B, X, uz)=
q(z, K, E, X, p, 2') BC(K’,Z’,K’,E’,X’,M’)U’

where (K',E', X", 1) =L (z,K,E, X, ),

(v) the capital rental market clears, i.e.
K= Z/k(s,l,j,z,K,E,X, ) (s, dl x dj)
(vi) the rental market for unemployed workers clears, i.e.
uwlE, X, 2, K,E, X, ) =m (K,z, K,E, X, )
(vii) the ownership market for unemployed workers clears, i.e.

WE,X,z,K,E,X,n) = X+E—dFE,X,zK,E X,up)

+Z/f(s,l,j,z,K,E,X,u)u(s,dl x dj)
(viii) the market for workers with employment opportunities clears, i.e.
d(E,X,2,K,E, X, p) = Z/h(s,l,j, 2, K, E, X, ) (s, dl x dj)
(ix) the market for next-period recruitment opportunities clears, i.e.
bWE,X, 2, K,E, X, 1) = Z/v(s,l,j,z,K,E,X, ) (s, dl x dj)
(x) the market for the consumption good clears, i.e.

c(K,z2, K,E, X, ) +i(K,z2, K, E, X, p) + a(E, X, 2, K, E, X, )

= Y / e*sF n(s,1,5,2, K, B, X, ), k(s,1,, 2, K, B, X, )| (s, dl x dj)
S
(zi) the aggregate decision rules are generated by the optimal individual decisions, i.e.
Az, K,E,X,p)=a(E, X, 2, K, E, X, 1)

U(z, K,E, X,p) =u(E,X,z, K, E, X, )

(zii) the aggregate law of motion is generated by the optimal individual decisions, i.e.

(K',E',X",u/')=L(2,K,E, X, )



is given as follows:

K = (1-68)K +i(K,2 K, E, X, 1)
E/ = G[a(E7X7Z7K7E7X7ILL>7U(E’X7Z7K7E7X’ILL)7A(Z,K7E,X7M)7U(Z’K7E7X7u)]
X' =uwE,X,z,K,E, X, ) — FE'

LX) =Y [ Q<) + o0 (L %)

where
B(s,L.xT)={(,7):n(s,1,5,2, K,E, X, n) € L and v(s,l,5,2, K, E, X, u) € T}

and where T (£ x J) is an indicator function which takes a value of one if (0,0) € L x J, and a value of zero otherwise.’

4 Characterization and computation of a RCE

Due to the external effects in the recruitment technology a RCE is generally inefficient and must be solved for directly.
The high dimensionality of the sate space makes this a daunting task. However, it can be simplified considerably. This
section provides a solution method that can be easily implemented in actual computations. The method relies on two
key properties of a RCE. First, that it can be characterized as the solution to a dynamic programming problem with side
conditions.” Second, that in a neighborhood of the deterministic steady state, the dynamic programming problem can be
represented as having a finite number of state and decision variables. The following subsections explain these properties in

detail.

4.1 The myopic social planner’s problem

Consider the problem of a social planner that seeks to maximize utility subject to the economy’s feasibility constraints.
However, the social planner is myopic in the sense that he does not fully internalize the effects of his decisions on the output
produced by the recruitment technology. In particular, the myopic social planner takes the recruitment technology as being
the following;:

E =G (A, U, A, U)

J =H (A, U, A, U)
where E’ are next-period workers with employment opportunities, J’ are next-period recruitment opportunities, A are
recruitment expenditures, U are unemployed workers, and A and U are exogenous productivity shocks. The shocks A and

U evolve according to the following stochastic process:

A:A(Z,K,E,X,g)

6Tt is straightforward to verify that if (E, X, u) satisfy equation (7), then (E’, X', u') also satisfy equation (7).

"The dynamic optimization problem depends on exogenous parameters, wich in turn depend on the solution to the dynamic optimization
problem. Finding a RCE is then reduced to solving a fixed point problem on those parameters. This basic strategy for solving for a competitive
equilibrium in an economy with externalities is already familiar to the literature, though in much simpler contexts (e.g. Kehoe, Levine and

Romer (12), Jones and Manuelli (10), etc.).



U:U(z,K, XM>

(I%’,E’,X’,[/) =L (ZKEX

=

)

where z is the aggregate productivity level, and (K B, X, ﬂ) are variables that lie in the same space as (K, FE, X, u).
The state of the myopic social planner is then given by the state of the economy (z, K, E, X, 1) and by the variables
(R’ B, X, ﬂ), which are sufficient statistics for predicting the future behavior of A and U. The problem of the myopic

social planner facing a stochastic process (/Al, U, ﬁ) is described by the following Bellman equation:

V(s K, E X, 1, K, B, X, i) = max { Cl: ~ L ou s e [V (z’, K E. X' K E, X [/) | z} } (21)
subject to
CHI+A<Y / e*sF [n(s,1,7), k(s,1,7)] p(s,dl x dj) (22)
S [ ksl di x d) < K (23)
Z/v(s,l,j)u(s,dl x dj) < H (A,U,A, 0) (24)
U<X+FE- Z/h(s,l,j),u(s,dl x dj) + Z/f(s,l,j)u (s, dl x dj) (25)
S [ bt di < i) < (1= m) B (26)
n(s,l,3) =1+h(s,1,5) = f(s,1,]) (27)
h(s,l,j) <j (28)
ml < f(8,1,7) (29)
f(s,0,9) <1 (30)
K =(1-8K+I (31)
E =G (A, U, A, U) (32)
X =U—-G (A, U, A, U) (33)
Weex =Y | Q (5,5') (sl x ) + 06 () T (£ % T) (34)
s {(1,5): n(s,l,j)€L and v(s,l,j)€T}
A=A (ZKEX;L) (35)
U=0 (z K,E, X, ﬂ) (36)
(KQE’,X', ”) —i zKEX,u) (37)



where equations (22)-(34) are feasibility constraints and equations (35)-(37) describe the stochastic process that A and U fol-
low over time.® The myopic social planner’s decision rules are C' = C™ (z, K, E, X, pu, K', E’, X, ﬂ), I=I"(z,K,E, X, p, K,
B, X i), m =0 (5,0, K By X, Ky B X ), b= K7 (5,0,2 K B, X, KB X ), f = ™5, 0,2 K B, X K,
E.X, i), h=hm (slszEX,uKEXu) v =™ (s,l7j,z7K,E7X,u,f{7E,X,,&) U=UmzKEX, 1K E X,
), A =A™ (z7K ,E, X, ,u7f( ,E,X , ﬂ), for consumption, investment, establishment employment, establishment capital,
establishment firings, establishment hirings, establishment recruitment opportunities, unemployment and recruitment ex-
penditures, respectively.

The following proposition provides a characterization of the decision rules to the myopic social planner’s problem.

Proposition 2 Let {C™, ™ n™ k™, f™ h™ o™ U™, A™} be the solution to the MSP’s with exogenous stochastic process
(A, UJ:) Then, there exist thresholdsnm(&z,K,E,X,mK,E,X,ﬂ), " (s, z, K, E, X,M,K',E7X7/l) and (s, z, K, E, X,
1, K', E7X7/1) and a shadow capital price function r* (z,K, £, X,M,K', E7X,[c) such that, for every s >0 and 1+ j > 0:
mln{(l —7Tn)l—|—j,ﬂm(8,Z7K,E,X7M,IA{,EA‘,X,/:L)},

nm(s,l,j,z,K,E,X,,u,K,E,X,ﬂ):max AoA oA
min{(l )L (s, 2 K, E, X,M,K,E,X,ﬂ)}

v (s, 1,5, 2, K, B, X, 1, K, E, X, i) = max{im(s,z,K,E,X,p,K,E,X,ﬁ) -—(1- ﬁn)nm(s,l,j,z,K,E,X,u,f(,EA’,X,[L),O} ,
W™ (5,1, 5,2, K, B, X, 5, K, B, X, i) = max {nm(s, Lj,2, K, B, X, 1, K, B, X, j1) — 1, 0}
fm(s,l,j,Z,K7E,X,M,K,E7X7ﬂ) = max{l —nm(s,l,j,Z,K7E,X7M,K,E7X7ﬂ),0}

*sFy, [nm(s,l,j,z,K,E,X,u,K,E,X,ﬂ),km(s,l,j,z,K, E, X,M,K,E,X,,:L)} =k (z,K, E, X,M,K,E,X,,:L) ,

Proof. In the economy in which (fl,ﬁ ,ﬁ) truly represent exogemous productivity shocks to the recruitment technol-
ogy, the Welfare Theorems apply. In this case the problem described by equation (21) is the social planner’s problem
and its solution can be decentralized as a recursive competitive equilibrium in which prices are functions of the state
(z,K,E,X,u,K,E,X,/}). The claim then follows from characterizing the optimal decision rules to the associated es-

tablishments’ problem given by equation (12).° m

This proposition is important because it can be used to reduce the dimensionality of the decision variables in the myopic
social planner’s problem: Instead of choosing functions n™, v™, h™, f™ and k™ defined over the infinite number of triples
(s,1,7), the myopic social planner can be restricted to choose thresholds n, 7™ and v™ defined over the finite number of
singletons s.

The next proposition states that if the solution to a myopic planner’s problem satisfies certain side conditions, then it

is a RCE.

8 Observe that if equations (35)-(37) were substituted by A= Aand U = U, the solution to this planning problem would be the Pareto optimal

allocation.

9For details see Sections 2 in the Technical Appendix.
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Proposition 3 Let {C™, 1™ n™ k™, f™ h™ o™ U™, A™} be the solution to the myopic social planner’s problem with
exogenous stochastic process (A, U, ﬁ)
Suppose that,

A(Z7K)E7X7I’L) :Am (Z)K7E’X’M7K’E7X’/"L)7

U(Z7K7E7X7u) :Um (Z’K7E7X7M’K7E’X7/’L)'

In addition, suppose that
(K’,E’,X’,g’) =L(+,K,E,X,p).

satisfies that
K=Q1-8K+I"(z,K,E X 1K ,E X, ),
E =G [A™ (2, K, E, X, u, K, E, X, 1) , U™ (2, K, B, X, u, K, E, X, 11,
Am(Z7K7E7X7ﬂ’K7E’X7u)’Um(Z’K7E’X7/"L7K7E7X7/"L):|’
X/:Um (Z,K,E,X,,U,K,E,X,H)*E/,
ﬂ'(s',ﬁxJ):Z/ Q (s,8') p (s, dl x dj) + 0 () T (L x T),
5 JB(s,LxT)
where
8(87£ X \7) = {<l7]) : nm (87lvj7z7K7E7X7u7K7E7X7M) € E and ’U"l (svl?j?'szaE?quvaE?X?:u) € \7}

Then, there exists « RCE {B, W, R, ¢, i, m, n, k, f, h, v, a, b, d, u, A, U, L, II, v¥, v, p*, p°, p*, q} such that

c(K,z, K,E,X,u) = C"(z,K,E, X, u, K,E, X, 1)
i(K,z, K,E, X,u) = I"(z,K,E, X, 1, K,E, X, 1)
n(s,l,j,z, K, B, X, u) = n"(s,0,j,z2, K, B, X, u, K, E, X, j1)
f(s, 4,2, K, E, X, ) = f™(s,1,45,2, K, E, X, u, K, E, X, )
h(s,l,j,2, K,E, X, ) = h"(s,0,j,2, K,E, X, u, K, B, X, )
v(s,l,j, 2, K, E, X, u) = v (s,,4,2, K, B, X, u, K, E, X, i)
Az, K,E, X,u) = A" (3, K,E, X, u, K,E, X, )
Uz K,E,X,n) = U™(2,K,E X, uKE X, ).

Proof. It follows from comparing the necessary and sufficient conditions for a RCE with the necessary and sufficient

conditions to the myopic social planner’s problem.'’ m

L0For the details, see Section 3.4 in the Technical Appendix.
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4.2 State space characterization

When there are no aggregate productivity shocks to the economy (i.e. when z is identical to zero), a deterministic steady
state can be defined. In particular, a myopic steady state is given by an aggregate state (K*, E*, X*, u*, K*, E*,X*,ﬂ*)
that replicates itself under the myopic planner’s optimal decision rules.!! Characterizing the invariant distribution p* of a
myopic steady state will turn to be crucial for characterizing the state-space when the economy is subject to small aggregate

productivity shocks.

From equation (34) and Proposition 2, observe that the invariant distribution p* must satisfy the following equation:

pex =3 [ Q (5, 5) " (sl x df) + 00 ()T (£ % T,
s {(l,5):n*(s,l,5)€L and v*(s,l,j)ET }
where
i 1 — n l+ -7_* 9
n*(s,l,j) = max min {( )+ g0t (s)} , (38)
min {(1 — ), 7*(s)}
v*(s,1,7) = max {v*(s) — (1 — m,)n"(s,1,7),0} . (39)

The following proposition characterizes a support to the invariant distribution p* in terms of the finite number of steady

state thresholds n*, #* and 7*.'2

Proposition 4 Let M be a natural number satisfying that
(1- ﬂn)M max {7* (Smax) V" (Smax)} < min{n* ($min), 7" (Smin)} - (40)
Define the set N* as follows:

N* = { v Mo’ {(1 )t (s), (1 — ) At (s), (1 — mn)* o (s)}} u{0}.

seS k=0

Then, the set

P = {(s,l,j) fseS LeN andje U fmax[p(s)— (1- 7rn)l,0]}} U {sgs{(s,0,0)}}

is a support of the invariant distribution p*.

Proof. See Appendiz A. m

Observe that Proposition 4 not only constructs a support P* for the invariant distribution p*, but determines that it is
a finite set.
In order to analyze off-steady state dynamics it will be useful to define n,, ns, and ¥, as the threshold functions chosen

at date t. In addition, it will be useful to define the following minimum distance:

e =min |a — b (41)

HFrom Proposition 3 we know that if (K*, E*, X*, u*) = (K*, E’*,X*,ﬂ*), this myopic steady-state constitutes a steady-state equilibrium.

See Sections 4.1 and 4.3 in the Technical Appendix for explicit steady state equillibrium conditions and a computational algorithm.

121n the statement of the proposition smax and smin denote the largest and smallest positive values for s, respectively.
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subject to

a,b € D" and a # b,
where

D' = N* U {sé{g {(1 )M (s), (1= m )M A (s), (1 — )M 7 (s)}} :

The following proposition characterizes the distribution p, ; under the assumptions that p, and the finite history of
M . .
thresholds {Qt7 > Tt—kes @t_k} k:—gl are sufficiently close to their steady-state counterparts.

Proposition 5 Let M be defined by equation (40) and € by equation (41).
Suppose that

I,y () =0 (s)| < /2

(42)
ek (s) =7 (s)] < /2, (43)
ek (s) 0" (s)| < €/2, (44)
for every s and every 0 < k < M + 1.
Suppose that the distribution p, has a finite support Py given by
P, = {(s,l,j) se€eS, leN, and j € 'Lés {max [v;_1 (s') — (1 — ﬂn)l,O]}} U { gs{(s,(),())}} (45)
where
M—1
Ne={ 0, 20 {0 =m0 et 90,0 ) s (60 = 7 k2 (9} U 0D (16)
seS k=0
In addition, suppose that for every (s,1,7) € Py:
py (8,0, 5) = p* (s,1%,57) (47)
where (s,1*,7*) is the unique element of P* satisfying that |l —I*| < e/2 and |j — j*| <e/24+ (1 —7)e/2.

Then, the distribution p,,q has a finite support Py 1 given by

where

Py = {(s,l,j) cs5€8,1€eNy1, and j € s'LeJS {max [v; (s') — (1 — ﬂ'n)l,O]}} U {Sgs{(s,O,O)}}

Mo ={ 0, 0 {0 =m0 0= 7 e (). 0= 7 5ir (9} U0},

Moreover, for every (s,1,j) € Pey1:

:U't-&-l (Svlaj) = :U'* (Sal*aj*)

where (s,1*, j*) is the unique element of P* satisfying that |l —1*| < e/2 and |j — j*| <e/24+ (1 —7)e/2.
Proof. See Appendiz A. m

Proposition 5 plays a crucial role in the solution method to be described below. It implies that if the economy starts
at the deterministic steady-state at ¢ = 0 and the thresholds n,, n; and v; thereafter fluctuate within a sufficiently small

neighborhood of their steady state values, then the distribution p, will always have a finite support P; determined by the
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finite history of thresholds {ﬂtfk,ﬁt,kﬁt,k}i\i—;l (equations 45 and 46) and its mass at each point in P; will be given
by the mass of the invariant distribution p* at the corresponding point in P* (equation 47). As a result the state to the
myopic planner problem can be defined in terms of the finite history of thresholds {ﬂt_kvﬁt—ka@t—k};v[:tl instead of the

distribution ;.

4.3 Solution method

This section redefines the myopic social planner’s problem so that standard solution methods can be applied. For this
purpose, it will be convenient to return to a recursive formulation and define n,, ny and o) as the thresholds that were
chosen k periods ago (relative to the current period).

Recall from Section 4.2 that the finite history {@k,ﬁk,@k}]k\/il can be used to construct the current distribution p
(as long as fluctuations are sufficiently small). Moreover, Proposition 2 states that the current thresholds (ng,7ig, 7o)
fully describe the employment rule n, the vacancies rule v, the hiring rule h and the firing rule f. In turn, the employ-
ment decision rule n and the aggregate stock of capital K are sufficient for determining the capital allocation rule k.3
This suggests that the state vector (z, K, F, X, M,IAQE,X,,&) in the myopic planner’s problem can be replaced by the
vector (z, K, E, {ﬂk,ﬁk,ﬁk}kMil VK, E, {ﬁk,ﬁkﬁk}kM;l) and that the decision variables (k,n,v,h, f) can be replaced by
(ﬂoaﬁ0a50)~14

Also, observe from equation (32) that A can be written as A = ¢; (E' , UHZL U ) for some differentiable function g1
and, since at equilibrium A = Aand U = (7, that A can be written as A = g2 (E’ , (7) for some differentiable function
g2. Moreover, at equilibrium we have that U = 1 — ['n dp and that U=1- [ 7 dpi. Substituting these expressions and

equations (22)-(33) into the return function in equation (21), the myopic planner’s problem can then be written as follows:'?

_ _ TM+1 & S (A = o M+l
V(Z7K’E7{ﬂk’nk’vk}k:1 7K5E7 {Ek?’n’k‘?vk} )

o1 (48)

. _ YMA+1 S~ o o~ YMA1 ’ ’ ™A
:maX{R (27K7E7 {ﬂk’nk7vk}k:1 7K7E7 {ﬂkankvvk}kzl 7K 7E 7E07n07’l}07E,ﬂ0,n0,U0

A A g Y M+1
+5E [v (z',K’,E’,{m,n;,v; A S R ) |z}}

k=1
subject to
n, = ng_q,fork=1..,.M+1 (49)
ny, = fg_1,fork=1..,M+1 (50)
v, = Up_1,fork=1,.,M+1 (51)

I3Since capital is freely movable, the myopic social planner allocates the aggregate stock of capital K to equate the marginal producitivity of

capital across all types of islands (s,!.5), subject to the feasibility constraint (23).
14The variables X and X can be removed from the state vector because they are actually redundant (see equation 7).

15Observe that equation (24) must be used to remove some vacancy threshold © (e.g. ¥ (Smin)) from the formulation of the problem, since
it always hold with equality. Similarly, when the deterministic steady state is such that equation (26) holds with equality, it must be used to

remove some lower employment thresshold n (e.g. 1 (Smin)) from the formulation of the problem. Otherwise, equation (26) must be ignored.
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P ~1 o~ Y ML A SR ~ -~
(K', B {f e} ) = L (% K B, (e s 0 by ) (52)

. . : _, o M1
where the vector of decision variables is (K " E An,, 7, U, k:+1 )

Let the optimal decision rule to the above problem be given by

/ / ;-1 —1yM+1 _ _ \M+1 5 £ ~ o~ 2~ yM+1
(K aE 5{ﬂk7nk7vk k=1 ) =D (ZvKaE7 {ﬂk’nk7vk}k:1 ;KaEy {ﬂkynkavk}kzl

The condition for a RCE in Proposition 3 then becomes:
i/ (Zu Kv E7 {ﬂk}? ﬁkv ’Dk}]]g\/[:—gl) =D (Zv K7 E7 {ﬂk:v ﬁka T}k}]jg\/[:-'il 5 Ka E7 {ﬂka ﬁkv ’Dk}]]g\/[:—gl) . (53)

Observe that there are a finite number of arguments to the return function in equation (48) and that all their values are
strictly positive at the deterministic steady state (except for the aggregate productivity level z). Since R is differentiable,
a Taylor expansion at the deterministic steady state can then be performed to obtain a quadratic objective function. Since
the constraints in equations (49)-(51) are linear, this delivers a standard linear-quadratic RCE structure that can be solved
using standard methods (e.g. Hansen and Prescott (14)).!6 The linear decision rule D thus obtained is a good local
approximation and, as long as fluctuations in the aggregate productivity shock z are small; it can be used to simulate and

analyze equilibrium business cycle fluctuations.

5 Calibration

Throughout the rest of the paper the recruitment technology will be given a matching function interpretation in which
employment and recruitment opportunities are produced in pairs at the aggregate level. In particular, the recruitment

technology will be restricted to satisfy that
G(A,UAU) = H(AU,AU), (54)

for every (4,0U).
Two version of the model economy are considered: One where the matching technology is subject to congestion exter-

nalities and another where it isn’t. The matching technology with congestion externalities is given by

A
G(CL, U, A7 U) = U1 (55)
[U? + A®]?
U
H(a,u,AU) = a—, (56)
[Ud) + Ad)]?
and the matching technology with no externalities is given by
Gla,u, A,U) = H(a,u, A,U) = ——= (57)
[u® + a?]?

16Gtrictly speaking, the linear-quadratic structure is obtained only when the aggregate law of motion L in equation (52) is linear. However,
this will be true in equilibrium. In fact, Hansen and Prescott (14) update the linear law of motion L at each value function iteration by imposing

the RCE condition (53) on the linear decision rule D obtained from the iteration.
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Both matching technologies satisfy equation (54) and all the assumptions made in Section 2. Moreover, they both

aggregate into a standard den Haan-Ramey-Watson (8) matching function

UA

GAUAU)= ——
[U? + A%]?

(58)

Also, observe that the matching technology with congestion externalities given by equations (55) and (56) captures a
standard assumption in the matching literature: That the aggregate market-tightness ratio A/U determines the rate at
which individual unemployed workers find employment opportunities and the rate at which individual help-wanted ads find
recruitment opportunities.

The rest of this section calibrates the steady states of both versions of the model economy to identical long-run U.S.
observations. Before proceeding it will be necessary to select a model time-period that is both convenient and consistent
with observations.

The Job Openings and Labor Turnover Survey (JOLTS) conducted by the Bureau of Labor Statistics is an important
source of information for two key features of the model: the creation of recruitment opportunities (i.e. job openings) and
the worker turnover process. JOLTS, which is a monthly survey of continuing nonagricultural establishments, defines job
openings as positions for which there is work available, for which a job could start within 30 days, and for which there is
an active recruitment effort taking place (such as advertisement in newspapers, radio and television, posting “help wanted
signs”, interviewing candidates, etc.). Job openings are measured on the last business day of the month. On the contrary,
hirings, which are defined as all additions to the establishments’ payrolls, are measured over the entire month. The vacancy
yield rate defined as the average monthly ratio of hirings to job openings over the entire period 2000-2005 is equal to 1.3
(see Davis et. al, (7)).

Since hirings cannot exceed recruitment opportunities in the model economy (see equation 3), a vacancy yield rate
greater than one can only be obtained through time aggregation. This suggests calibrating to a short time period. However,
computational convenience requires making the time period as large as possible. The largest time period consistent with the
above observation is 3 weeks. The reason is simple: if total hirings turned out to be approximately equal to total recruitment
opportunities, a monthly vacancy yield rate close to 1.3 would be obtained from the simple fact that a month contains 4/3
three-weeks periods. Observe that, since equation (54) implies that recruitment opportunities are equal to F, equation (26)
indicates that a small 7, is a necessary condition for total hirings to be close to total recruitment opportunities. In what
follows the time period will thus be tentatively selected to be 3 weeks and 7, will be set to zero.!” Moreover, it will be
assumed that total hirings are approximately equal to total recruitment opportunities. Later on it will be verified that this
assumption is correct and that the monthly vacancy yield rate obtained is indeed consistent with the JOLTS measurement.

The next issue that must be addressed is what actual measure of capital should the model capital correspond to. Since
the focus is on establishment level dynamics, it seems natural to abstract from capital components such as land, residential

structures, and consumer durables. The empirical counterpart for capital is then identified with plant, equipment, and

17Observe that, since establishments invest in recruitment opportunities one period in advance and some of them end-up transiting to lower
idiosyncratic productivity levels (or even exiting), not all existing recruitment opportunities end-up being exercised. Thus, when m,, is equal to
zero equation (26) holds with strict inequality. This in turn implies that p® must be equal to p“, since owners of employable workers must be

made indifferent between selling them or keeping them as unemployed workers.
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inventories. As a result, investment is associated in the National Income and Product Accounts (NIPA) with nonresidential
investment plus changes in business inventories. The empirical counterpart for consumption is identified with personal
consumption expenditures in nondurable goods and services. Output is then defined as the sum of these investment and
consumption measures. The quarterly capital-output ratio and the investment-output ratio corresponding to these measures
are 6.8 and 0.15, respectively. Since at steady state I/Y = 6(K/Y), these ratios require that ¢ = 0.005515.

The production function is assumed to have the following functional form:
y = snVk?,

where 0 < v+ 60 < 1. Calibrating to an annual interest rate of 4 percent, which is a standard value in the macro literature,
requires a time discount factor 5 equal to 0.99755. Given this value for 3, the above value for §, and given that the capital

share satisfies that
(1/8+46) K

0= % ,

matching the U.S. capital-output ratio requires choosing a value of 6 equal to 0.2168. Similarly, v = 0.64 is selected to

“

reproduce the share of labor in National Income.!® Observe that, since workers are capital goods, the “wage rate” used in
calculating the labor share is given by the user cost (1 — 3)p°. In what follows, the value of p® will be normalized to an
arbitrary value and the utility of leisure parameter ¢ will be selected to generate that value.

The values for the idiosyncratic productivity levels s, the distribution over initial productivity levels ¥ and the transition
matrix @ are key determinants of the job-flows generated by the model. As a consequence I choose them to reproduce
observations from the Business Employment Dynamics (BED) data set, which is a virtual census of establishments level
dynamics. Since BED data across establishment sizes can be found for the nine employment ranges shown in the first
column of Table 1, I restrict the idiosyncratic productivity levels s to take nine positive values (s1, s2, ..., S, with s; < s;
for every ¢ < j) and choose them so that all establishments with a same idiosyncratic productivity level choose employment
levels in the same range.

The average size of new entrants can be obtained by dividing the total gross job gains at opening establishments by
the total number of opening establishments. Using data between 1992:Q3 and 2005:Q4, I find that the average size of new
entrants is equal to 5.3 employees. Since this is a small number, I restrict the distribution over initial productivity levels
to put positive mass on only the two lowest values of s and choose 1 (s1) to reproduce that average size.

Similarly, the average size at exit can be obtained by dividing the total gross job losses at closing establishments by the
total number of closing establishments. Using data for the same time period as above, I find that the average size at exit
is equal to 5.2 employees. Since this is also a small number, I restrict the probabilities of transiting to a zero productivity
level Q(s,0) to take positive values only at the three lowest values of s. The values for Q(s1,0), Q(s2,0) and Q(ss,0) are
then chosen to reproduce three observations: 1) the average size at exit, 2) the average quarterly rate of gross job losses due

to closing establishments (JLD), which is equal to 1.6%, and 3) the average quarterly exit rate of establishments, which is

18In the model, 7 is not strictly the same as the share of labor in National Income. However, under v = 0.64 the labor share turns out to be

0.6367.
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equal to 5.2%.19

The rest of the transition matrix @ is parameterized with enough flexibility to reproduce other important establishment
level observations. The only restriction that I impose is that @ (s;,s;) > 0only if j =i—1, j =14 or j =i+ 1. Since the
rows of @ add to one this introduces 16 parameters (2 parameters each, for i = 2, ...,8, and 1 parameter each, for i = 1,9).
Eight of these parameters are chosen to reproduce the shares in total employment across size classes (which provide eight
independent observations). The other eight parameters are chosen to reproduce the shares in total gross job gains across
size classes (which also provide eight independent observations). I must point out that the BED does not tabulate statistics
across size classes in its regular reports. However, these statistics can be found in Okolie (19) (Tables 1 and 3) for the first
two quarters of 2000. These statistics together with the corresponding model statistics are shown in the first panel of Table
1. The second panel reports the average sizes at entry and exit both in the model and the data. We see that the model
does a good job at reproducing these observations. As a test of the model, Table 1 also includes the shares in total gross
job losses across size classes for the first two quarters of 2000 in Okolie (19), and the average quarterly rates of gross job
gains due to expanding establishments (JGE), gross job gains due to opening establishments (JGB), and gross job losses
due to contracting establishments (JLC) reported by the BED for the period 1992:Q3-2005:Q4. Although the fit is not
perfect, we see that the model also does a good job at reproducing these addional statistics.

The exogenous separation rate 7, and the number of establishments created every period g are important determinants
of the worker flows in and out of unemployment, so I calibrate them to reproduce this type of observations. In particular,
I target an average monthly separation rate from employment equal to 3.5% and an average monthly hazard rate from
unemployment equal to 46%, which were estimated by Shimer (21) using CPS data between 1948 and 2004. Since the
separation rate of 3.5% is significantly larger than the rate of job losses experienced by establishments, I select a positive
value of 7, to reproduce the excess worker reallocation.?’ Also, observe that the separation and hazard rates estimated
by Shimer (21) imply a steady state unemployment rate equal to 7.1%. The average size of establishments implied by the
distribution reported in Table 1 thus determine the entry rate of establishments g that is needed to generate an aggregate
employment level N equal to 0.929.

Based on evidence in Barron et. al (5) and Silva and Toledo (22), Hagedorn and Manovskii (9) determined that the
costs of hiring a worker are equivalent to 4.5% of quarterly wages.?! Since total hirings are assumed to be approximately
equal to total recruitment opportunities, the cost of hiring a worker is approximately equal to the price of a next-period

recruitment opportunity p¥. This suggest calibrating parameter values to reproduce the following relation:
p’ =0.045 x 4 x (1 — ) p%, (59)

where (1 — ) p® represents 3-weeks wages and a factor of 4 is needed to convert them into quarterly wages. Recall that the

price of a worker p® was normalized to an arbitrary value. Thus, equation (59) solely imposes a restriction on pv.

19Gince the model time period is three weeks, quarterly statistics are constructed following establishments over four consecutive time periods.

20Not surprisingly, my calibrated value of 7y, is smaller than the quit rate of workers measured by JOLTS (equal to 2% a month), since many

of those separations entail job-to-job transitions that the model abstracts from.

21Since in their model capital is iddle while a job is open, Hagedorn and. Manovskii (9) add an imputed opportunity cost of capital to the

total costs of hiring a worker. I do not make such adjustment because there is no iddle capital in my model.

18



The steady-state price of a recruitment opportunity p” depends on A , U and the matching function curvature parameter
#.22 Also, since (by assumption) total hirings are approximately equal to total recruitment opportunities, we have from

equation (58) that
Hirings A
U [U# + A%]?
which must be equal to the hazard rate of unemployment that we are calibrating to (i.e. the monthly hazard rate of 46%,

; (60)

estimated by Shimer (21)). Since we are calibrating to a known value of U (equal to 0.071), equations (59) and (60) can be
used to solve for A and ¢. The values thus obtained are quite reasonable. In particular, the implied elasticity of the hazard
rate from unemployment G(A, U, A,U)/U to the unemployment-help-wanted-ads ratio U/A turn out to be 0.52 in the case
of congestion externalities and 0.64 in the case of efficient matching. This elasticities are within the range estimated by
previous studies (e.g. Shimer (20), Hall (13), etc.).

As a test of the model Table 2 reports a set of basic monthly statistics both for JOLTS and the model economy that
were not used as calibration targets (except for the vacancy yield rate).?3. We see that the model does a reasonable job at
reproducing not only the vacancy yield rate, but the hiring and separation rates for continuing establishments, the fraction
of vacancies with zero hirings and the fraction of hires with zero vacancies. The low rate of exogenous separations m,
explains the model’s success in reproducing the fraction of vacancies with zero hirings. The reason is that a significant
number of establishments reach the lower thresholds n and start hiring just enough workers to replenish the exogenous
separation of workers. Since the monthly rate of exogenous separation is less than 1%, following Davis et al. (7), I classify
these establishments (and their corresponding vacancies) as having zero hirings.

Observe that the model’s ability at reproducing the JOLTS vacancy yield rate confirms that the strategy of calibrating
to a three weeks time-period and setting 7, to zero was justified. In fact, the assumption that total hirings are approxi-
mately equal to total recruitment opportunities is verified: Total hirings turn out to be 96% as large as total recruitment
opportunities.

Finally, the parameters p, and o2 governing the aggregate productivity shock process are selected to reproduce the
empirical behavior of measured Solow residuals in the U.S. economy.?* Defining output and capital as above and using
civilian employment as the labor input, I find that measured Solow residuals are highly persistent and that their quarterly
proportionate changes have a standard deviations equal to 0.0064 over the period 1951:1-2004:4.2% It turns out that values
of p, = 0.95 and 0. = 0.0041 are needed to reproduce these observations using the artificial data generated by both versions
of the model economy.?6

All calibrated parameter values are summarized in Table 3.

22For the details, see Section 4.1 in the Technical Appendix.
23 JOLTS statistics are from Davis et al. (7).

24Let v° denote the empirical labor share implicit in the National Income and Product Accounts. Proportionate changes in measured Solow
residuals are then defined as the proportionate change in aggregate output minus the sum of the proportionate change in labor times v¢, minus

the sum of the proportionate change in capital times (1 —~¢).
2580low residuals are constructed using an empirical labor share v¢ equal to 0.64.

26In both model economies quarterly Solow residuals are measured with the same empirical labor share v¢ used to measure Solow residuals in
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6 Business cycles

This section uses both versions of the model economy calibrated in the previous section to address three important questions:
1) Can the neoclassical theory developed so far account for U.S. business cycle observations?, 2) Which scenario for the
matching process is empirically more plausible: The efficient matching or the congestion externalities scenarios?, and 3) Is
the model consistent with microeconomic adjustments at the establishment level?

Before turning to these questions it will be useful to describe salient features of U.S. business cycle fluctuations. Table
4 reports business cycle statistics for a number of U.S. time series corresponding to the period 1951:1 to 2004:4. All time
series were logged and detrended using the Hoddrick-Prescott filter with smoothing parameter 1,600 before computing any
statistics.

The upper panel of Table 4 reports standard deviations and correlations with output for GDP (Y'), consumption (C),
investment (I), capital (K), civilian employment (N), and labor productivity (Y/N). These statistics are standard in
the RBC literature. They show that consumption, employment and labor productivity fluctuate roughly 61% as much as
output, that capital fluctuates only 43% as much as output, that investment fluctuates 3.3 times more than output, and
that all variables are strongly procyclical except for capital, which is acyclical.

The lower panel of Table 4 reports standard deviations and the cross-correlation matrix for GDP (Y'), employment
(N), unemployment (U), help-wanted ads (A), market tightness (A/U), job finding probability (H/U), employment exit
probability (F/N), job creation rate (JC) and job destruction rate (JD). The job finding and employment exit probabilities,
H/U and F/N, are from Shimer (21). The job creation and job destruction rates, JC and JD, are from Davis, Faberman
and Haltiwanger (7) (based on BED data) and correspond to the subperiod 1990:2-2004:4.27 The statistics in the lower
panel of Table 4 have been emphasized in the labor literature (e.g. Hagedorn and Manovskii (9), Shimer (20), Davis and
Haltiwanger, etc.). They show that unemployment and help wanted ads fluctuate about 7.3 times more than output, that
the employment exit probability fluctuates 2.5 times more than output and that the job finding probability is about 40%
more variable than the employment exit probability, and that the job creation rate fluctuates 1.4 times more than output and
that job destruction rate is about 65% more variable than the job creation rate. Unemployment is strongly countercyclical,
help wanted ads and the job finding rate are strongly procyclical, the employment exit probability is countercyclical, and
the job creation and job destruction rates show weak cyclical patterns. Also observe that a “Beveridge curve” is obtained:

help-wanted ads and unemployment are strongly negatively correlated (their correlation is -0.92).

6.1 Efficient matching vs. congestion externalities

Table 5 reports business cycle statistics for the model economy with efficient matching. Time series of length equal to 864

time periods were computed for 100 simulations and then aggregated into a quarterly frequency to obtain 216 quarters of

the U.S. economy.

27Job creation (JC) corresponds to the sum of gross job gains due to expanding establishments (JGE) and gross job gains due to opening
establishments (JGB). Job destruction (JD) corresponds to the sum of gross job losses due to contracting establishments (JLC) and job losses

due to closing establishments (JLD).
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data (the same length as the U.S. series). The reported statistics are averages across these simulations. With regard to
standard RBC statistics, we see from the upper-panels of Tables 4 and 5 that the model with efficient matching reproduces
the comovements with output quite well: Except for capital, which is acyclical, all other variables are procyclical. The
model’s performance is not as good in terms of standard deviations, though. We see that investment fluctuations are as
large as in the data but the rest of the variables are much smoother. The largest difference is with consumption, which
fluctuates only 29% as much as in the data. However, this is a standard problem with RBC models. The most disappointing
performance is with employment, which fluctuates only 37% as much as in the data. This smoothness is in turn inherited
by output, which fluctuates only 69% as much as in the U.S. The failure of the model with efficient matching to account
for labor market dynamics is evident in the lower panel. We see that unemployment, help-wanted ads, the job finding and
employment exit probabilities and the job creation and job destruction rates fluctuate too little compared with the data.
Moreover, the model fails to generate a strong “Beveridge curve”: the correlation of unemployment with help-wanted ads
is only -0.61.

We now turn to the model with congestion externalities in the matching process. Table 6 shows the results. We
see that in terms of standard RBC statistics that this version of the model replicates U.S. business cycle observations
at least as well as the economy with efficient matching. Comovements with output are still very similar with the data:
consumption, investment, employment and labor productivity are all procyclical while capital is acyclical. The dimension in
which the economy with congestion externalities outperforms the economy with efficient matching is in standard deviations:
Employment, capital and output go from being 37%, 62% and 69% as volatile as the data to being 93%, 82%, 91% as volatile,
respectively.?® The model with congestion externalities also outperforms the model with efficient matching in terms of labor
market statistics. In the lower panel of Table 6 we see that unemployment, help-wanted ads, the job-finding probability,
the employment-exit probability, the job creation rate and the job destruction rate become much more variable than in the
model with efficient matching. Also the economy now generates a more noticeable Beveridge curve: The correlation between
unemployment and help-wanted ads is -0.76. Although these are improvements over the model with efficient matching, the
empirical performance of the model is far from perfect: 1) help-wanted ads fluctuate 45% more than in the data, 2) the
job-finding probability is 9 times more volatile than the employment-exit probability, while in the data they are only 40%
more volatile, and 3) job destruction is as variable as job creation, while in the data job destruction is 65% more variable.
Before turning to these limitations the rest of this section explores the reasons for the improved performance of the model
with matching externalities.

Observe that there are two differences between the economy with efficient matching and the economy with congestion
externalities. First, as Table 3 indicates, the economies have different parameter values (in particular, the curvature of the
matching function ¢ and the utility of leisure ¢ are different). Second, although their aggregate matching functions have
identical functional forms (see equation 58), their individual matching technologies are different (compare equations 55-
56 with equation 57). In order to determine which of these differences drives the result that the economy with congestion
externalities outperforms the economy with efficient matching, Table 7 reports the business cycle statistics for the Pareto

optimal allocation of the economy with congestion externalities. Since the social planner fully internalizes the effects of the

28The only drawback is with labor productivity, which goes from being 76% as volatile as the data to being only 58% as volatile.
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congestion externalities, any differences between these statistics and those of the economy with efficient matching reported
in Table 5 can be solely attributed to differences in parameter values. Since Table 7 is very similar to Table 5, we conclude
that the bulk of the differences in business cycle fluctuations between the economy with efficient matching and the economy
with congestion externalities is not due to different parameter values but to the different individual matching technologies.?’

In order to determine what feature of the matching technology with congestion externalities is essential for generating

relatively large business cycle fluctuations, it will be useful to consider the following linear matching technology:

G(a,u, A", U") = wu A -, (61)
[(U*)¢+(A*)¢}¢
H(au, A U") = a Eh , (62)

{(U*)dj + (A*)ﬂ ®
where A* and U™ are positive parameters. Observe that if an economy had identical parameter values as the economy with
congestion externalities but its matching technology was described by equations (61) and (62), with A* and U* given by
the steady-state values of help-wanted ads and unemployment in the economy with congestion externalities, respectively,
its steady state would be identical to the steady state of the economy with congestion externalities. However, its business
cycles would be different. The reason is that the linear matching technology in equations (61) and (62) has a constant
productivity while the linear matching technology faced by the myopic social planner in the economy with congestion
externalities is subject to “productivity shocks” given by the realizations of the market tightness ratio A/U. Table 8
reports the business cycle statistics for this economy. We see that its business cycles are in fact much larger than in the
economy with congestion externalities: Except for labor productivity and help-wanted ads, all variables are significantly
more volatile than in Table 6. This indicates that the crucial feature generating the relatively large business cycles in
the economy with congestion externalities is the linearity of the individual matching technology given by equations (55)
and (56): The external effects from endogenous variations in the market tightness ratio A/U only serve to dampen the
aggregate fluctuations generated by the economy. This is not surprising. Since equation (26) holds with strict inequality,
the technology for creating workers with employment opportunities in equation (55) is largely irrelevant for business cycles.
On the contrary, the technology for creating recruitment opportunities in equation (56) binds the amount of hiring that the
economy can undertake. Since aggregate market tightness A/U is strongly procyclical in Table 6, the productivity of the
technology for creating recruitment opportunities turns out to be countercyclical. This reduces the response of aggregate
employment to aggregate productivity shocks, leading to lower employment fluctuations in Table 6 than in Table 8. This
also explains why help-wanted ads are more volatile in Table 6 than in Table 8: Help-wanted ads need to respond more to
aggregate productivity shocks to partially compensate for the countercyclical productivity of the technology for creating

recrutiment opportunities.

29From Tables 6 and 7 we also conclude that introducing policies that achieve the first-best allocation would significantly reduce aggregate

fluctuations in the economy with congestion externalities. See the working paper version (Veracierto xx) for an analysis of such policies.

22



6.2 Reallocation shocks

Section 6.1 showed that the economy with congestion externalities generates much more realistic business cycle fluctuations
than the economy with efficient matching. However, it had several limitations: 1) help-wanted ads fluctuated much more
than in the data, 2) the job-finding probability was several times more volatile than the employment-exit probability (while
in the data it is only slightly more volatile), and 3) the job destruction rate was as variable as the job creation rate (while
in the data it is considerably more volatile).

The purpose of this section is to explore to what extent the model’s performance could be improved by introducing
reallocation shocks that affect the idiosyncratic productivity process. This is a natural starting point since reallocation
shocks directly influence the behavior of job creation and job destruction. Since the job creation and destruction process
have strong implications for help-wanted ads, the job-finding probability and the employment-exit probability, reallocation
shocks have the potential of affecting the behavior of these other variables as well. In what follows, reallocation shocks will
be introduced to make volatility of job destruction (relative to the volatility of job creation) as large as in the data. A key
question will be if these reallocation shocks help improve the model’s performance in other dimensions.

A wide variety of reallocation shocks may be analyzed using the computational approach developed in this paper. For
instance, the reallocation shock considered could affect the dispersion of the idiosyncratic productivity levels s while leaving
the transition matrix ) unchanged. Another possible reallocation shock could leave the idiosyncratic productivity levels s
unchanged while affecting the persistence Q(s, s) of the different idiosyncratic productivity levels s. It turns out that these
types of reallocations shocks do not improve the model’s performance. The reason is that they synchronize the fluctuations
in job creation and job destruction and thus fail to generate their asymmetric volatilities.

In order to break this synchronization the following reallocation shock will be considered. Let S* be the set of idiosyn-
cratic productivity levels and @Q* the transition matrix that were calibrated in Section 5. The reallocation shock r; analyzed
leaves the set of values for the idiosyncratic productivity levels unchanged at S* but affects the transitions matrix @Q; as

follows. For every s and s’ in S*,

Q* (s,8),if s’ > s,
Qi(s,8") = enQ* (s,8),if s’ < s, (63)
L= e €@ (5,8") =3 s, Q (5,8"),if ' = s.

Observe that this reallocation shock 7, affects the probabilities of transiting to lower productivity levels but not the
probabilities of transiting to higher productivity levels. Any variations in the probabilities of transiting to lower productivity
levels are absorbed by the probabilities of no-change.?°

The reallocation shock 7; and the aggregate productivity shock z; follow a joint autoregressive process given by

Zt+1 _ Pzz  Pzr 2t + Ozz Ozr ef-l-l 7 (64)

r
Tt+1 Prz  Prr Tt Orz Orr €t+1

where €7, and €}, are normally distributed with zero mean and unit standard deviation.

30Restrictions to ensure that the probabilities of no-change Q(s,s) remain positive for every possible realization of the reallocation shock 7y

are ignored in equation (63) since these restrictions turn out to be non-binding in the experiments.
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Allowing the reallocation shock r; to be negatively correlated with the aggregate productivity shock z; is crucial for
generating asymmetries in the job creation and job destruction process. To see this, suppose that the economy is hit
by a negative aggregate productivity shock that is accompanied by higher transition probabilities to lower idiosyncratic
productivity levels. Since these higher transition probabilities generate job destruction, the response of job destruction
to the negative aggregate productivity shock will thus be amplified. In addition, if the larger transition probabilities are
short-lived (i.e. if p,, is close to zero), the response of job creation to the negative aggregate productivity shock will be
dampened. The reason, is that after its initial fall, the distribution of idiosyncratic productivity levels will be reverting
towards the invariant distribution generated by the transition matrix QQ*, creating job creation over time. Both effects work
in the same direction: making job destruction relatively more volatile than job creation.?!

Given the above discussion, the reallocation shocks will be restricted to be short-lived and perfectly negatively correlated
with innovations in aggregate productivity. In turn, the aggregate productivity shock will be allowed to have the same
persistence level as in the benchmark case. Under these assumptions the general process in equation (64) reduces to the

following specification:
Zt41 _ 095 0 2t N 0,, 0 €511 . (65)
Tii1 0 0 T orz 0 €i41

The parameters o, and o,., in equation (65) are selected to reproduce two important observations. First, that the
standard deviation of measured Solow residuals is equal to 0.0064 (the same observation that was used in the benchmark
case). Second, that the standard deviation of job destruction is 65% larger than the standard deviation of job creation.
The parameter values consistent with these observations turn out to be o,, = 0.00385 and o,, = —0.07.

Table 9 reports the business cycle statistics for this economy. We see that in terms of standard RBC statistics, that the
economy with reallocation shocks is virtually identical to the benchmark economy with congestion externalities (see the
upper pannel of Table 6). In fact, despite of the fact that the aggregate productivity shock is 6% less variable and that the
reallocation shock is i.i.d., the economy with reallocation shocks is slightly more volatile than than the benchmark case.
There are significant differences in terms of labor market statistics, though. The most obvious is that (by construction)
job destruction is now much more volatile than job creation, bringing the job creation and destruction process closer to
the data. There are significant improvements on other variables as well. In particular, the volatility of help-wanted ads A
and market tightness A/U are more in line with the data and a clearer Beveridge curve is now obtained (the correlation
between unemployment and help wanted ads is -0.81). We see that the reallocation shocks also help reduce the volatility of
the job-finding probability relative to the volatility of the employment-exit probability: the job-finding probability is now
3 times more variable than the employment-exit probability, while it was 9 times larger in the benchmark case. However,
this asymmetry is still too large compared to the data. The reason why it is so hard for the model economy to generate
large fluctuations in the employment-exit probability is that a large component of it is constant over the cycle: It is given

by the exogenous quit rate of workers 7,. Endogenizing this margin may improve the performance of the model in this

31The assymmetric volatilities may not be obtained if p,.,. is close to one. If after a negative aggregate productivity shock hits the economy
establishments expect good idiosyncratic productivity levels to be much more transient than before, they will have fewer incentives to invest in
recruitment opportunities after a high idiosyncratic productivity level is realized. As a consequence, the drop in job creation after the negative

aggregate productivity shock hits the economy may actually be amplified.
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particular dimension.

We have seen that the reallocation shock introduced improve the empirical performance of the model in terms of its job
creation and destruction rates, job-finding and employment-exit probabilities, and help wanted ads. While there is ample
evidence that idiosyncratic uncertainty increases during recessions (e.g. Bloom, 2009; Gilchrist et al, 2009; Bachmann and
Bayer, 2009), it would be desirable to determine the precise empirical nature of reallocation shocks before jumping to any
strong conclusions. The results presented in this section indicates that this may be a fruitful area of research. Having said
this, the reallocation shocks introduced had very minor effects on macroeconomic variables such as output, employment,
consumption and investment. Thus, reproducing the cyclical microeconomic adjustments observed in the data may turn

up unimportant for aggregate business cycle dynamics.
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Appendix A

Proof of Proposition 4: From equations (38) and (39) we know that an establishment of type (s,l,j) transits to a

next-period type (s',1’,5), with s’ randomly determined,
I"'=n"(s,1,7), (66)

and

j' = max {v* (s) — (1 — m,)l',0}. (67)

Define
0) _
PO = U {(5,0,0)}.

Since establishments are created with (1, 7) = (0,0), P() describes the set of all possible types (s,1,5) of establishments of
Zero age.
Define
NO =10},

Since n*(s,1,7) = 0 whenever (I,j) = (0,0), N© describes the set of all possible employment levels of establishments of
Z€ero age.

Starting from N (), define recursively a sequence of sets P(™ and N(™) as follows:

pim = {(s,l,j): s€S,1e N™ Y and je U {max[o* (s-1) = (1 =) z,o]}}

N — { LGJS {n* (s),n" (s),0" (S)}} u {n: n=(1—my)nm_1 for some n,,_; € N(mfl)} )

form=1,2,...,00.

From equations (38), (39), (66) and (67) we know that ("™ contains the set of all possible types (s, 1, j) of establishments
of age m, and that A/™) contains the set of all possible employment levels of establishments of age m.>?
By induction, it can be shown that:

N = { u "0 {(1 ) (s), (1= )i (), (1 — ) o (s)}} U {0}, (68)

seS k=0

form=1,2,...,00.
A direct consequence of equation (68) is that A'™~1) < N (™) for every m > 1. Thus, the set N™ in fact contains
all the possible employment levels of establishments of age m or younger and the set P(™ U P contains all the possible

types of establishments of age m or younger. Moreover,

N(m)/N(mfl) = sgS {(1 - Wn)milﬂ* (S) ) (1 - Wn)mil n* (S) ) (]- - Wn)mil v (8>} ) (69)

320bserve that the “max” and “min” operators in equation (38) have been disregarded in the construction of the sets P and N (™). Thus,
the set of actual types of establishments of age m and the set of actual employment levels of establishments of age m are smaller than P and

N | respectively.
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for m =1,2,...,00, where “/” denotes set difference.

In what follows it will be shown that there exists a M < oo such that A'™) contains the set of all possible employment
levels of establishments of all ages m = 0,1, ...,00. To prove this it suffices to show that there exists a M < oo such that no
establishment of age M + 1 will choose an employment level in the set A/(M+1) JND e, all establishments of age M + 1
will choose an employment level in the set A(M) 33

Let M satisfy equation (40). Since 0 < m,, < 1, such a M exists.

Let (s,1,7) € PM+1),

Suppose that n*(s,1,j) € NM+D /N - Since NMHD /N M) gatisfies equation (69), and M satisfies equation (40), it
follows that

n*(s,1,5) < (1 — )™ max {7* (Smax) s 7* (Smax)} < min{n* (Smin) > 7* (Smin)} - (70)

Also, since n*(s, 1, ) satisfies equation (38) and (s,1,7) € PM+1) | we have that

s_1

n*(s,1,j) € {n* (s),7" (s),(1 —mp) I} U { Ues " (51)} . (71)
From equation (71) and the last inequality in equation (70), we then have that
n*(s,l,5) = (1 —mp)l.

Suppose, first, that j = 0.

Suppose that some establishment of age M transits to (s,[,j). From equation (67), this can be the case only if
0 =max {0" (s_1) — (1 — w,)I,0},

for some s_; € S.
But, from equation (70)
n*(s,1,j) =1 —mp)l <" (s-1),

for all s_1 € S. A contradiction.
Hence, (s,1,7) € P+ does not correspond to an establishment of age M + 1.
Suppose now that j > 0.
Let s_; be such that (1 —,)l+j = 9" (s_1) (since (s,,7) € PM+1) such an s_; exists).

Then, from equation (38) we have that

min {7* (s_1),n*(s)},

n*(s,l,j) = max
J min {(1 —7m,)[,7*(s)}

and, therefore, that

n*(s,0,7) = (1 —m,)l <n*(s) and n*(s,1,5) = (1 — mp) I > min {0" (s_1),n*(s)}. (72)

33This condition is sufficient because whenever an establishment reaches age M + 1, its age can be reset to M without consequence. This

procedure can be repeated an infinite number of times.

29



The second inequality in equation (72) contradicts equation (70).
We conclude that no establishment of age M + 1 chooses an employment level in the set A/(M+1) N (M) " Tt follows that
the set P* = P(M+1) PO is a support of the invariant distribution z*. M

Proof of Proposition 5: Observe that the optimal decision rules at period ¢ — k are given by

nt_k(s, l’j) — max mln{(l — 7717,}[ + jaﬂtfk (3) ) : (73)
min {(1 —m,) 1, ik (s)}
and

vt—k(sa la .]) = max {l_}t—k (8) - (1 - ﬂ—n) nt—k(sv la .])5 O} ) (74)
for k=0,1,....M + 1.
a) We will first show that Py, is a support of the distribution s, ;.

Define the sets A; and B4 as follows:
Ar= U {0 = 7)™ e (), (U= 7)Y e (), (U= 7)Y Bearn (9)]

B ={l':1"=(010~-m,)l, for some | € N;/A;}. (75)

Observe that
Newr = B 0] Uy 0) 1 (9) 01 (9} (76)

To show that Py is a support of the distribution p,,, it suffices to show that
(8,1,7) € Py =>ny (8,1,7) € Nyy1 and vy (s,1,7) € Y {max [v; (s') — (1 — 7)) nt (5,1,5),0]}. (77)

Let (s,1,7) € Ps.
Suppose, first, that (I,5) = (0,0).
From equation (73) we then have that n:(s, !, j) = 0 and, from equation (74), that v:(s,{,j) = ¥ (s). Therefore, equation
(77) is satisfied.
Suppose, now, that (I,7) # (0,0).
Then,
seS,leNyand j€ Mo {max [v;_1 (s') — (1 — m,) 1,0]}. (78)

From equations (73) and (78), we then have that

ny(s.1.7) = max min {max [0:—1 ("), (1 — 7)), (5)}, 7 (79)

min {(1 —m,) 1,7 ()}

for some s’ € S.

As a consequence,

m(snLd) € (0= m) L (5) o (9} U { 2t () (50)

s/
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From equations (75), (76) and (80) we have that
l e M/.At = nt(s,l,j) c -/\[t+1'

Suppose that | € A;. Without loss of generality assume that

L= (1 =m)" "y (3)

for some 3 € S (the cases | = (1 —m,)" *fy_pr (3) and [ = (1 — )
way).
Then, equation (79) becomes
min {max |51 (), (1 = m)" ny_a (5)] 24 (5) }
min {(1 — )M, (3), 7 (3)}

ne(s, 1, j) = max

for some s’ € S.

But from equation (40) and equations (42)-(44), we have that
(1 =) 1y pr (8) < (U= m)™ Aar (3) < (1= )™ ear (Smax) < Bt (Smin) < B (),

and that

(1= 7)™ 2y py (B) < (L= 70)™ Auar (8) € (1= 7)™ Aot (Smax) < 14 (Smin) < 1 () < 7y (s).

Therefore equation (81) becomes

min {@t,1 (8/) , Ty (5)} 3
(1= 7m0) " my s (5)

= min {@t,1 (SI) , T (S)} .

ne(s,l,j) = max

Thus, from equations (76), n¢(s,1,7) € Ngp1-

From equation (74), observe that
'Ut(sv l,]) = mmax {'l_)t (3) - (1 - 7Tn) nt(s, laj)a 0}

Thus,
ve(s, 1, ) € 'LeJS {max [y (s') — (1 — 7)) ns (5,1,5),0]}.

Therefore, Py is a support of the distribution ;.

Ti—nr—1 (8) can be handled in exactly the same

(81)

b) To prove the second part of the Proposition it will be convenient to define the following (one-to-one and onto)

functions.

For every (s,l,j) € Py:

(g = U

ji L) = J°
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where (s,1*,j*) is the unique element of P* satisfying that |l — I*| < &/2 and |[[(1 — mp) I + 4] = [(1 — 7p) I* + 5] < /2.

Similarly, for every (s',1’,5') € Pi1:

l:+1(llaj,) = I

j:+1 (llajl) = J

where (s',1*,j*) is the unique element of P* satisfying that |I' — I*| < /2 and |[(1 — 7,) I + j'] — [(1 — ) I* + j*]| < €/2.
Observe that, by assumption, we have that for every (s,l,7) € Py:

Hy (Svlvj):M* (Sle(laj)ajz(lvj)) (82)

We need to show that for every (s',1',j') € Piya:

Mt+1 (s/a l,’jl) = :U'* (3/7 l:+1(l/aj/)7j:+1(llaj/)) . (83)

Let (S/, l,,jl) S Pt+1.
Using equation (82), we have that
Mt+1 (Slallvj/) = Z Q(S,SI)M* (Sul:<l7])7]t*(laj))+gw (SI)I(llvjl)v
(s,0,5) € Ge(V,5")
where
gt(l/ajl) = {(S7la.]) € Pt: Uz (S7laj) = l/ and Ut (Salaj) = ]/} .
Also observe that
N* (SI7l:‘(Jrl(llujl)vj;kJrl(l/ujl)) = Z Q(S,Sl) lu‘* (SJ*J*)"‘QW (SI)I(Z:Jrl(l/aj/)vjt*Jrl(l/vj/)) )
(s,01%,5%) € G=(U 1 (V,37),55 11 (1,57))
where
g*(l;rl(llvj/)aj:Jrl(l/’j/)) = {(s’l*aj*) e P n*(sal*vj*> = l;rl(l,’jl) and 'U*(Sal*vj*) = ji;tl(llaj,)} :

To show that equation (83) holds, it then suffices to show that

('3 = (0.0) & (111,357 (0.) = (0,0), (84)
(S,Zaj) € gt(l/ajl) - (S,Z;; (Z,J) ,j: (L])) € g*(l;k+1(l/ajl>aj:+1(l/aj/>>’ (85)
(5:1°,57) € G U (U3 () = (s, )71 @5, 17 (259 € Gull' - (86)

where ([l;‘]fl ) [j;‘]fl) is the inverse function of (I}, j5).
b.1) Proof of equation (84).
It is a direct consequence of how I}, and jf,,; were defined and equations (42)-(44).
b.2) Proof of equation (85).
Let (s,1,5) € G/(I',5"). Then, (s,,7) € P4,

V — min{(1 — m,) Il + j,n, (s)}

min {(1 —m,) 1,7 ()}
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and

(1 - 7Tn) ! +j/ = max{@t (8) ) (1 - 7Tn) l/} :
Observe that (s,i} (1,7),75 (1,7)) € P*,

min {(1 — ) G (L 5) + 37 (1 §)om* (5)) }

n*(s,lf(1,7),j; (I, 7)) = max 7
J)5dei8 T { min {(1 —m,) i (1, 7), n* (s)}

and
(1= mn) n*(s, 07 (L), 37 (15) + v (s, 15 (1, 5), 37 (1, 9))
= max {0 (s), (1 —mn)n"(s,0; (1, 4),5: (1,5))} -
Since
(A=)l = (1 =) 7 (1, 5)] <e/2,
(L =mn) 4] = (1= mn) (0 5) + 37 (L)) < /2,
Iy (s) —n* ()] <&/2,

and

7t (5) =" (s)| < /2,

it follows that
\”*(Salf(laj),jf(l,j)) _ll| <€/2a (87)

and, therefore, that
(=) ™ (s, 151, 4), 37 (1,.9)) + 07 (s, 1 (1, 4), 47 (1, 4))] = (L= mn) U+ 5] < £/2. (83)
Since (s',1',5") € Pyy1 and [s',n*(s, 15 (1,7), 55 (1, 5)),v*(s, 17 (1, 5), 55 (1, 4))] € P*, equations (87) and (88) imply that
G5 =n"(s, 171, 4), 37 (1, 5)),
i (1,37 = v (s, 17 (1, 5), 57 (1, )
Since (s, (1,7),77(1, 7)) € P* it follows that
(5,07 (1 5), 3¢ (1, 5)) € G (U (Vs 57), G4 (1, 57).-

b.3) Proof of equation (86).
Let (s,01%,5%) € G*(If, 1 (U, 5"), 551 (', 5")). Then, (s,1*, 5%) € P*,

a7 = w (s.00,57) (89)
= max min {(1 —7m,) 1" + 5", 0" (s)} , (90)
min {(1 —my,) I*, 7" (s)}
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and

(L =m) G (15 + 500 (5 = (L=ma)n™ (017, 57) + 0" (s, 17, §7)

max {0* (s), (1 —m,) l;1 (', 5"} -

Observethat( = (v, 50, izt J))ept,

ne(s, 7)1 (1%, 5%), [57] 7 (1%,57)) = max |
U J : { min{(lfﬂn) (¥ (I, 5%), 7 (3)}

and
(1 =) ma(s, )0 (%570, )70 (7, 5)) A+ e, 170 (7, 57), g1 (%, 57)
= max (@ (), (1= ma) me(s, (G170 00,570, 717 (0 57)

Also, from equation (77), we have that

[ me [, 1617 @3 L0 @57 o [, 17 @ 6 59| € P

for every s'.

Moreover,
R O B e G Ny R G | R PN (e (e N G )
= (s.0%57)
and
eyl N L e G A Ny R G | I P A G R G
= V(5,057
Hence, from equations (89) and (91), we have that
L (e [, )7 @, 1) )| v [ 00071 @570, 107 @)
= 1.
and
SR G BN (e (e o N e e | I PN e GOP N I G 1)
= jszrl(l/?jI)
It follows that
Y A Y N G )
3= s, )N 0,50, 1 7)),

Since (S, A N R (A )) € P; it follows that

(s 007" @) 17 057)) € G
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Table 1

Quarterly observations

Panel A: BED data, March 2000 to June 2000

Size Data Model
Classes* Shares in Shares in ~ Shares in Shares in Shares in ~ Shares in
(employees) || Employment Job Gains Job Losses | Employment Job Gains Job Losses
[1,5) 6.4% 16.9% 9.7% 6.2% 16.2% 8.6%
[5,10) 8.1% 13.1% 11.6% 9.0% 13.1% 10.7%
[10, 20) 10.7% 14.9% 13.7% 12.3% 14.1% 10.8%
[20, 50) 16.6% 18.3% 18.2% 16.4% 18.4% 14.7%
[50, 100) 13.1% 11.6% 12.6% 12.0% 12.2% 16.2%
[100, 250) 16.5% 11.9% 14.6% 16.4% 13.1% 13.9%
[250, 500) 9.8% 5.9% 8.5% 9.3% 4.9% 12.4%
[500, 1000) 7.3% 3.5% 5.4% 71% 8.1% 5.3%
[1000, o) 11.6% 4.2% 5.9% 11.3% 0.0% 7.5%
Panel B: BED data, 1992:3-2005:4
Data Model
size at entry 5.3 4.4
size at exit 5.2 5.8
JGB 1.7% 1.2%
JGE 6.2% 6.2%
JLD 1.6% 1.6%
JLC 6.0% 5.8%

Exit Rate 5.2% 6.2%




Table 2

Monthly observations

Panel A: CPS data, 1948-2004

Data | Model
Separation rate 3.5% | 3.3%
Hazard rate 46.0% | 46.9%

Panel B: JOLTS data, 2000-2005

Data | Model

Vacancy rate 2.2% | 2.2%

Hiring rate 32% | 2.9%

Separation rate 3.1% | 2.9%
Vacancies yield rate 1.3 1.3

% Vacancies with zero hiring 18.7% | 21.9%

% Hiring with zero vacancies 42.3% | 39.3%

% Establishments with zero hiring | 81.6% | 95.8%
% Establishments with zero vacancies | 87.6% | 97.9%




Table 3

Calibrated parameter values

Parameter Description Value

0 entry of establishments 0.0007038

0 capital depreciation rate 0.0055147

15} discount factor 0.9975517

0 capital share 0.216757

v labor share 0.64

Ty quit rate, unemployed workers 0

T quit rate, employed workers 0.00675

10) curvature, matching function 1.0161441 (efficient matching)
0.734344 (congestion externalities)

® utility of leisure 0.78439 (efficient matching)
0.805099 (congestion externalities)

P persistence aggregate shocks 0.95

Oc standard deviation aggregate shocks 0.0041




Table 3 (Continued)

Calibrated idiosyncratic process

Idiosyncratic Productivity levels:
so=0.00 s1=63 s9=67 s3=77 s4=28.6

s5 =94 s56=109 s7=12.1 s3=13.1 s9=14.3

Initial distribution:

o =000 1, =082 Py =018 15=0.00 1, =0.00
s =0.00 tg=000 1, =0.00 wg=000 hy=0.00

Transition matrix:

1 0 0 0 0 0 0 0 0 0
0.026 0.9467 0.0273 0 0 0 0 0 0 0
0.019 0.0147 0.9555 0.0108 O 0 0 0 0 0
0.007 0 0.0149 0.9582 0.0199 0 0 0 0 0
10 0 0 0.0330 0.9309 0.0361 0O 0 0 0
©- 0 0 0 0 0.0777 09119 0.0104 O 0 0
0 0 0 0 0 0.0245 0.9571 0.0184 0 0
0 0 0 0 0 0 0.0612 0.9262 0.0126 0
0 0 0 0 0 0 0 0.0325 0.9335 0.0340
0 0 0 0 0 0 0 0 0.0356  0.9644




Table 4

Business Cycle Statistics: U.S. economy (1951:1-2004:4)

A. Macroeconomic variables

Standard deviations

Y C I K N |Y/N
1.58 | 0.90 | 6.76 | 0.68 | 1.00 | 0.99
Correlations with output
Y C 1 K N | Y/N
1.00 | 0.80 | 0.91 | 0.05 | 0.80 | 0.79
B. Labor market variables
Standard deviations
Y N U A A/U | H/U | F/N | JC* | JD*
1.58 | 1.00 | 12.32 | 13.89 | 25.66 | 7.72 | 5.46 | 3.70 | 6.15
Correlations matrix
Y N U A A/U | H/U | F/N | JC* | JD*
Y |[1.00]0.80|-0.84 | 090 | 0.89 | 0.82 | -0.57 | 0.49 | -0.30
N 1.00 | -0.87 | 0.88 | 0.89 | 0.87 | -0.38 | 0.21 | -0.02
U 1.00 | -0.92 | -0.98 | -0.92 | 0.54 | -0.43 | 0.03
A 1.00 | 0.98 | 091 | -0.56 | 0.47 | -0.26
AU 1.00 | 0.93 | -0.56 | 0.46 | -0.16
H/U 1.00 | -0.38 | 0.45 | 0.06
F/N 1.00 | -0.13 | 0.47
JC* 1.00 | -0.08




Table 5

Business Cycle Statistics: Efficient Matching

A. Macroeconomic variables

Standard deviations

vy | c | I | K| N |YN

1.09 | 0.26 | 6.23 | 042 | 0.37 | 0.75

Correlations with output

vy | c | I | K| N |YN

1.00 | 0.75 | 0.99 | 0.18 | 0.96 | 0.99

B. Labor market variables

Standard deviations

Y N U A | AJU | H/U|F/N| JC | JD
1.09 | 0.37 | 5.20 | 4.58 | 8.78 | 5.52 | 0.50 | 1.83 | 1.97
Correlations matrix

Y N U A | AJU | H/U|F/N| JC | JD

Y |[1.00]096 |-096| 0.76 | 0.96 | 0.98 | -0.82 | 0.12 | -0.40
N 1.00 | -1.00 | 0.60 | 0.91 | 0.97 | -0.72 | -0.07 | -0.22
U 1.00 | -0.61 | -0.91 | -0.97 | 0.72 | 0.07 | 0.23
A 1.00 | 0.88 | 0.76 | -0.96 | 0.62 | -0.81
AU 1.00 | 0.97 | -0.93 | 0.28 | -0.56
H/U 1.00 | -0.84 | 0.16 | -0.44
F/N 1.00 | -0.54 | 0.76
JC 1.00 | -0.70




Table 6

Business Cycle Statistics: Matching externalities

A. Macroeconomic variables

Standard deviations

Y C 1 K N | Y/N
1.44 | 0.31 | 826 | 0.56 | 0.93 | 0.58
Correlations with output
Y C I K N |Y/N
1.00 | 0.66 | 0.99 | 0.16 | 0.97 | 0.93
B. Labor market variables
Standard deviations
Y N U A A/U | H/U | F/N | JC | JD
1.44 1 0.93 | 13.68 | 20.14 | 31.84 | 14.57 | 1.42 | 4.55 | 4.77
Correlations matrix
Y N U A A/U | H/U | F/N | JC | JD
Y |1.00|097|-096 | 0.79 | 0.92 [ 0.97 |-0.62 | 0.08 | -0.31
N 1.00 | -0.99 | 0.73 | 0.89 | 0.97 | -0.54 | -0.03 | -0.20
U 1.00 | -0.76 | -0.91 | -0.98 | 0.54 | 0.03 | 0.20
A 1.00 | 0.96 | 0.85 | -0.85| 0.48 | -0.67
AU 1.00 | 0.96 | -0.77 | 0.29 | -0.51
H/U 1.00 | -0.67 | 0.17 | -0.38
F/N 1.00 | -0.60 | 0.84
JC 1.00 | -0.72




Table 7

Business Cycle Statistics: Efficient allocation for economy with matching externalities

A. Macroeconomic variables

Standard deviations
Y C I K N Y/N
1.15| 0.28 | 6.60 | 0.45 | 048 | 0.71

Correlations with output
Y C 1 K N | Y/N
1.00 | 0.75 | 0.99 | 0.18 | 0.95 | 0.98

B. Labor market variables

Standard deviations

Y N U A | AJU | H/U|F/N| JC | JD

1.15 {048 | 4.92 | 539 | 9.07 | 5.58 | 0.60 | 2.21 | 2.40
Correlations matrix

Y N U A | AJU | H/U|F/N| JC | JD

Y |[1.00]095|-095| 0.72 | 0.95 | 0.97 | -0.74 | 0.16 | -0.39

N 1.00 | -1.00 | 0.54 | 0.86 | 0.94 | -0.60 | -0.04 | -0.19

U 1.00 | -0.54 | -0.87 | -0.94 | 0.60 | 0.04 | 0.19

A 1.00 | 0.89 | 0.77 | -0.98 | 0.69 | -0.84

AU 1.00 | 0.97 | -0.91 | 0.39 | -0.60

H/U 1.00 | -0.81 | 0.28 | -0.50

F/N 1.00 | -0.66 | 0.82

JC 1.00 | -0.73




Table 8

Business Cycle Statistics: Efficient allocation for economy with linear matching technology

A. Macroeconomic variables

Standard deviations
Y C I K N Y/N
1.82 1 0.39 | 10.92 | 0.71 1.50 | 0.43

Correlations with output
Y C 1 K N |Y/N
1.00 | 0.71 | 0.98 | 0.16 | 0.99 | 0.80

B. Labor market variables

Standard deviations

Y N U A A/U | H/U | F/N | JC | JD

1.82 | 1.50 | 24.80 | 11.39 | 30.55 | 28.34 | 4.16 | 9.07 | 8.37
Correlations matrix

Y N U A A/U | H/U | F/N | JC | JD

Y |[1.00]099|-095| 034 | 0.90 | 0.94 | 0.03 | 0.18 | -0.06

N 1.00 | -0.96 | 0.31 | 0.90 | 0.95 | 0.04 | 0.16 | -0.04

U 1.00 | -0.31 | -0.93 | -0.98 | -0.04 | -0.16 | 0.04

A 1.00 | 0.63 | 0.41 |-0.39 | 0.72 | -0.63

AU 1.00 | 0.95 | -0.12 | 0.40 | -0.27

H/U 1.00 | 0.03 | 0.28 | -0.14

F/N 1.00 | -0.58 | 0.76

JC 1.00 | -0.70




Table 9

Business Cycle Statistics: Reallocation shocks

A. Macroeconomic variables

Standard deviations

y | ¢ I K | N |Y/N

1.48 | 0.34 | 842 | 0.56 | 0.96 | 0.57

Correlations with output

y | ¢ I K | N |Y/N

1.00 | 0.72 | 099 | 0.17 | 0.98 | 0.94

B. Labor market variables

Standard deviations

Y N U A A/U | H/U | F/N | JC | JD

1.48 | 0.96 | 12.78 | 14.53 | 25.96 | 13.19 | 3.11 | 3.54 | 5.80
Correlations matrix

Y N U A A/U | H/U | F/N | JC | JD

Y |1.00|098|-097 | 0.80 | 0.93 | 0.97 |-0.40 | -0.06 | -0.27

N 1.00 | -0.99 | 0.78 | 0.92 | 0.98 | -0.34 | -0.12 | -0.20

U 1.00 | -0.81 | -0.94 | -0.99 | 0.34 | 0.12 | 0.20

A 1.00 | 0.96 | 0.86 | -0.75 | 0.38 | -0.68

AU 1.00 | 0.97 | -0.59 | 0.15 | -0.48

H/U 1.00 | -0.40 | 0.02 | -0.30

F/N 1.00 | -0.63 | 0.93

JC 1.00 | -0.74
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1 Equilibrium conditions

1.1 Households’ problem

The household’s Bellman equation is:

1—0_1
B(HvszaEvau’) = Inax {c— +<Pm+65 [B (K,/,Z/,K/,EI,X/,,U,/) | Z}}
g

{c,i,m} 1-—
subject to:
ctit+r (2, K,E, X, p)m < rF (2, K,E, X, u)s+11 (2, K, E, X, ), (1)
K = (1-90)k+1 (2)
(K',E',X",)/') = L(zK,E, X, p). (3)

Let A (k,z, K, E, X, 1) be the Lagrange multiplier for equation (1). The first order conditions and envelope conditions
are then the following:
c(rz K.EX.0)° = ArzK E X, p)

90 = >\(KZ’ Z’K’E7X7u)’ru (Z’K’E7X7u)

A(HaZ7KaE7XMU“) /Bg[Bl‘i (KI7ZI7K/?E/’X/’/'L/) |Z}

Bu(k,z, K,E,X,11) = Xk, 2, K,E,X,pn)[1—8+7r" (2, K,E, X, )]

1.2 Establishment’s problem

The establishments’ Bellman equation is the following

W(s,l,5,z, K,E, X, i) = {fhm]?x }{est(n,k)—l—p“(z,K,E,X,,u)f—pe(z,K,E,X,u)h

—r* (2, K, B, X, ;1) k —p* (2, K, E, X, ) v

+E [N q (e KB X, i YW (s, 1.5 2 K B X' 1) Q(s.5) | ] }

subject to
n o= l+h—f (4)
ml < f (5)
fo<l (6)
h < (7)
' = n (8)
j= v (9)
(K',E',X',i/) = L(zK,E X,u). (10)



Let §(S7l’j7 Z’ K7 E’ X7 /"L)’ a(87l7j7 Z’ K7 E’ X7 /"L)’ X(S7l’j7 Z’ K? E’ X’ M)? and 7](87l7j7 Z’ K’ E7 X7 u) be the Lagrange mul_

tipliers for constraints (4)-(7), respectively. The first order conditions and envelope conditions are then the following:

eZSFk [n(87l’j7Z’K7E’X’/’L)7k(87l7j7Z’K7E7X’H):| Slrk (Z’K’E7X7u)’ (: ifk(s7l7j’Z7K’E7X7u)>0)

pu (ZvKaE,X7/1') _g(salaj,zaK,EaXvﬂ) +a(s,l,j,z,K,E,X,,u) —X(S,l,j,Z,K,E,X,,LL)

< 07 (: iff(87l7j7Z’K’E7X7u)>O)

_pe (Z,K,E,X,/J) +£(S,Z,j,Z,K,E,X,M) _77(3717]"«27KaE7XaH) S O’ (: if h(S,l,j,Z,K,E,X,,U,) > O)

eZSFn [n(87l’j7 Z’K7 E’ X’ M)?k(87 l’j? Z’K7 E7X’ /"t):l - 5(87 l7j7 Z’K7 E7 X’ /"t)

+E Y a(z K B X, 5, Y Wi (s, 1,5, 2 K/ B X 1) Q (s,8) | 2

s/

< 0, (= ifn(s,l,j,2 K, B, X, ) > 0)

_pU (ZvKavamu‘) +g

Zq(z,K,E,X,,u,z’) W; (s, 0,5, 2", K',E', X", 1)) Q (s,5") | 21
< 0, (= ifv(s,l,j,z,K,E,)S(,u)>0)
als,l,j, 2z, K, E, X, 1) [f(s,0, 4,2, K, B, X, b)) —mpl] =0
x(s,0,5,2, K, E, X, u) [l — f(s,0,4,2, K, B, X, ;1)] =0
n(s, 0,5, 2, K, E, X, 1) [ — h(s,1,4,2, K, E, X, 1)] =0
Wi(s,l,j, 2, K, E, X, 1) =&(s,1, 4,2, K, E, X, u) — mpa(s, 1,4, 2, K, B, X, 1) + x(s,1,7,2, K, E, X, )

Wj(s7l7jvsz7E7X7N) = 77(8717j727K,E7X7N)

1.3 Recruitment company’s problem

The Bellman equation of the recruitment company is:

R(e,z,2, K,E, X, ) = {I%%X}{pe (2, K,E, X, u)d+p° (2, K,E, X, 1) b
a,b,a,u

+p" (2, K,E, X, p)[x+e—d—ul+7r* (2, K,E, X, ) u—a

+Elq (2, K, B, X, p, 2" )R (e, 2", 2/, K', E', X' 1) | 2]}



subject to

d < (1—-my)e (11)

b = H(a,u,AU)

¢ = Gla,u,AU)

¥ = u-G(a,u,AU)

A = AR K E X p)

U = UK E X, p)
(K',E',X",u') = L(zK,E,X,pn).

Let ¢ (e,z, z, K, E, X, i) be the Lagrange multiplier for constraint (11). The first order conditions and envelope conditions

are then the following:

1 = p”(z7K,E7X,u)Ha(a(e,a?,z,K,E7X,u),u(e7x,z,K,E,X,,u)7A,U)
+g [q(Z’K7E7XaIU’,Z/)R6 (e/’xl’z/’K/,Ele/,‘u/) Ga(a(e,m,z,K,E,X,u),u(e,x,z,K,E,X,,u),A, U) ‘ Z]
75 [q (Z,K,E,X,/,L,Z/) RI (€/5$/’Z/5K/7E/7X/7.U‘/) Ga(a(e,:c,z,K,E,X,u),u(e,az,z,K,E,X, /.t),A, U) | Z]

0 = pv(Z7K’E7X’M)Hu(a/(e7m’z?K7E7X7u)_pu(Z’K’E’X3M)+Tu(Z’K’E7X7M)
+£ [q (Z’ K’ E’X7/‘L7 ZI) Re (e/’x/’zl’K/7El7X/’M/) Gu(a(e7x7 Z?K7 E7X’ Iu’)7u(67m’ Z’ K? E’ X?M)’A7 U) ‘ Z]
Jrg [q (Z7 K’ E7 X,,LL, ZI) Rm (6/71'/52/7KI7 EI’X/7MI) | Z]

_g [q (’Z7 K’ E7 X) /"(‘7 Z/) R(l}' (6/7:1"/) Z/7K/7 E/’X/7l’[’/) Gu(@(@, :1:’ Z7K7 E7 X7 M)?u(€7m7 Z7K7 E’ X’ M)?A’ U) ‘ Z]

pe <z7K7E7X7,U‘) _pu (ZquEvXal/L) _§(67x727K7E7X7N) =0
sle,z, 2, K,E, X, ) [(1 — ) e —d(e,x,z, K, B, X, )] =0
Re (€,£E,Z,K,E,X,/i) :pu (Z,K,E,X,/I,) + (]- —7Tu)§(€,1',Z,K,E,X,M)

Rz (67$7Z7K7EaX7M) :pu (Z,K,E,X,/J)

1.4 Conditions for a recursive competitive equilibrium (RCE)

The necessary and sufficient conditions for {B, W, R, ¢, i, m, n, k, f, h, v, a, b, d, u, A, U, L, II, vk, r% p* p°, pv,
q} to be a RCE is that there exist Lagrange multipliers A (x, z, K, E, X, u), £(s,1, 7,2, K, E, X, ), a(s,l,4,2, K, E, X, ),
x(s,1, 7,2, K, E, X, ), and n(s,1, j,z, K, E, X, u) such that equations (12)-(40) hold (equations 41 through 50 are merely
definitional).

c(h,z2, K,E, X, 1) =Xk, 2, K, E, X, 1) (12)

)‘[(1 —6)f€+7j(lﬂl,2,K,E,X,,Uz>,Z/,L(Z,K,E7X,[J,)}
/\(KJ,Z,K,E,X,,U)

eZSFk [n(s7l’j7Z)K7E’X’/’[/)7k(87l7j7Z)K7E7X’/"L)] Slrk (Z’K)E7X7l’[’)’ (: if k(s7l7j’Z7K’E7X)IJ‘) >O) (14)

1=£|8 [1-0+7"(,L(2,K,B,X,p)] |2 (13)




0 = (5, K,E,X,u)—p“(2, K, E, X, )
+p” (2, K, E, X, u) Hy(ale,z,z, K, E, X, u),u(e,z, 2, K, B, X, ), A(z, K, E, X, 1) , U (2, K, E, X, 1))
+(1—my)Gylale,z, 2, K, B, X, p),u(e,z, 2, K, E, X, ), A(z, K, E, X, 1) ,U (2, K, E, X, 1)) %
Ela(z, K, B, X, p,2") [p° (2, L (2, K, E, X, p)) = p" (2, L (2, K, E, X, )] | ]

+Eq (2, K, B, X, p, ') p" (2, L (2, K, E, X, ) | ]

1 = pv(Z,K,E,X,/j/)Ha(a(€,$,Z,K,E,X,M),U(e,m,Z,K,E,X,M),A(Z,K,E,X,/j/),U(Z,K,E,X,/JA))
+(1—my)Galale,z,z, K, E, X, ), ule,z, 2, K, B, X, 1), Az, K, E, X, 1) , U (2, K, E, X, b)) X

g[q(zaKaEvaﬂaz/) [pe (Z/,L(Z,K7E,X,/L)) -p" (Zle(sz7E7X7N’))} ‘ Z]

£ [Zq(z,K,E,X,u,z')n(s’,n(s,l,j,z,K,E,X, w),o(s,0,5,2, K, B, X, 1), 2, L (2, K, B, X, 1)) Q (s,5) | z]

S pv(z’K7E7X’M)’ (: lfv(s’l7j’Z7K’E’X7/’L)>0)

eZSFn [’I’L(S,l,j,Z,K,E,X, M)vk(57l7j7ZaK7E7Xa :U')]

+&

Zq(Z’K7E7XﬁlLL’Z/)£(S/’n(83l7j’Z?‘K?E?X?#)’v(‘s?l?j’z’K’E?X7/‘L)7Z/7L(Z’K5E7X’M))Q(S’S/) | Z]

(15)

(16)

(17)

—Tn€ qu(z,K,E,X,MZ/)a(5/,n(g,l,j,z,K,E,X,u),v(s,l,j,z,K,E,X,M),Z/,L(z,K,E,X,,u))Q(S’S/) | z]

+&

Zq(z,K,E,X,,u,z’)X(s',n(s,l,j,z,K,E,X,u),v(s,l,j,z,K,E,X,,u),z',L(z,K,E,X,u))Q(s,s/) | z

S

IN

g(salvjaszaEvau)’ (: if n(s,l,j,z,K,E,X,,u) > 0)

—pe (Z,K,E,X,/L) +£(3,l,j,Z,K;E7X,M) S 77(37l7j,zaK,EaX7M)a (: if h(S,l,j,Z,K,E,X,/L) > 0)

p“ (2, K E, X, pu) —&(s, 1, j, 2, K, E, X, 1) + s, 1, 4,2, K, E, X, u) — x(s,1, 5,2, K, E, X, 1)
< 0, (= if f(s,1,5,2, K, E, X, ) > 0)
n(s,l,j,2, K, B, X, p) =1+ h(s,1,4,2, K, E, X, u) — f(s,1,4,2, K, E, X, i)

h(s,l,5,z, K, E, X, ) < j
Tl < f(s,1,5,2, K, E, X, j1)
f(s,L, 4,2, K, E, X, ) <1

n(s, 1,5, 2, K, E, X, ) [j — h(s,1,5,2, K,E, X, )] =0

a(s, 1,5, 2, K, E, X, 1) [f(s,0, 7,2, K, E, X, pp) — 0] =0

x(s, 0,7, 2, K, E, X, u) [l — f(s,0,§,2, K, E, X, ;1)] =0

ble,x,z, K,E, X,u) = H [a(e,x,z, K, E, X, p),ule,z, 2, K, E, X, pu), A(2, K, E, X, 1) ,U (2, K, E, X, 11)]

|



dle,z,z, K, E, X, u) < (1 —my,)e
0=[p° (2, K,E, X, pu) —p" (2, K, E, X, )] [(1 = 7)) e — d(e, x, 2, K, E, X, )]

(2, K, B, X, p) = oA (v, 2, K B, X )
c(K,z,K,E, X, )’
c(1-6)K+i(K,z,K,E,X,pu),2,L(z, K,E, X, 1))’

q(z, K, E, X, pu,2") =8

c(K,z, K,E, X, u)+1i(K,z, K, E, X, u) +a(E,X,z, K, E, X, )
Z/e SF S’l’j7Z’K7E’X7M)7k(87l’j7Z,K7E’X’H)]M(S7dlde)

Z/k(S,l,j,Z,K,E,X,,u)/L(S,dlde):
Z/’U(S,l,j,Z,K,E,X,/,L)M(S,dl Xd]) :b(E,Xasz7E7XaN’)
U(E,X7Z,K,E,X,M) :X+E—d(E7X,Z,K,E,X7M)+Z/f<57l,j,z7K,E,X,M)N(S,dl X dj)

s

d(B,X,z,K,E, X, 1) = Z/h(s,l,j, 2, K, B, X, ) (s, dl x dj)
m(K,z, K,E, X,u) =u(E,X,z, K, E, X, i)
Az, K,E, X,p)=a(E, X, 2, K,E, X, 1)
U@ K E X, u)=ulE,X,2,K,E, X, 1)

K,E, X,u)' ™7 -1
B(k,z,K,E, X, ) = ¢k, 2 ’1’ 1) +om(k,2, K, E, X, 1)
-0

+65{B[(1*6)K+i(K,Z,K,E,X7M),Z/,L(Z,K,E,X,/.L)] | Z}

W(S7Z’j’z3K’E’X7M) = eZSF[n(83l7j’Z7KﬂE7X?M)’k(87l7j’Z’KﬂE7X?M)]
+pu (Z7K’E7X7ILL) f(87l’j7Z’K7E’X7/’L) 7pe (Z’K7E’X7u) h(S,l,j,Z,K,E,X,,U)

7,’,,]6 (Z,K,E,X“U) k(S,l,j,Z,K,E,X,,[L) 7p’U (Z,K,E,X,[L)U(S,l,j,Z,K,E,X,,[L)

g Zq(zﬁK’E’X7M7'Z,)W(S/’n(‘s?l’j?Z’K7E7X3ILL)71)(S’l?j’zﬂK’E’X7M)’Z/7L(Z’K’E7X7M))Q(S’S/) | Z‘|

R(e7x7z7K7E7X’ILL) = pe(Z7K,E7X7M)d(e’x,Z7K,E7X7/’L)+pU(Z7K’E7X,/J‘)b(e’x,z7K7E7X7/’[/)
+p* (2, K,E, X, u) [x +e—d(e,z,2, K, E, X, u) —u(e,x, z, K, E, X, )]
—’—’]"u (Z’K,E7X7#)u(e7x’z7K’E’X7u) _a/(e,:L.’Z,K’E’X,M)
a(e7x’Z7K7E7X7H)7u(e7$7Z7K7E’X7H)7
Az, K,E, X, 1),U (2, K, E, X, 1)
+€ |q(2,K,E, X, 1,2 )R ale,z, 2, K, E, X, 1), ule,z, z, K, E, X, ), z
ule,z,z, K, B, X, ) — G ( sl 2
A(Z,K7E,X’M)7U(Z’K7E7X7l’[/)
Z/7L(Z’K7E’X’ILL)




(K',E',X',p') = L(2,K,E, X, ) (45)

is given by:

K'=(1-0K+i(K,z K, E X, p) (46)
E/:G[a(E’X7Z7K7E?'X’ILL)’U(E"X7Z7K7E7X’M)’A(2:5K7E7X3M)’U(Z’K’E7X7M)] (47)

'X/:u(E7X7z7K7E7X7M)_G[a(E7X7Z?K7E7'X7M)7U(E7X7Z7K7E7X7M)7A(Z7K7E7’X7M)7U(27K7E7X7u)] (48)

ICRIEEDS / gy QA sl X &)+ 0 (DT (£ % ) (49)
where

B(s,LxT)={,7):n(s,l,5,2, K, E, X, ) € L and v(s,l,5,2, K, E, X,u) € T} (50)

1.5 Equilibrium allocations and prices

Evaluate equations (12)-(40) at (k,e, X) = (K, E, X) and eliminate m, a, b, d and u to get:

TU<Z,K7E,X,/,L):(,DC(K,Z7K,E,X,,LL)U (51)
1=Elq(z K B X, p,2") [L =0 +7" (2, L (2, K, E, X, )] | 2] (52)
pu(z7K7E7X7/’[/) = ru(Z7K7E)X7N>

+pv (zaKvaXvu) Hu(*A(szvaX?H)7U<z7K7E7X7M) 7A<Z7K7E7X7M)7U(27K7E7X7M))
+Eq (2, K, B, X, p, ') p" (2, L (2, K, E, X, ) | ]
+(1—my) Gu(A(z, K, E, X, 1), U (2, K,E, X, ), A(2, K, E, X, 1) ,U (2, K, E, X, ) X

Elq(z K B, X, p,2) [p° (2, L (2, K, E, X, ) = p" (2, L (2, K, B, X, )] | 2] (53)

1 = p’u (Z,K,E,X,M)Ha(A(Z,K,E,X,,U),U(Z,K,E,X,M),A(Z,K,E,X,M),U(Z,K,E,X,‘LL))
+(1—7my)Go(A(2, K, E, X, 1), U (2, K, E, X, 0) ,A(2, K, E, X, 1) ,U (2, K, E, X, 1)) X

Ela(z KB, X, 11, 2") [p° (¢, L (2, K, E, X, p)) = p" (2, L (2, K, E, X, )] | 2] (54)

eZSFk [n(s7l’j7Z)K7E’X’/’[/)7k(87l7j7Z)K7E7X’/"L)] Slrk (Z’K)E7X7l’[’)’ (: if k(sﬁl7j’Z7K’E7X7lJ‘) >O) (55)

5 Zq(Z’K7E7X’l’L’Z/)T’(S/7n(87l7j’Z’K’E7X’M)’,U(S7l’j7Z?‘K’E,X?/’L)’Z/’L(Z’K’E3X7M))Q(S7S/) ‘ z

< pv(szanXnu/)v (: if’U(S,l,j,Z,K,E,X,/.L)>O) (56)



eZSFn [n(87 l’ -j7 Z’ K7 E7 X’ /”L)7 k(87 l7j7 Z’ K7 E7 X’ /"t):l

5 Zq(Z’K7E7XﬁlLL’Z/)£(S/’n(83l7j’Z?‘K?E?X?#)’v(‘s?l?j’z’K’E?X7/‘L)7Z/7L(Z’K5E7X’M))Q(S’S/) | Z;|

s/

—Tn€ qu(z,K,E,X,MZ')a(5',n(g,l,j,z,K,E,X,u),v(s,l,j,z,K,E,X,M),Z',L(z,K,E,X,,u))Q(S’S/) | z]

5 Zq(Z’K7E7X’M’Z/)X(Sl’n(s’l7jﬂz7K’E,X?/‘L)’,U(87l?j’Z’K7E7X7M)7ZI7L(Z7K’E7X’M))Q(S’S/) | Z‘|

IN

§(8’17j)Z7K)E7X7I’L)’ (: ifn(s’l7j’Z7K’E7X7N)>0) (57)

_pe (Z,K,E,X,,U/) +§(SalvjaZaKaE7X7/”’) S n(87laj7ZaK7EaX7M)a (: if h(S,l,j,Z,K,E,X,/},) > 0) (58)

pu (ZvKaEyXMUJ) 7§(Salaj7ZaK7EaX7,u) +OZ(S,l,j,Z,K,E,X,,U) *X(S,l,j,Z,K,E,X,,UJ)

< 0, (= if f(s,1,§,2, K,E, X, p) > 0) (59)
n(s,l,j, 2, K, B, X, p) =1+ h(s,1,4,2, K, E, X, u) — f(s,1,4,2, K, E, X, i) (60)
h(s,l,j,2, K,E,X,pn) <j (61)

Tl < f(s,1,4,2, K, E, X, ) (62)

f(s, 14,2, K, B, X, 1) <1 (63)

n(s, 0,5, 2, K, E, X, 1) [ — h(s,1,4,2, K, E, X, u)] =0 (64)

a(s, 1,7, 2, K, E, X, 1) [f(s,0, 5,2, K, E, X, pp) —pl] =0 (65)

x(s, 0,7, 2, K, E, X, u) [l — f(s,0, 4,2, K, E, X, ;1) =0 (66)

Z/ (s, 7,2, K, B, X, ) (s,dl x dj) < (1 — ) E (67)
0=[p°(z,K,E,X,pn) —p" (2, K,E, X, p)] (1—WU)E—Z/h(s,l,j,z,K,E,X,u)u(s,dl X dj) (68)
e B X ) = e S Y ) S R T o)

c(K,z,K,E, X,u)+i(K,z, K,E,X,u) + A(z,K,E, X, 1) (70)
Z/e sFn(s,l,j,2, K, B, X, ), k(s,1,5,2, K, E, X, ;1) pu (s, dl x dj) (71)
Z/k(s,l,j,z,K,E,X,u)u(s,dlxdj) =K (72)

Z/’U(S,l,j,Z,K,E,X,/L)}L(S,dZ X d]) :H[A(ZaK,EaXvM)aU(ZvKaEvX’/L)aA(ZvKaEvX’/L)7U(Z’K7E7Xnu')] (73)

UG K EX ) =X+ E=Y [ bslgos KB X (sdlxd) + Y [ £s,0dis KB X (s.di < ) (71

(K',E',X',i/) = L (2, K,E, X, p) (75)



is given by:

K'=(1-0)K+i(K,zK,E X, (76)
El:G[A(z7K7E,X,M),U(Z,K7E7X7//[/),A(Z,K7E7_X’//[/),U(Z7K7E7X,N)] (77)
X/:U(Z,K,E,X,u)7GI:A(Z,K,E’X’//L)7U(Z’K,E7X7u)’A(Z’K,E7X7u)’U(Z7K’E7X,‘LL):| (78)

WLxn=Y | Q5,8 (s, dl x dj) + 00 () T(Lx T)  (79)
S {(l,5):n(s,l,§,z,K,E,X,u)EL and v(s,l,j,z,K,E,X,n)ET }

2 Characterization of establishments’ decision rules
It will be convenient to truncate the establishments’ problem to a finite horizon T'. The truncated problem is given by

WhT(s,1,4,2, K, E, X, p) = [ max }{est(n,k‘)+p“(z7K,E7X,u)f—pe(z,KE,X,u)h
Jhoknv

—r* (2, K,E, X, ;1) k —p° (2, K, E, X, i) v

+E D a2 K B X YW (U2 K B X 1) Q (s, ) | Z] }

s’

subject to

n < l+h—f (80)

™l < f (81)

fo= (82)

h < j (83)

' = n (84)

jo= v (85)

(K'E',X",)/) = L(zK,E,X,p) (86)

fort=0,1,...,T, where
WT+17T(Svl>jaZ,KaEaX7/‘L) =0.

In what follows, it will be assumed that
& [q (27K7E7X7M7 z/)pu (2:/7L (Z7K7E7qu‘)) | z] <p" (z,K,E,X,,u) )

and that
pu (Z7K7E7X7M) Spe (Z7K7E7X7N)7

since these are properties that will be satisfied in equilibrium.



Let £t7T(57 lvjy Z, K7 Ea X7 ,LL), at,T(Sv l7.ja Z, K7 E7 X7 /.L), Xt,T(S7 la.j7 2, K7 Ea X7 ,u)7 and nt7T(sa lvja 2, K7 E7 X7 /J’) be the
(non-negative) Lagrange multipliers for constraints (80)-(83), respectively. From the first-order and envelope conditions we

get for t =0, 1,...,T, the following.
eZSFk [nt,T(s)lajvZ,K7E7Xnu’)7kt,T(Svl,jaZvKaE,Xmu')] S rk (zaK7E7Xa:U’)) (: if kt,T(salajvz7K, Ea XvM) > 0) (87)
nt,T(S,l,j,Z,K,E,X,,u) :l+ht7T(S,l,j,Z,K,E,X,,UJ)*ftT(S,l,j,Z,K,E,X,M) (88)
pu (ZvKaEval’[’) _€t7T(8al7jaZaKaE7X7u’)+at,T(5al7jaZ7KaE7X7/~‘L)_Xt,T(S?l7jaZ7KaE7X7:U'>
< 07 (: if ft,T(Svl7jvzaK7EaXaM) > O) (89)

_pe (ZvKuEa*XvM) +§t,T(57lajvsz7E7X7M) - nt,T(57l7jvszv Ev XaM) < 07 (: if ht,T<Svluj7sz7E7X7:U') > 0) (90)

eZSFn [nt,T(57l7j7Z7KvE7X7M)7kt,T<s7l7j7z7K7E7X7,U')] _St,T(SvlmjuszuEaXvM)
+€{Zq(z,K,E,X7u,z’)><

W (s mar (s, 2 B B X ), ver (5., 2 B B X ), 2, L (2, K B X, ) Q (5, ) | 2

< 0, (= ifnyr(s, 2, K, E, X, 1) > 0) (91)
E{Zq(z7K,E7X,,u,z')x
Wi (s mor (s, L, 2 B B X ), ver (5, .2 K B X ), 2, L (2, KB X, ) Q (5, ) | 2
< pv (ZaKaEaXaM)) (: if'Ut,T(Svl)jaszaEaXmu‘) >0) (92)
at,T(S,l,j,Z,K,E,X, :U’) [ft,T(87l7jvz7K7E7Xa :U’) - ﬂ-nl] =0 (93)
Xt,T(SvlmjuZaK?EaXvM) [l_ft,T(Svl7juzaK7E7X7p’)] =0 (94)
nt,T(SalvjaZaKaE7X7u) [J - ht,T(salmja 27K7E7X7:u” = 0 (95)

I/Vlt’T(svhj’sz’E,X, ) = fth(s,l,j,Z,K,E,X, w) = o (sl j, 2, K, B, X, 1) + Xt,T(SalvjaszaE’X’ 0] (96)

W?T(S? l7j7 2, K7E7X7 N’) = nt7T<57 lujv 2, K, E7X7 ,U,) (97)
W (5,15, 2, K, B, X, 1) = 0 (98)
Wt (s,1,5,2, K, B, X, 1) = 0 (99)

Lemma 1 Let {gt’T(O7 l,j,z, K, E, X, '“)}tT:o be any sequence of functions satisfying that

g[q (Z,K,E,X,u,z/)p“ (ZI,L(Z,K,E,X,,LL)) | Z] < gt,T(Oalvj,zaK,EaXvﬂ) gpu (Z,K,E,X,/L), fOTt <T

10



and that
gT,T(Oalvj’ZaK7E7X7N’) S pu (Z,K,E,X,,U,)

Then, {£t7T(0,l,j7z,K,E,X, M)};F:o together with
nt,T(Oalaj,z7K,EaX7M) =0

ke r(0,1,4,2, K, E, X, u) =0
frr (0,0, 4,2, K,E, X, ) =1
her(0,0, 5,2, K, E, X, ;u) =0
ver(0,0,4,2, K, E, X, u) =0
arr(0,0, 5,2, K, E, X, 1) =0
Ne,r(0,0, 7,2, K, E, X, i) = 0
Xer(0,0, 5,2, K, B, X, ) = p* (2, K, B, X, i) — & r(0,1,5, 2, K, B, X, )
Wit (0,0, 5,2, K, B, X, 1) = p* (2, K, B, X, 1)
Wit (0,1,5,2, K, B, X, 1) =0
fort=0,...,T, satisfy equations (87)-(99).
Proof. It is a straightforward verification. m
To simplify the subsequent analysis it will be convenient to define two functions k (n,z,s,r)and E, (n, z,s,r) as follows.
For n > 0 and s > 0, they are given by:
e*sky, [n,/%(n,z,s,r)} =,
E,(n,zs,1)=e*sF, {n, k(n, z, S,’I")} .

Observe that F), (n, z, s,r) is strictly decreasing, that lim, E, (n,z,s,7) =0, and that lim,_,o F, (n,z,8,7) = 4o0.
Lemma 2 Suppose that s >0 and that I+ j > 0. Then,
ker(s,l,j,z, K,E, X, ) = k [ner(s,l,j,2, K,E, X, 1),z s, (2, K, E, X, )] (100)
ner(s, gz, K, E, X, p) =1+ her(s, 1,4, 2, K, E, X, 1) — fir(s, 1, 5,2, K, E, X, 1) (101)

pu (ZvKaEval’[’) _£t7T(Sal7jaZaKaE7X7/’[’) +at7T(5al7jaZ7KaE7X7/~‘L) _Xt,T(S’l7jaZ7KaE7X7:U/)

< 0, (= if fir(s,l,j,2 K, E,X,p) > 0) (102)

—p° (2, K, B, X ) + & (s, 1, 5,2, K B, X ) —my (8,0, 4,2, KB, X p) <0, (= if her(s, 1,4, 2, K, E, X, 1) > 0) (103)
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Fn (Tlt7T($,l,j, Z,K,E,X,/J,),Z,S,’I"k (Z,K,E,X,/.L))

+5{Zq(z,K,E,X,u,z')x

s'>0
£t+1,T (Sl,nt,T(Salvjasz7EvX, #)’vt,T(Sal)jaszaE,X7 ‘LL),Z/,L (Z,K,E,X, NJ)) Q (878/) ‘ Z}

& Z q(z,K,E, X, p,2") x
s'>0

Q1. T (S/,’I’Lt’T<S,l,j,Z7K,E,X, ,LL),’Ut’T(S7l,j,Z,K,E,X, ,LL)7Z/,L(Z,K,E7X, H)) Q (S, SI) | Z}

+5{Zq(z,K,E,X,,u,z’)><

s'>0
Xt+1,T (Slvnt,T(87l7juzaK7EvX7 N)vvt,T<Salajvsz7EvX7 H),Z’,L (Z,K,E,X7 M)) Q (svs/) | Z}

+Q (5,00 E[q(z, K, E, X, 1, 2" ) p* (2, L (2, K, E, X, n)) | 2]

= gt,T(SalvjaszaE,Xmu)a fort <T (104)

fT,T(S’lvjazaKaE7X7/J’) = Fn (TLTJ“(S,Z,']-,Z,K,E,X,/.L),Z,S,’T’k (ZaK7EaX7:u)) (105)

8{Zq(z,K,E,X,u,z’)><

s'>0
77t+1,T (Sl,nt,T(Sal7ja27K7EvX, /L),’Ut)T(S,l,j,Z,K,E,X, ‘LL),Z/,L (ZaKaEva /},)) Q (878/) | Z}

< p'(z2,K,E, X,pn), (= tfver(s,l,j,2, K,E, X, 1) >0), fort <T (106)
vrr(s, 4,2, K, E,X,u) =0 (107)

arr(s,L,j, 2, K,E, X, 1) [for(s,l,j,2, K, E, X, u) —m,l] =0 (108)

Xer (8,05, 2, K, B, X, u) [l — frr(s, 14,2, K, E, X, u)] =0 (109)

Der(s, 0,4, 2 K, B, X, ) [§ — her(s, 1, . 2, K, B, X, 1)) = 0. (110)

Moreover, there is no loss of generality in assuming that

nt,T(Svl7.jaZ7KaE7X7 :U“) = max {gt,T(Svl7jaZ7KaE7X7 :U“) 7pe (27K7E7Xa ,U) 70} (111)
Xt,T(S7lvj7ZaK7EaX7,u):O (112)
Olt,T(S,O,j,Z,K, Ea XvM) = £t7T(S,O,j,Z,K,E,X,,Uz) _pe (Z,K,E,X,,U,) (113)

Proof. Equations (99)-(110) follow from equations (87)-(99), Lemma 1 and the fact that F satisfies the Inada conditions
(and therefore that ny (s, 1, 7,2, K, E, X,u) >0 and ky (s, 1, 7,2, K, E, X, u) > 0).

Need to show that 0, 1(s,1, j,2, K, E, X, ;1) can be restricted as in equation (111).

First, consider the case in which 3 > 0.

If hyr(s,l, 9,2, K, E, X, 1) >0, from equation (103) we have that
gt,T(SijvszvaXaM) _pe (ZvKuEa*XvM) = nt,T(SijazaKvaX?N) 2 07

where the inequality follows from the fact that n, 7(s,l, 7,2, K, E, X, ) is a Lagrange multiplier.
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If hyr(s,l, 5,2, K, E, X, 1) =0, from equations (103) and (110) we have that:
gt,T(‘S)laijaKanXvM) _pe (ZaKaEvaul) S nt,T(S7l7jaZ7KaE7Xa /J‘) = O

Hence, when j >0, n, r(s,1, ], 2, K, E, X, n) must satisfy equation (111).
When j = 0, equation (110) imposes no restriction on 0, 1(s,1,0,2, K, E, X, u). The only restrictions (from equations

T .
(103) and (106)) are that {n, (s,1,0,2, K, E, X, 'U’)}t:O must satisfy for t <T that
ft,T(SalvoaszanXa N) _pe (ZvaEaXa N) S nt)T(SalaOaszaE7X7/~‘L)7

and fort <T that

5{Zq(z,K,E,X,u,z’)><

s'>0
77t+1,T (Sl,nt,T(Sal7ja27K7EvX> #)aOaZI,L(ZaK7E7Xa :U’)) Q (873/) | ’Z}

< p"(z,K,E,X,u), for (s,1,j,2, K, E, X, ) such that v r(s,l,j,2, K, E, X, ) = 0.

Thus there is no loss of generality in restricting 1, r(s,1,0, 2, K, E, X, 1) as in equation (111).

Finally, we need to show that x, v(s,l,j, 2z, K, E, X, ) can be restricted as in equation (112).

If 1 > 0, equation (112) must hold because of equation (109) and because F satisfies the Inada conditions (and therefore
that ny (s, 1,4, 2, K, E, X, 1) >0 and ki (s, 1, 7,2, K, E, X, u) > 0).

If 1 = 0, equation (109) imposes no restriction on x, (s,l,j,z, K, E, X, ) and equation (108) imposes no restriction
on arr(s,l,j,z, K,E, X, ). Observe that equation (102) is satisfied under equations (112) and (113). Also, observe that
the variables

Qt+1,T (SC’TL@T(S,Z,j,Z,K,E,X, /-L)7Ut,T(S7la.j7ZaK7 Ea Xv ,LL),ZI,L (Z7KaE7X7 ,LL))

and

Xt+1,T (8/7nt,T(S7l7jvsz7E7X7 M),’Ut’T(S,l,j,Z,K,E,)Q /L),Z’,L (Zqu E7 Xa /'L))

that enter equation (104) have nyr(s,l, 7,2, K, E, X, 1) > 0 (because F' satisfies the Inada conditions) and therefore equa-
tions (112) and (113) do not apply to them.
Thus there is no loss of generality in assuming that equations (112) and (113) hold. m

Lemma 3 Suppose that s > 0 and that I+ j > 0. Then,

kt7T(S,l,j,Z,K,E,X,,UJ) = l% [nt,T(S7la.j7ZaKanXaN)7ZaSaTk (ZaKaEthu‘)] (114)
nt,T(SalajvzaKanXvu) :l+ht,T(S7l7jaZ7KaE7X)/J‘) - ft,T(SalvjvzaKaEvalj’) (115)
pe (ZaK’EaXvﬂ) < £t7T(Sal7ja27K7E7X?M)7 thnT(S,l,j,Z,K,E,X,M) >0 (116)
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Fn (nt7T(s’ l?j’ Z? K’E7 X7 ‘LL)’Z7 S7Tk (Z7K7 E’X’ ILL))

+(1ﬂn)E{Zq(z,K,E,X,u,z/)x
s'>0

Eoir (s',nt,T(STl,j,z,K,E,X, w),ver(s, g, 2, K, B, X, 1), 2", L(2, K, E, X, 1)) Q (s,5) | z}
+mpE Zq(z,K,E,X,u,z')p“ (',L(z,K,E,X,1))Q(s,5') | 2
s'>0

—I—Q(S,O)z[q(z,K,E,X7M,z/)pu (Zle(sz7E7X7:U'))|Z]

= gt,T(SvhjaszaE,X?,u')a fO’/‘t<T (117)

£T,T(S’l7jazaKaE7X7.u’) = Fn (TLT/]“(S,l,j,Z,K,E,X”U),Z,S,’T’k (ZaK7EaX7:u)) (118)

£ {Z q(z, K, E, X, 1,2") x
s'>0
max[£t+1,T (Slant,T(Sal)jaszaE,X7 ,LL),Uth(S,l,j,Z,K,E,X, /L),ZI,L(Z,K,E,X, N’))

7pe (Z/aL (ZaK7 E’ Xv :u)) 7O]Q (575/) | Z}

< p'(z,K,E, X,n), (= tfver(s,l,j,2z, K,E, X, u) >0), fort <T (119)
vrr(s, 7,2, K, E, X, u) =0 (120)

§r(s,lj, 2, K B, X, 1) > p* (2, K, E, X, i) (121)

[gt’T(s, Lj,z, K, E, X,pu) —p" (2, K, E, X, ,u)] (fer(s, L, gz, K,E, X, ) —mpl] =0 (122)
max [§; (s, 1,4, 2, K, B, X, i) — p° (2, K, E, X, 1) ,0] [j — he,1(s, 1, j, 2, K, E, X, ju)] = 0 (123)

Moreover, there is no loss of generality in assuming that
her(s, g, 2, K, E, X, 1) [fer(s, 1, 4,2, K, E, X, u) — 7,0l =0. (124)

Proof. Equations (114)-(123) are a straigthward consequence of Lemma 2.
Need to show that h; r(s,l, 7,2, K, E, X, p) and f; v(s,(,j,2, K, E, X, u) can be restricted as in equation (124).
First consider the case in which p°® (2, K, E, X, u) > p* (2, K, E, X, ) .
Suppose that he (s, 1, j,z, K, E, X, ) > 0 and that fir(s,1,7, 2, K, E, X, 1) > my,l.
From equations (116) and (122)

P (2, K, B, X, ) < gt,T(SJajvsz?EaXaM) =p" (2, K, E, X, ),

which is a contradiction. Hence, when p¢ (2, K, E, X, 1) > p“ (2, K, E, X, 1), equation (124) must hold.
Now consider the case in which p® (2, K, E, X, ) = p* (2, K, E, X, ).
Suppose that he (s, 1, j,z, K, E, X, ) > 0 and that fir(s,1,7,2, K, E, X, 1) > m,l.
Observe, from equation (115), that

nt,T(S,l,j,Z,K,E,X,IU) :l+ht7T(S,l,j,Z,K,E,X,[L) - ft,T(Sal7j7ZaKaE7X7.u’)
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and, from equation (122), that:
P (2, K, B, X, p) = p° (2, K, B, X, i) = & (s, 1,5, 2, K B, X ) (125)

1) Suppose that ht,T(Salvjasz7EvXa#) - ft,T(salaj,zaK, Ea XvM) Z _7Tnl-
Let

iLt,T(Sij,ZaK,EaXvM) = nt,T(Svl,jaZ,K7E7X7:U')_l+77nl

ft,T(S7Z7j,2aK,EaX7M) = ﬂ—nl
Observe that

l+;lt7T(Svlaj7Z7K7E7X?:u’> - ft,T(SalvjaszaEvXaM) = nt,T(S7lajvzaK7EaX7/j/)7

that
her(s,l, o2, K B, X, p) = ner(s,l, 4,2, K, B, X, 1) — L+ 7,1
< ner(s, gz, K,E, X, ) =1+ fer(s, 4,2, K, E, X, )
= hir(s, 4,2, K, E, X, 1) < j
and that

iLt,T(SalajaZaKaEvX,M) = nt,T(sylajvz,K7E7XnU')_l+7rnl

= l+ht,T(57l7.jvzaK7E7X?u) - ft,T(Svl7.jaszaE7X7,u“) *l‘i’ﬂ'nl

v

0.

From equation (125) we then know that equations (114)-(124) hold.
2) Suppose that ht,T(Sa Zaja 2, Ka E7 X7 l”’) - ft,T(Sa lajv Zy K7 Ea X7 /j/) < _Trnl~
Let

Bt,T(‘S)laijaKanX?M) 0

ft,T(‘S)laijaKanX?M) = l_nt7T(Sal7jaZ7KaE7X7:U/)'

Observe that
l+ﬁt7T(Svlajvsz7E7X’ :u’> - ft,T(SalvjaszaEvXa /J‘) = nt,T(S7lajvzaK7EaX7/j/)7

that

ft,T(Sal7ja27KaE,Xaﬂ) = l_nt,T(Salaj,zaK,EaXvﬂ)

ft,T(Sal)jaszaE,Xmu‘) - ht,T(Svl7jaZ,KaE,X7/1’) Z 7Tnl

and that
fAt,T(Sij,ZaK,Eva#) =1 _nt,T(S,lajaZ,K7E7Xnu’) <.

From equation (125) we then know that equations (114)-(124) hold. m

Lemma 4 considers the case in which ¢t =T
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Lemma 4 Suppose that s >0,1>0 and j =0. Then,
gT,T(SalajaszaEvau) = maX{Fn [(1 _ﬂ-n) l,Z,S,Tk (ZvKaEvaul)] apu (Z,K,E,X,/J)}

Proof. Since j =0, hrr(s,1, ], 2, K, E, X, 1) = 0 and equations (116) and (123) impose no restrictions on {1 1 (s, 1, 4, 2z, K, E,
X, ). Moreover,
nT7T(Svl7.jaszaE7Xa :u“) =1- fTJ"(S,l,j,Z,K,E,X,IU) (126)

1) Consider the case that F}, [(1=mp) Lz, 87" (2, K,E, X, )] >p"(2,K,E, X, p).
Suppose that frr(s,i, 7,2, K, E, X, u) > m,l. Then, from equations (122), (118), (126), and the fact that F), is strictly

decreasing in its first argument, we have that:

pu(szaEvqu‘) = 5 T(Sal7]az K, E, X /”’)
= [ _fTT 5717]72KEXH)’25T (Z,K,E7X,M)]

> [1—7rn V1, 2,8, 7" (z,K,E,X,pn)],
which is a contradiction. Then, frr(s,l,j,2, K, E, X, n) = 7,0 and
Err(s,l,j,2, K, B, X, ) = F, [(1—m) l,z,s,7% (2,K,E, X, w)] = p" (2, K E X, ).

2) Consider the case that F), (1 =mp) Lz, 8,77 (2, K,E, X, 1)| <p"(2,K,E,X,p).
Suppose that frr(s,l, 7,2 K, E, X, u) = m,l. Then, from equations (118) and (126),

§T7T(Svlaj7sz7EaXa:U/) = F’n [(1 —Wn)l,Z,S,Tk (ZvKaEvXHU‘)} <pu (ZaKanXa/j/) .

But this contradicts equation (121).
Hence, frr(s,l,j,2,K,E, X, ) > m,l and, from equation (122),

Erp(s gz, K, B, X, 1) =p" (2, K, B, X, 1) > Fy, [(1 = 70) 1, 2,8,7% (2, K, E, X, )] .
|
Lemma 5 Suppose that s > 0,1 =0 and j > 0. Then,
Err(s,l,j,2, K, B, X, p) = max{f?’n [j,z,s,rk (2, K,E, X, ,u)} 0% (2, K, B, X, ,u)}

Proof. Since [ =0, frr(s,l,7,2, K, E, X, ) = 0 and equation (122) imposes no restriction on & 1(s,1, j, 2, K, E, X, j1).
Moreover,

TLT)T(S,L]',Z,K,E,X,/‘L) = hTJ’(S,l,j,Z,K,E,X,M) >0 (127)

because F' satisfies the Inada conditions.

1) Consider the case that F, [j,z, 5,7 (2,K,E, X, u)] >p° (2, K,E, X, ).
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Suppose that hrr(s,l, 7,2, K, E, X, 1) < j. Then, from equations (123), (118), (127), (116) and the fact that F, is

strictly decreasing in its first argument, we have that

pe(szaEmeu) = 5 T(S,l,],Z K E X ,u)
= [hTT 5,0,5,2,K, B, X, ), z,8,1" (2, K,E,X, )]

> [,zsr (z,K,E,X,p)],
which is a contradiction. Then, hrr(s,l, 7,2, K, E, X, u) = j and
gT,T(Svl’j’Z’K’E’X7/‘L) :Fn [j,z,s,rk (ZaKanXaM)] Zpe (Z,K,E,X,M).

2) Consider the case that F), [, 2,877 (2, K, E, X, )] <p° (2, K,E, X, p).
Suppose that hpr(s,l, 4,2, K, E, X, ) = j. Then, from equations (127) and (118), we have that

éT,T(Svl7.jaZ7KaE7XMUJ) = Fn [j,Z7S,7’k (Z,K,E,X,,U)] <p6 (ZaK7EaX7:u) :

But this contradicts equation (116).
Hence, hrr(s,1, 7,2, K, E, X, ;1) < j and from equations (116) and (123):

fT,T(S’leaZvKaEvXJJ‘) :pe (ZaKanlej/) > Fn [j,Z,S,Tk (ZvKaEvalj‘)] .

Lemma 6 Suppose that s >0,1>0 and j > 0. Then,

max{ . [ 1—7rn)l+j,z,s,rk (z,K,E,X,;L)} ,p° (z,K,E,X,,u)},

Err(s,lj, 2, K, E, X, p) = min
max{ n 177Tn l Z,8,T (Z’K,E7X7’u)j| 7pu(Z,K,E7X,‘LL)}

Proof. a) First consider the case in which
max {F‘n [(1—m,)1 + 7,2, 8,1F (2, K,E, X, )] ,p° (z,K,E,X,,u)}

> max {Fn (1= 7)1 2,87 (2, K, B, X, )] ,p" (2, K, E, X, u)} (128)

Suppose that hr (s, i, 7,2, K, E, X, u) > 0. Then, from Lemma 3, frr(s,1, 7,2, K, E, X, 1) = mpl.
From equations (116), (118) and the fact that F), is strictly decreasing in its first argument, we have that

pe(zaKuEaXvu) S 5 T(S,l,j,Z K E X M)
= (1_7Tn l+hTT(Svl7]aZKEX,U‘)ZST (z,K,E,X,,u))

< (1—7rn V1, 2,8, 7" (z,K,E, X, 1))

and that
E, [(1 — )L+ 4,2, 8,1F (z,K,E,X,u)] < F, ((1 — ), 2,8, 7k (z,K,E,X,u)) ,

which contradict equation (128).
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Thus, hrr(s,l, 4,2, K, E, X, p) = 0 and equation (126) holds.

Considering the two cases in the proof of Lemma 4 we conclude that.

ST,T(S7l7jvsz7E7X7N’) = maX{Fn [(1_ﬂ-n)luzasark(szvaX?uﬂ7pu<z7K7E7X7:u)}
< max{ﬁn [(1 — )+, 281" (z,K,E,X,u)} ,p° (z,K,E,X,u)}.

b) Consider the case in which

max {Fn [(1 — 7rn)l+j,z7s,rk (2, K, E, X,u)] ,0° (2, K, E,X,u)}
< max {Fn [(1- )l 2, 8,7% (2, K, E, X, w)],p" (z K, E, X, u)} (129)
Suppose that frr(s,i,4,2, K, E, X,u) > mpl. Then, from Lemma 3, hr r(s,l,j, 2, K, E, X, ) = 0.
From equations (122) (118), the fact that p© (2, K, E, X, u) > p* (2, K, E, X, 1) and the fact that F, is strictly decreasing
in its first argument, we have that
(0, KB, X, ) = p" (2K, E,X, )
= Srr(slj,2, K B, X, )
(l fror(s,l,j,z, K,E, X, ), z,8,7 (z,K,E,X,,u))
> n((l—wn)l,zsr (2, K,E,X,p))
> By (—ma)l+4,2,8,7% (2, K, B, X, 1)),

which contradict equation (129).
Thus, frr(s,l,7,2, K, E, X, n) =m,l and

TLT)T(S,l,j,Z,K,E,X,,LL) = (1 _ﬂ—n)l+hT,T(S>lajvz7K7E7XaM)

Suppose that hr (s, 7,2, K, E, X, u) = 0.
Then, from equations (123) and (118),

pe (ZvKaEvXaM) Z g T(87lajvz K E X M)
( (1—mp)l,2,8,7F (z,K,E,X,u))
(1 =mn)

= £,
E, ((1—m, l+j,z,s7rk(z7K,E,X,u))

>
which contradicts equation (129). Hence, hy r(s,1,j,2, K, E, X, 1) >0

b.1) Consider the case that F), (L=mp) L+, 2,877 (2, K,E, X, 1) > p° (2, K, E, X, pu).
Suppose that hrr(s,l,j,z, K, E, X, ) < j. Then, from equations (116), (123), (118), and the fact that F, is strictly

decreasing in its first argument, we have that

pe (ZvKaEvXaM) = g T(Salajaz K,E, X /”’)
= [1—7rn l—&—hTT(s,lJ,zKEXu)zsmk(z,K,E,X,,u)]

> [1—7rn l+7,2,8 1" (z7K,E7X,u)},
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which contradicts equation (129). Then, hrr(s,l,j,2, K, E, X, 1) = j and
§T7T(S,l,j,Z,K,E,X”U) = Fn [(1 *ﬂ'n)lﬁ*j,,’(‘:,S,’l"k (Z,K,E,X,,U)} Zpe (ZaK7EaXa:u) .

b.2) Consider the case that F), [(1=mn) 434, 2,87 (2, K, E, X, )] <p°(2,K,E, X, ).
Suppose that hr (s, i, 7,2, K, E, X, u) = j. Then, from equation (118) we have that

5T,T<s7l7j7zuK7E7X7:U') = Fn [(1 —7rn)l—|—j,z,s7rk (Z7K,E,X,,U,)} <pe (ZquEvaﬂ)'

But this contradicts equation (116).
Hence, hyr(s,1, 4,2, K, E, X, ;1) < j and from equations (116) and (123):

§T7T(S,l,j,Z,K,E,X”U) :pe (Z,K,E,X,,[L) > Fn [(1 *ﬂ'n)lﬁ’j,Z,S,Tk (Z,K,E,X,,[L)] :
In case b) we thus conclude that

< max

gT,T(S,lajvz,K7E7Xnu’) = maX{Fn [(1—ﬂn)l—i—j,z,s,rk(z,K,E,X,u)],pe(z,K,E,X,u)}
{Fn [(1 —Wn)l,Z,S,Tk (ZvaEaXa:U/ﬂ 7pu (ZaKanXvu)}
|

Lemma 7 Suppose that s > 0,1+ j > 0. Then,

. max{ﬁn (1= m) L+ j, 28,7 (2, K, B, X, )] . p° (2, K, B, X, u)} ,
= min

£T,T(salvjaZaKaE7X7.U’) ~
maX{Fn [(1 — )l 2,878 (2, K, E, X, u)] (2, K, E, X, u)}
Proof. If follows from Lemmas 4, 5, and 6. m

The following assumption will be helpful in stating subsequent Lemmas.

Assumption 3: For every s >0, 1+ j >0, &, r(s,1, 5,2, K, E, X, u) is given by

maX{At7T [(1 *Wn)l+j,z,$7’l"k (Z,K,E,X,,U)} ’pe (Z,K,E,X,/.L)},

(130)
max {Ay 7 [(1—mn) l,z,s,1F (z,K,E, X, )] ,p" (2, K, E, X, ) }

gt,T(Salaj,zaK, E X, M) = min
for some continuous function A; 7 that is strictly decreasing in its first argument and strictly increasing in s.

Lemma 8 Let s >0, [ +j > 0. Suppose that &, 1(s,l,j,2, K, E, X, 1) satisfies Assumption 2 and that
gt,T(sJaj’zaK, Ea Xvﬂ) > pe (Z,K,E,X,,LL) .

Then,
gt,T(S7lajvzaK7EaX7M) = At,T [(1 - 7Tn)l+j,Z,S,T'k (ZaKanXa N)] .

Proof. a) Consider the case that j > 0.
Suppose that £t,T(SalvjyzaK7EaX7,u) 3& At,T [(1 77rn)l+j,z,s,rk (ZaKyEaleu)]' Since ét,T(salmja ZvKaEthU’) >
p¢ (2, K,E, X, u) > p" (2, K,E, X, 1), from Assumption 2 we have that

5t,T(s7Z7j7z7K7E7X7,U') = At,T [(1 —Wn)l,Z,S,Tk (27K7E7X7u):| >pe (Z7K,E,X,,LL) .
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But since Ay 7 is strictly decreasing in its first argument,
&r(s, 04,2 K B, X p) = Ar [(1—ma) 2,877 (2, K, E, X, )]
> max {Ayp [(1—mp)! + 4,2, 8,1" (z,K,E, X, )] ,p° (2, K, E, X, ) },

which contradicts Assumption 2.

b) Consider the case that j = 0.

Suppose that &, 1(s,1, 7,2, K, B, X, 1) # Ay (1 =mp)l+3,2,87"(2,K,E,X,p)]. Since §or(s, g2, K, B, X, ) >
p¢ (2, K, E, X, ), from Assumption 2 the only possible value left is

Eor(silygoz, K B, X ) =p* (2, K, B, X, )
But &, r(s,1, 4,2, K, E, X, u) > p° (2, K, E, X, u) > p" (2, K, E, X, 1). A contradiction. m
Lemma 9 Suppose that &, 1 satisfies Assumption 2. Let s >0 and [+ j > 0. Then
min {§t7T(s, Lj,z, K, E, X, 1),p° (2, K, E, X, ,u)} = min {@,T(Sv 1,0,z, K, E, X, u),p° (2, K, E, X, u)}
Proof. Since p° (2, K, E, X, u) > p* (2, K, E, X, 1), from equation (130) we have that
§7r(5,1,0,2, K, E, X, 1) = max {At’T [(1 — )l z,8,7F (z7K,E7X,u)} ,p* (z,K,E,X,,u)} )
Hence equation (130) can be written as follows:

maX{At,T [(1 —7Tn)l+j,2’78,’f'k (ZaKvE’X’M)] 7pe (ZaKanXvu)}v

gt,T(SalvjaZaK;EyXy ,UJ) = min
gt,T(Sal,Ovz;K7E7X, ,U,)

(131)

Observe that the first term of the min operator in equation (131) is greater than or equal to p°® (z, K, E, X, u). Therefore,
(s, Lj 2, K, B, X, n) < p(2, K, E, X, p) =
(s, g2, KB, X u) = &.7(5,0,0,2,K,E, X, 1) <p°(2,K,E, X, )
Suppose now that &, 1(s,l, j, 2, K, £, X, 1) > p® (2, K, E, X, j1). From equation (131) we know that
§er(s, g2, K B, X p) <&,1(s,1,0,2, K, B, X, ).

Hence,

pe (AK,E,X,,U,) < gt,T(SulvjvzquEaXaM) :>p€ (Z,K,E,XJL) < 5t,T(SalvovzaKvaX7M)'

Observe from equation (119) that for t < T', vy 1 (s,1, j, 2, K, E, X, i) depends on (s, 1, j) only through s and n; 1 (s, 1, j, 2,
K, E, X, u). This motivates the following definition:

Definition 10 Let t < T and suppose that &, | 7 satisfies Assumption 2. For every n > 0 and s > 0 (implicitely) define
by (n, 5,2, K, B, X, 1) > 0 as follows:

5{Zq(z,K,E,X,u,z')><

s'>0
max[&, 1 7 (s'sn, 000 (n, 5,2, K, B, X, 1), 2, L(2, K, E, X, 1)) —p° (¢, L (2, K, E, X, ;1)) , 0]Q (s, ¢) | 2}

< P (5K E X ), (= iftr(n, sz K E X p)>0) (132)
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The following definition will help characterize 0y 7.

Definition 11 Let t < T and suppose that &, 1 r satisfies Assumption 2. For every s > 0, define (s, 2z, K,E, X, 1) as

follows:

E{Zq(AK,E,X,;@z')X

s'>0
maX[ft-i—l,T (8/70717,5)7«(5, 2, K, B, X, M)a Zle (Z7K7 E X, :u)) —p° (Z/’ L (Z’ K,FE, X, M)) aO]Q (Sa 8/) | Z}

= p'(2,K,E,X,pn) (133)
From Assumption 2 and Lemma 8, observe that o, (s, z, K, E, X, 1) > 0 is uniquely determined.
Lemma 12 Let t <T and suppose that &,y p satisfies Assumption 2. Then, for everyn >0 and s > 0:

ver(s, 2, K, B, X, 1) — (L —mp)n, if (1 —mp)n < ver(s, 2z, K, E, X,
beatos i B — | T p) = (1= m)n, if (1= m)n < By n

0, otherwise

Proof. It is a direct consequence of Assumption 2, Lemma 8, Definition 10 and Definition 11. m

Lemma 13 Let t <T and suppose that &, | 1 satisfies Assumption 2. Then, for everyn >0 and s >0 :

E{Zq(z,K,E7X,u,z')x (134)

s'>0
max[&, 1 7 (s'sn, 000 (n, 5,2, K, B, X, ), 2, L(2, K, E, X, 1)) —p° (¢, L (2, K, E, X, ;1)) , 0]Q (s, 8) | z}

€ {Zs’>0q(szaE7X7/1:, Z/) X
= min max[£t+1,T (S/,n,O,Z/,L(Z,K,E,X,M))—pe (ZI,L(Z,K,E,X,IL)),O]Q (3;3/) | Z}v
pv (Z,K,E,X“u,)

Proof. a) If (1 —m,)n < vy 7(s, 2, K, E, X, pu):
p’u (Z7K,E7X7u)
= £{Zq(z,K,E,X,u,z')><

s'>0
max({; ., 7 (s,0,00.7(s,2, K, E, X, ), 2, L (2, K, E, X, 1)) — p° (2', L (2, K, E, X, 11)),0]Q (s,5) | z}
- E{Zq(z,K,EX,u,z’) X

s'>0
maX[&t-‘,—l,T (8/7na ﬁtT(ﬂ,S,Z,K,E,X, /J‘)aZ/aL (ZaKv Ea X7 /j/)) _pe (Z/7L(Z7KaE7X5 /"(‘))’O]Q (S’S/) | Z}

E{Zq(z,K,E7X,u,z’)x
s'>0
max[&,, 1 7 (0, (L —mp)n, 2, L (2, K, E, X, 1)) —p° (2, L (2, K, E, X, ;1)) ,0Q (s,5) | 2}

= E{Zq(z,K,E,X,M,z’)x

s'>0

v

max[é.t—‘rl,T (Slvna Oa ZI7L (Z7K7 Ea Xa /.L)) 7p6 (Z/’ L (Za Ka E7X7 .u’)) 5O]Q (57 S/) | Z} . (135)
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where the first equality follows from Definition 11, the second equality follows from Lemmas 8 and 12, the inequality follows
from Lemma 8 and Assumption 2 (in particular, the fact that A1 7 is strictly decreasing in its first argument), and the
last equality follows from Lemma 8.

b) If (1 —mp)n > O0(s,2, K, E, X, 1), from Lemma 12 we have that 0, r(n,s, z, K, E, X, ) = 0. From Definition 10

we then have that:
p' (2, K, B, X, )
> 5{Zq(z,K,E,X,u,z/) X
s'>0
max[gtJrl,T (Slvna O,Zlv L (Z’ Ka E,X7 ,U,)) _pe (Z/a L (Z, K, Ea Xv M)) ’O]Q (S’ S/) | Z} . (136)

Lemma 14 Let t <T and suppose that &, r satisfies Assumption 2. Then, for everyn >0 and s >0 :

S{Z Q(zaKanXnu/vzl)ft—i-l,T (S/,’I’L,@t7T(TL,8,Z,K,E,X,/.L),Z/,L(Z,K,E,X,M))Q(S,S/) | Z}
s'>0

5 {Zs’>0q(z7K7E;X,,U,Z/) X
= min max[£t+1,T (8/,n,0,z',L(Z,K,E,X,u))—pe (Z/,L(Z,K7E7Xnu’))70]Q(878/) ‘ Z}a
pv (Z7K7E7'X7M)

+g { Z q ('ZvKa E7Xa /-‘67 Z/) min[£t+1,T (8/77’),, Oa Z/a L (Za K7 Ea X7 M)) 7pe (Zle (Zva Ea Xv :U/))]Q (57 Sl) ‘ Z} (137)
s'>0

Proof. Observe that for any positive numbers a and b :
a =max {a — b,0} + min {a,b}. (138)
Hence,

gt-l-l,T (Sl?ﬂ?ﬁﬁT(n’&ZvaEaXa ,U/),Z/,L(Z,K,E,X, /”’))
= max[§, 7 (s, n, 070,82, K, E, X, ), 2 L (2, K, E, X, n)) — p° (2, L (2,K,E, X, n)) , 0]

+min[£t+1,T (Slanvﬁt,T(nasvzaKanXa M),Z’,L(Z,K,E,X, /'L)) ’pe (Z/aL (ZaKaEvX, /1’))]
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Therefore,

€ { > 42K E X, 1,2 &1 (8,00 m(n, 5,2, K, B, X ), 2/, L2, K, B, X, 1) Q (s, 8') | Z}
s'>0

= S{Zq(z,K,E,X,,u,z')x

s'>0
max[§t+1,T (S/,n,’{}t7T(TL,S,Z,K,E,X, u)vz/aL(ZvKaE7X7 .u’)) 7p€ (Z/7L (ZaKanXa /.L)) 7O}Q (S,S/) ‘ Z}

—l—{é’Zq(z,K,E,X,,u,z’)x

s'>0
min[ﬁt—i—l,T (Sla nv’&t,T(na S, 2, K7 Ea X’ /.L), Zlv L (Zv Ka E7X7 :U“)) ape (Z/’ L (Za Ka E7X7 M))]Q (Sa S/) | Z}

g{zs'>oq(Z,K7E,X,,u,z’) X
= min{ max[€,, 1 (8,7,0,2, L (2, K, B, X, 1)) — p° (', L (2, K, E, X, 1)), 0]Q (s, 8") | 2},
pv (Z,K,E,X,l,[,)
+5{Z q(z,K,E, X, p,2") min[§, ;7 (s',n,0,2, L (2 K, B, X, 1)), p° (', L (2, K, B, X, 1))]Q (5, 8') | z} |
s'>0

where the first equality follows from equation (138), and the second equality follows from Lemmas 9 and 13. =
Lemma 15 Let t <T and suppose that &,y p satisfies Assumption 2. Then, for every s >0 and l+j > 0:

gth(S,l,j,Z,K,E,X, /'L) (139)
Fn [(1 —7Tn)Z+j,Z7S,7"k (27K7E7X7N)} + (1 _ﬂ-n)Qt,T ((1 _Wn)l—’—j?SuszuEaXv/j/)

max )
. +\Ij(szaE7qu‘)7pe (ZaKanlej/)
= min .
F, [(1 — 7)1, z,8,7F (Z,K,E,X,u)] +(1—m)Qer (L—mp)l,s,2, K, E, X, 1)
max
+W(Z’K’E7X’#)7pu (Z’K7E7X’M)
where
Qt,’T (n,S,Z,K,E,X,,[L) (140)
5{Zs,>0q(z,K,E,X,,u,z') X
= min max[§t+17T (s',n,0,2", L (2, K,E, X, ) —p° (', L(2,K,E, X, 1)),01Q (s,5) | z},
p’U (Z’K7E7X7u)
+5{Z q(z, K, E, X, p,2 )min[¢, | 7 (s',n,0,2', L (2, K, E, X, 1)) ,p° (2', L (2, K, E, X, 1))|Q (s, 5") | z} )
s'>0
and where
U (2, K,E, X, 1) = mp€ Zq(z,K,E,X7u,z’)pu(z',L(z7K,E7X,u))Q(S,S')|z]
s'>0

Proof. Since &,  satisfies Assumption 2, it follows that € (n,s,z, K, E, X, u) is weakly decreasing in n and, therefore,

that

F, [n,z,s,rk (2, K,E, X, u)] + (1 =mp)Qr (n,s,2, K,E, X, ) + ¥ (2, K, E, X, 1) (142)
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is strictly decreasing in n.

Also, from Definition 10, observe that n;r(s,l,J, 2z, K, E, X, n) and v p(s,1, 4,2, K, E, X, i) in equation (119) satisfy

that
ver(s, L, g, 2, K, E, X, 1) = 0y (s, 1, 5,2, K, E, X, 1), 8,2, K, E, X, ).

Using Lemma 14 and following exactly the same arguments as in the proofs of Lemmas 4, 5 and 6 (with equation
(142) taking the place of F}, [n,z,s,7% (2, K, E, X, )] and equation (117) taking the place of equation (118)) then leads to
equation (139). m
Lemma 16 Fort=0,...T —1, & 1(s,1, 7,2, K, E, X, ) satisfies equation (139) for every s >0 and [ +j > 0. Moreover,
§or(s,0,5,2, K, E, X, ) is decreasing in | and j.

Proof. From Lemma 7, {1 1(s,1, j, 2, K, E, X, u) satisfies Assumption 2 (with F,, playing the role of Ar 7). The claim then

follows by induction. =

Lemma 17 Lett <T —1 and s > 0. Define n, 1(s,2, K, E, X, 1) <y r(s, 2, K, E, X, ji) as follows:

P (5 KB, X,p) = Fynp(s,2,K E X, ), 27" (2, K,E, X, )]

+ (1 —mp) Qe (@LT(S,z,K,E,X,,u),s,z,K,E,X,u)+\I/(Z,K,E,X,u), (143)
pu(szuEa—XvM) = Fn I:ﬁt’T(S,Z,K,E7X,[J,),Z7S7’I"k(Z,K,E,X,,LL)]

+ (1 —7n) Qe (Rer(s, 2, K, E, X, 1), 8,2, K, E, X, 1) + ¥V (2, K,E, X, j1) , (144)

where Q. (n, s, 2z, K, E, X, 1) is given by equation (140) and ¥ (z, K, E, X, 1) is given by equation (141).
Then,
min {(1 — 7)1 + j,n, p(s,2, K, E, X, 1)}
min {(1 —m,) 1, e (s, 2, K, E, X, 1)}

ner(s,l,j,z, K, E, X, i) = max (145)

Proof. From Lemma (16), {, 1 satisfies equation (139)
From equation (117), Lemma (14) and the fact that n; r(s,l,4, 2, K, E, X, u) and vy (8,1, J, z, K, E, X, ) satisfy that
ver(s, L, gz, K, B, X, ) = Ogr [ner(s, 1, 5,2, K, E, X, ), s, 2, K, E, X ),
we have that
&ir(s, g2, K, B, X ) = E, [nt7T(s, L,j, 2, K,E,X,p),2 87" (2,K E X, ,u)]
+ (1 —mn) Qo (ner(s,l, 4,2, K,E, X, 1), 8,2, K, E, X, )
+U (2, K,E, X, 1) . (146)
a) Suppose that (1 —7,)l > n, (s, 2, K, E, X, u). Then, since F), is strictly decreasing in n and Qy 7 is decreasing in
n, we have that
F, (1= mn) 2,87 (2, K, B, X, )] + (1 — 7)) Qg (L — 7)1, 8,2, K, E, X, p) + 0 (2, K, E, X, )
< p°(z, K, E, X, )

E, [(1 — )L+, 2, 8,7F (z,K,E,X,u)] + (1 —mp)Qr (L —mp)l+4,s2 K, E X, u)
+@(Z7K’E7X7u)’pe (Z’K7E’X’ILL)

< max
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Since p* (z, K, E, X, u) < p¢ (2, K, E, X, i), frome equation (139) we have that

§t7T<s7l7j7zuK7E7X7,U’) (147)
F, [(1 — 1)l 2, 8,78 (2, K, B, X, u)] +(1—7mn)Qer (L —mp)l,s,2, K, E, X, 1)
+W(Z7K’E7X,/J')7pu (Z’K,E’X7M)

= Imax

a.1) Suppose that F, [(1 — )l 2, 8,78 (2, K, B, X, u)] +(1 =) U (L—mn) 8,2, K,E, X, 1)+ ¥ (2, K, E, X, 1) >
pu (Z’K7E’X7u)'

Then, from equation (147),

ét,T(salvjaZaKaEvau)
- Fn [(1 —Wn)l,Z,S,Tk (Z,K,E,X,,U/ﬂ + (1 _Trn)Qt,T ((1 —Wn)l,S,Z,K,E,X,/,L)+\I/(Z,K,E,X,,U/>.

From equations (146) and (144), and using that F, is strictly decreasing in n and that €, 7 is decreasing in n, we have

that
nt7T($,l7j,Z,K,E,X, :u“) = (1 - ﬂn)l < ﬁt,T(SazaKaE7X7 .u’) (148)

a.2) Suppose that F, [(1 — )l 2, 8,78 (2, K, B, X, u)] +(1—7m) U (L—mn) 8,2, K,E, X, 1)+ ¥ (2, K,E, X, 1) <
pu (Z’K7E’X7u)'

Then, from equation (147),

gt,T(szjazqu E7 X?M) :pu (sz7E7X7H) :

From equations (146) and (143), and using that E, is strictly decreasing in n and that €, 7 is decreasing in n, we have
that
ner(s, gz, K, E, X, p) =g (s, 2, K, B, X, 1) < (1—mp) 1. (149)

From equations (148) and (149) we then have that
(I =mn)l>n, (s, 2, K, E,X, 1) = ny (s, 1, j, 2, K, B, X, p) = min {(1 — 7,) [, e (s, 2, K, B, X p) ) (150)

b) Suppose that (1 —m,)l < n, r(s, 2, K, E, X, u). Then, since F), is strictly decreasing in n and Qy 7 is decreasing in

n, we have that
Fo [ =mn)lz,s,0% (2, K, E, X )] + (1= m0) Qe (1= 70) L, 8,2, K, B, X, p0) + U (2, K, B, X, 1)
=z P (2K B, X ),

and that
Fo (=) bz s,r" (2, K, B, X, 1)) + (1 — 7)) Qur (1 — 7)1, 5,2, K, B, X, ) + ¥ (2, K, B, X, 1)
B,

> [(1 —7Tn)l+j,Z,S,’l"k (ZvaEaXa:U/ﬂ + (1 _Trn)Qt,T ((1 _7T7l)l+j;8;Z7KaE7X7:u)+\I’(25K7EaX7M)'

Hence,
Fo [ =mn)lz, 8,7 (2, K,E, X, 0)] + (1 — 7)) Qer (1 — 7)1, 8,2, K, E, X, o) + U (2, K, E, X, 1)

E, [(1 — )L+, 2, 8,7F (z,K,E,X,u)] + (1 —mp)Qr (L —mp)l+4,s2 K, E X, u)
+@(Z7K’E7X7u)’pe (Z’K7E’X’ILL)

> max
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From equation (139) we then have that

5t,T(87l7j727K7E7X7 p‘) (151)
Fn [(1 _7Tn)1+jvza$aTk (ZaKaEvau’)] + (1 _ﬂ-n)Qt,T ((1 —7Tn)l+j,8,Z,K,E,X,/J/)
+v (ZaKaEva.u) ,pe (Z,K,E,X,,U)

= maXx

b.1) Suppose that F}, [(1=mp) L+, 2,87 (K E X, p)]+(1 —m) Qr (1 —m.) 44,52 K E X, p)+¥(z, K, E, X,
w) > p° (2, K, E, X, j1).
Then, from equation (151),

ft,T(SijvZaKaEva//’/)
= F, [(1 —7rn)l+j,z,s7rk (zJ(,E,X,,u)} + 1 =m)Qur (A —mp) 47,82 K E X 1)+ (K E X, u).
From equations (146) and (143), and using that F), is strictly decreasing in n and that Qq r is decreasing in n, we have

that
nt,T(SalvjaszaE7X7/~‘L) = (1 - ﬂ-n)l—i_j < ﬂt,T(S7Z’K7E’X7M)' (152)

b.2) Suppose that F}, [(1=mp)l+34,2,8m (2, K,E, X, 1) |+(1 —m) Q. (L —7n) I+ 4,5, 2, K, E, X, 1) +¥ (2, K, E, X,
w) <p°(z, K, E, X, ).
Then, from equation (151),
gt,T(s7l7j7Z7K7 E7 Xa/'L) :pe (27K7E7X7u) .

From equations (146) and (143), and using that F, is strictly decreasing in n and that €, 7 is decreasing in n, we have
that
nt7T($,l7j,Z,K,E,X,,UJ) = ﬂt,T(SVZ’KaE?X?u’) S (1 - 7Tn) l +] (153)

From equations (152) and (153) we then have that
(I—mp)l <myp(s,2, K, B, X, 1) = (s, 1,4, 2, K, B, X, 1) = min {(1 — mp) L+ j,n, (s, 2, K, E, X, 1) } . (154)

¢) Need to show that equation (145) holds.
c.1) Consider the case that

min {(1 —m,) 1 + j,n, (s, 2, K, B, X, p) } <min{(1 —mp) L, ne7(s, 2, K, E, X, 1)} (155)

Suppose that (1 — 7)1 <, (s, 2, K, E, X, ).
Since n, (s, 2z, K, E, X, u) < iy (s, 2, K, E, X, p), it follows that (1 —7,)1 < ny 7 (s, 2, K, B, X, 1). Hence, equation
(155) becomes
min {(1 — 7))l + j,n; p(s,2, K, B, X, ) } < (1 —mp) L.

But (1 —m,)l <mnyr(s, 2, K, E,X,p) and j > 0. A contradiction.
Thus, (1 —m,) 1 > n, (s, 2z, K, E, X, i) and from equation (150) we conclude that

ner(s,l,j, 2, K, E, X, p) =min{(1 — 7)), e (s, 2, K, E, X, )} > min{(l — 7)1 —|—j,ﬂt)T(s,z7K,E,X,,u)} .
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c.2) Consider the case that
min { (1 —7,) + gy (s, 2, K B, X, p)} >min{(1 —m,) (s, 2, K, E, X, )} . (156)

Suppose that (1 —7m,)1 > n, 7(s, 2, K, E, X, j1).
Since j > 0, it follows that (1 — 7)1+ j > n, (s, 2, K, E, X, ). Hence, equation (156) becomes

(8,2, K, B, X ) > min {(1 —7p,) [0 7 (s, 2, K, B, X )}

But n, (s, 2, K, E, X, ) < g (s, 2, K, B, X, ) and (1 —7,) 1 > n, (s, 2, K, E, X, p). A contradiction.
Thus, (1 —m,)l <y 7(s,2, K, E, X, 1) and from equation (154) we conclude that

ner(s,l,j,z, K,E, X, p) = min {(1 — 7))l +j,ﬂt7T(s, 2, K, E, X, u)} >min{(1 —m,) !, 7 r(s, 2, K, E, X, 1)}.
c.3) Consider the case that
min {(1 =)l +jny (8,2, K, B, X, u)} =min{(1 —m,),7,7(s,2, K, E, X, 1)} .
Equations (150) and (154) then imply that
ner(s,l,j,2, K, E, X, u) = min {(1 =)l +j,n (8,2, K, E, X, ,u)} =min{(1 —m,) 1, A,7(s,2, K, E,X,1)}.
From cases cl), ¢2) and ¢3), we conclude that equation (145) holds. m

Lemma 18 Lett <T —1 and s > 0. Define Uy (s, 2, K, E, X, 1) as follows:

E{Zq(AK,E,X,;@z')X
s'>0
maX[ft.;.LT (S/,O,T)t)T(S,Z,K,E,X,/JJ),Z/,L(Z,K,E,X, :u)) _pe (Z/’L(Z’KaEvau)) aO]Q(SaSI) | Z}
= p'(2,K,E,X,pn) (157)
Then,
Ut,T(S,Z,j,Z,K,E,X, /’L) = max{6t7T(5,z,K, Ea Xv M) - (1 - Trn)nt,T(salvjaZvKaEvX7 M),O}

where ny (s, 1, j, 2, K, E, X, 1) is given by equation (145).
Proof. By Lemma (16), . satisfies Assumption 2. Therefore, Lemma (12) applies. The claim then follows from
Lemma (17) and the fact that

vt,T(S7l7j7Z7K7E7X7/'L) = ’lA}t,T [nt,T(Sal7j727K7E7X7H‘)787z7K7E7X7:U‘] .
|

Lemma 19 Let £(s,l,j,2, K, E, X, u) be the Lagrange mulplier function for the establishments’ problem with infinite plan-

ning horizon (i.e. for T = o0). Then, for every s >0 and l+j > 0:

&(s,l, 4,2, K, E, X, ) (158)
Fo [ —mn)l+4,2,8,7% (2, K, B, X, )] + (1 — m) QL = mp) L+ 5, 8,2, K, E, X, j)
. - U (2, K, E, X, 1), p° (2, K, E, X, 1) ’
- e F, [(1—ﬂn)l,z,s,rk(z,K,E,X,u)]+(1—Wn)Q((l—ﬂn)l,s,z,K,E,X,u)

J’»q] (Z’K’E7X7u)’pu (Z’K7E’X’/"L)
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where

Q(n,s,2, K, E, X, 1) 5
E{ g0 (2 K B X, 1, 2") %
= miny max((sin, 0.2 Lz K B, X)) = p* (+, L (2, K, B, X, 1)), 01Q (5,87 | 2}
P’ (2, K, E, X, 11)

+€ { Y a(z K B X, p, ) minlé, ¢ (s0,0,2 L (2, K, B, X, 1), p° (2, L (2, K, E, X, 1))]Q (s, ) | z} :

s'>0
and where
V(e K B X ) = maf Zq(z,K,E,X,u,z@p“(zﬁL(z,K,E,X,u))Q(s,s')|z]
s'>0
+Q (5,0)E[q (2, K, E, X, 1, 2") p" (2, L (2, K, E, X, ) | 2] (160)

Moreover, £(s,1,4,2, K, E, X, u) is decreasing in l and j.

Proof. The claim follows from Lemma 16 and the fact that limr . {5+ = € and that limr . §; 7 = £ (see Easley and

Spulber (1)). m

Lemma 20 Let n(s,l,j,2, K, E, X, ), h(s,1,5,2, K, E, X, 1), f(s,1,4,2, K, E, X, 1), k(s,1,7,2, K, E, X, ) and v(s,l,7,z,
K,E, X, u) be optimal decision rules for the establishments’ problem with infinite planning horizon (i.e. for T = o0). Let
&(s,0,7,2, K, E, X, ) be given by equation (158), Q(n,s,z, K, E, X, u) be given by equation (159) and ¥ (z, K, E, X, u) be
given by equation (160).

Define n(s,z, K, E, X, ), i(s,2, K, E, X, ) and 0(s,z, K, E, X, 1) as follows:

(2, KB, X,1) = F,[n(s,2, K, E X, p),z 57" (2, K,E, X, )]

+(1 _Trn)Q(ﬂ(su27K7E7X7M)78727K7E7X7N) +\II(Z7K7E7X7M)7

pu (Z7K’E)X)/"L) = Fn [ﬁ(sﬁz7K’E7X)/J‘)’Z7S7T‘k (Z)K7E)X’/"L):|

+(1—mp)Q(A(s,2, K, E, X, ), 8,2, K, E, X, p) + U (2, K, E, X, 1) ,

5{Zq(z,K,E,X,u,z') X
s'>0
maXK (8/70,17(8,2,K,E,X7M),ZI7L(Z,K,E,X,,u)) -p° (zI,L(Z,K,E,X7M)) 70]@(5751) | z}

= pv(Z’K7E7X3M)
Then, for every s >0 and 4 j > 0:

min {(1 —m,)l + j,n(s,z, K, E, X, 1)}

n(s,l,j,z, K, E, X, u) = max
min {(1 — ), 7(s, 2, K, B, X, ) }

h(s,l,,z, K, E, X, ) = max {n(s,l,j,z, K, E, X, ) — 1,0}
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f(s’l7j’ Z7K’E7X7u) = max{l *ﬂ(S,l,j,Z,K,E,X,,UJ),O}
eZSFk [n(87l7j7 Z’ K’E7X7u)’k(s7l7j7 Z’ K7E’X7/"L):| = Tk (Z7K’ E7X’ :U“)v

’U(S’l7j’Z7K’E7X?M) = maX{,l_)(s’Z’K’E’X7M) - (]' _ﬂ—n)n(s7l7j’z’K’E3X7M)’0}'

Proof. It is a direct consequence of Lemma 3, Lemma 16, Lemma 17, Lemma 18, Lemma 19 and the fact that limy . §o 7 =

§ limy oo &y p = &, limp oo no, 7 = n, limy o0 vo,7 = v (see Easley and Spulber (1)). =

3 Finding a RCE

3.1 The myopic social planner’s problem

The problem of the myopic social planner facing a stochastic process (421, U , I:) is given by the following Bellman equation:

1—0 ~ N N
V(e K E X, i, K, B, X, i) = max{% + U + BE [ (z’,K’,E’,X’,M,K’,E’,X’,[/) | z}}
subject to
CHr+4<y / e*sF [n(s,1, ), k(s, 1, )] i (5, dl x dj) (161)
S [ Mol (s dix di) < K (162)
Z/v(s,l,j)u(s,dl xdj) < H (A, U,A,f]) (163)
USXAE=Y [ ot o dt <)+ 3 [ 1stinto. <) (164)
Z/ (s,,))p(s,dl xdj) < (1 —my) F (165)
n(s,l,j)=1+h(s1,5)— f(s,1,7) (166)
h(s,l,j) <j (167)
Tl < f(s,1,7) (168)
f(s,0,5) <1 (169)

K=01-§K+1I
E = G(A, U, A, U)
:U—G(A,U,A,U)
Wex ) =3 | Q (s, ') p sl X ) + 00 () T (L % )
{(1,5): n(s,l,j)€L and v(s,l,j)€T}

A

A(ZKEX )

)

=

I
-l

U

=

(Z’ IA(? E’X)



The MSP’s decision rules are C = C™ (ZKEX,UJ,KE ), [ =1m (z,K,E,X,u,K,E,X,ﬁ),n:nm(s,l,j,z,
K, B, X, K, B X ), k= K (5,05, KB, X, 0, KB X i), f = 7 (5,0,2 KB, X KB X ) b= B (s, 1,
2 KB X KB, X ), v = o™ (,0,,2 K B X KB X ), U = UM, K B, X, R B, X ), A = A™(2, K, B,
XvﬂvkaEuXuﬂ)‘

3.2 Solution to MSP’s problem

The necessary and sufficient conditions for a solution {C™, I"™ n™ k™, f™ h™ o™ U™, A™} to the MSP’s problem with ex-
ogenous stochastic process (fl, U, f)) is that there exist Lagrange multipliers A" (z, K, E, X, u, K,E X, ), rhm(z, K, B, X,
u KB, X0, p™ (2 K, B, X, i, K, B, X, i), p™ (ZKEX;LKEX;L> o (2 K B X, K, B X ) — ptm(z,
K, B, X,u,K,E, X, j1), €™ (s,l,j,z,K,E,X,u,K,E,X,ﬂ), 0 (s g, K B X, 1 K, B X ), om(s,1, 4,2, K, B, X, s
K, E, X,ﬂ) and x™ (s,l,j,z,K,E,X,,u,K',E,X,ﬂ) (for constraints (161)-(169) respectively) such that equations (170)-
(199) hold.

cm (z,K,E,X,u,f(,E,X,/l) T m (Z,K,E,X, uKEX;L) (170)

(2 KX KB X
1=£€ (B

B [1—5—}—7"]”"(2 K, E X' i K E X, ”)}|z (171)
X" (K B, X, KB, X )
¢ sFy [0 (5,0, 2, K, B, X, K B X ), k™ (5,052, KB X, KB, X ) |

< ko (z,K,E,X, MKEXp) if k™ (s,Lj,@K,E,X,u,f(,EA,X,,&) > 0) (172)

A A A -1 A A A
0 = A" (z,K,E,X,u,K,E,X,ﬁ) — " (2 K B X KB, X )
P (2K B X, K, B X o) Hy [A™ (2K B, X K B X ) U™ (2K B, X, K B, X i), A, D

+(1-7)G {Am(zKEXM,KEX ),Um(z,K,E7X,u,f{7E,X, )A,U}x

=

A zK’E’X’uK’E'X’”
EXLQB X
Am zKEXM,KEXu)

pem z K EL X ) KB XY A’) pum(z K E. X' K E X ’)} \z}

+€ |5 e (KB X KB R | 2 (173)
AT (Z,KvE,X,MyK,Ey)Qﬂ)
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U= p" (o KB X, KL B X ) Ho [A™ (2K, B, X KB X R) U™ (2, K B, X KB X ), AT

E

<

+(1_7TU)GG |:Am (ZaKanXnU',KaE,Xvﬂ) 7Um(ZaKaEvX,MakanXaﬂ)aA,

g (+ K B Xl KB X )

X
N (2 K B, X, KB, X

)
{pem (z’,K’,E’,X’,u’,K’,E’,X’,ﬂ') —p* (z KB X', K E. X ’)} \2} (174)

£ ZﬁAm(

— Q(s,8') x
s’ AT (Z,K,E,X,[L,K,E,X,[L)

nm(sl7nm(8’ l7j7 Z7 K7 E7X7l’[” k7EA”X’ﬂ)7Um (87 l’j? Z7K7 E)X’ M?K)EA7X7//)/) Z K/ El X/ /'L K/ E/ X/ A/) | z}

< p (5 KB X KB X ) (= i o™ (5,0,,2 K B, X, K, B, X i) > 0) (175)
eZSFn [nm(sal7j7Z7K7E7X7M7K7E7Xvﬂ)uk"l (87l7j727K7E7X7M7K7E7X7[1’):|
A™ (Z/ K E.X' ﬂ/ K. E. X ﬂ/>
+ES> B R Q (s,5) x
s’ A" (ZaK7EaX7,uaKaE7X7.&’)
& (' 0™ (5, .2 K B X KB X ), 0 (3,02 K B X, KB X ) 2 K B Xl R B R ) | 2
A (ZI K. E.X' :U'/ K. E. X [L/)
77rng Zﬂ . Q(S,S/)X
s’ A" (Z,K,E,X,,[L,K,E,X,[L)
am (3'7nm(s,l,j,z,K,E,)me(,E,X,ﬂ),vm (Sal7j7Z7K7E7X7M7K7E7X7ﬂ) 7zluKlvElaleﬂlvk/vElelaﬂl) |Z}
A (2/ K. E.X' N/ K. E. X [L/)
3N 8 —— Q(s,5')
" AT (Z,K,E,X,H,K,EX )
" ( n"(s,0, 4,2, K, E, X, 5, K, B, X, i), v (s,l7j,z K, B, X, uKEX,u) S K E\X ) KRB X ”) |z}
< gm (S,l,],z K E X, ukK B X ,L) (_ it (s, 1,4, 2, K, B, X, u, K, B, X, ji) >0) (176)
" (2 KB, X, KL B X 1) + €7 (5, g2 K B X K B X )
< g™, K B X, KL B, X ) (_ 1fhm(s,l,j,zKEXu,KEXu)>O> (177)
pu,m (ZaK,EaXaMaKaE,X,ﬂ) —fm(s,l,j,z,K,E,X,p,K,E,X,,&)—|—am(s,l,j,z,K,E,X,u,K,E,X,[L)
X502 K B X KB X ) <00 (= 3 7 (s, .2 K B X KB X ) > 0) (178)
W (3,052 KB X KB, X ) = ™ (5,0, .2 B, X iy K B X ) =7 (.02 K B X KL B X ) (179)
hm(s,l,],zKEXu,KEX )gj (180)
wnlgfm(s,l,j,zKEXuKEX,ﬁ) (181)
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(5032 K B X, K B, X ) < (182)

0" (5,05, 2 K, B, X, 1, K, B, X, 1) [j —pm (s,l,j, 5 K, B, X, 1K, EXM)} =0 (183)
a"™(s, 1,4, 2, K, B, X, 1, K, B, X, ) [f’" (s,l,j,z,K,E7X7 uKEXp) _ wnz} —0 (184)
X" (5,0, 5,2, K, B, X, 1, K, B, X, 1) [l —fm (szyzKEXuKEXM)} =0 (185)
Z/hm (s7l,j7z,K7 E, X,uKEXu) (s dl x dj) < (1 —m,) E (186)
:
0 = {peﬂ” (z,K, E, X,M,K,E,X,ﬂ) _ pum (zK E, XMKEXM)}
l(1 1) E— Z/hm (s, Lj, 2 K B X, u, K, E X, g) [ (s, dl % dj)] (187)

C (2 K B, X, KB, X ) 4+ 17 (2K B X, R B, X ) + A™ (2K B, X, R B, X )

> / ¢ sF [0 (5,0, 4,2 K By X, o, K, B X ) K™ (5,0,,2 K B, X, KB, X )| (s, di < dj) - (188)

Z/km (s,l,j,z,K,E7X7 uKEXp) (s dl x dj) = K (189)

Z/vm (57l,j7z,K7E,X,,u7f(,E7X,ﬂ)u(s7dl X dj)
S

- H [Am (z,K,E,X, uKEX,u) U™ K B X, KB, X ), A, U] (190)
U™z, K, B, X, 1, K,E,X,ji) = X+E- Z/hm (500520 KL B X, BB, X ) (sl x )
S
+y / (3000520 KB X KB, X ) (s, dl x dj) (191)
K =(1-8K+I" (zKEX MKEXM) (192)
E =G [Am (zKEXuKEXM) U™ K B X, 1, K, B, X, ), A, U} (193)

X' = U™ KB, X, 1, K, B, X, 1) — G [Am (zK E, X,M,K,EX,,}) ,U™(2, K, E, X, M,K,E,X,ﬂ),A,U} (194)

u’(s’,ﬁxw:Z/B( gy QI X )+ 00 (T (£ % ), (195)

where

B(s,Lx J) = {(Lj) L (sJ,j,z,K,E7X,N,K,E,X,,a) € £ and v™ (slszEX,uKEXM) e J}. (196)

A=A (z K, EXM) (197)
U=0 (z K, E X, ﬂ) (198)
(KQ B X [/) — I (z KEX,u) . (199)
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3.3 Characterization of myopic planner’s decision rules

Proposition 21 Let {C™, I™ n™ k™, f™ K™ o™ U™ A™} be the solution to the MSP’s with exogenous stochastic process
(121, ﬁ,f)) Then, there exist thresholdsgm(s,Z,K,E,X,M,K,E,X,/l), n"(s,z, K, E, X,M,K,E,X,ﬂ) and (s, 2z, K, E, X,
1, K, E,X,ﬂ) and a shadow capital price function r* (z, K, E, X, pu, f(, E,X,ﬂ) such that, for every s >0 and 1+ j > 0:
mln{(l - Trn)l+jaﬂ"l(57ZaKanX7MaKaEaX7ﬂ)}

n"™(s,1,,2, K, B, X, p, K, E, X, 1) = max o
min {(1 ) L (s, 5 K B X, 1, KL B X, ;:L)}

Um(s7l7j7Z7K7E7X7M7K7E7Xvﬂ)
= max{@m(s,z7K,E,X,M,K,E,X,ﬂ) -1 —Wn)nm(s,l7j,z,K,E,)QmK,E,X,ﬂ),O}.

o)

max{l—nm(s,l,j,Z,K,E,X,M,K,E,X,ﬂ),()}

o

W™ (s,1, 4,2, K, B, X, 1, K, E, X, 1) = max{nm<s,l,j,z,K,E,X, u K, B, X, ji)—1

f™(s,0,4,2, K, B, X, 1, K, B, X, j1)

eZSFk |:nm(87l’j7 Z7 K? E’ X7 /’[/5[/\(’ EA7X7I/)’)) k7"‘(57 l’j’ Z? K’ E7 X,/.L, R)EI?X’/}/)}

= (o KB X KB X )

Proof. In the economy in which (/Al, U, f/) trully represent exogenous productivity shocks to the recruitment technology the
Welfare Theorems apply. In this case the problem described in Section 3.1 is the social planner’s problem and its solution can
be descentralized as a recursive competitive equilibrium in which prices are functions of the state (z, K, E, X, u, K , E , X J ).
The claim then follows from analyzing the associated establishments’ problem using identical arguments as those in the

proof of Proposition 20. m

3.4 Construction of a RCE

Proposition 22 Let {C™, I™ n™ k™, f™ K™ o™ U™ A™} be the solution to the MSP’s with exogenous stochastic process
(/1, U, ﬁ).
Suppose that

A~

Az, K,E, X, up)=A" (2, K,E, X, 1, K, E, X, 1), (200)
U(z, K, B, X, 1) =U™ (2, K, E, X, 1, K, B, X, 1), (201)
and that
(K’,E’,X’,[/) = [(2,K,E, X, ) (202)
satisfy the following conditions:
K =01-8K+1I™(2,K,E, X, u, K,E, X, 1), (203)
E/ = G[Am(Z7K,E7X,[,L,K,E7X,[L),Um(Z,K,E,X7M,K,E,X7M),
A (Z,K,E,X,/,L,K,E,X,,LL),Um(Z7K,E7X,M,K,E7X,M)], (204)
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X' =U™(2,K,E, X, u, K,E, X, ) — E', (205)
HELx =Y [ Qs s dixd) oo (HT LX), (206)
5 JB(s,LxT)

where
B(s,LxT)={,7):n" (s,0,j,2, K, B, X, u, K, E, X, i) € L and v™ (s,1,§,2, K, E, X, u, K, E, X, 1) € T} . (207)

Then, there exists a RCE {B, W, R, ¢, i, m, n, k, f, h, v, a, b, d, u, A, U, L, II, ¥, v, p*, p°, p*, q} such that

c(K,z, K,E,X,u) = C"(z,K,E, X, u, K,E, X, 1)
i(K,2,K,E,X,p) = I™(2,K,E,X,uK,E X, pu)
n(s,l,j,z2, K, B, X, u) = n"(s,0,j,2, K, B, X, u, K, E, X, j1)
f(s, 4,2, K, E, X, ) = f™(s,1,4,2, K,E, X, u, K, E, X, )
h(s,l,j,2, K,E, X, n) = h"(s,0,4,2, K,E, X, u, K, B, X, )
v(s, gz, K, E, X, u) = v (s,l,4,2, K, B, X, u, K, E, X, i)
Az, K,E,X,u) = A" (3, K,E, X, u, K,E, X, )
Uz K,E,X,n) = U™(2,K,EX,uKE X, ).

Proof. Since {C™, I™ n™ k™, f™ K™ o™ U™ A™} is a solution to the MSP’s problem with exogenous stochastic process
(/i, U, IA/) we know that there exist Lagrange multipliers {)xm, pRm pum it pesm s ¢ pme - gm Xm} such that equa-
tions (170)-(199) hold. Evaluate these equations at (K, E,X, 1) = (K,E,X,u) and use equations (200)-(207) to get
equations (208)-(230).

C™"(z,K,E, X, u, K,E, X, ;1) ° =\" (2, K,E, X, i, K, E, X, 1) (208)

X (2, L (2, K B, X ) L (2 K B, X, )
A" (Z,K,E,X,,LL7K,E,X,,LL)

1 = &<

[1 — 5 4k (z/,ﬁ(z,K,E,X,u) ,IA/(z,K,E,X,u))} | z} (209)

eZSFk [nm(87lvju27K7E7X7N7K7E7X7M)7km (S,l,j,Z,K,E,X,M7K,E,X,M)]

S Tk’m(zﬂK7E’X7M’K7E3X’M)7 (: Y;fkm(S’l7j,27K,E7X,M,K,E7X,#)>0) (210)

34



0 = A" (Z,K,E,X,H,K,E,X,u)_l —p*" (2, K,E, X, u, K, E, X, 1)
+p" ™ (2, K, E, X, u, K, E, X, ) H, [A" (2, K, E, X, i, K, E, X, u) , U™ (2, K, E, X, u, K, E, X, i),
A" (2, K,E, X, u, K, E, X, u) , U™ (2, K, E, X, u, K, E, X, )]
+(1—7my) Gy [A" (2, K, E, X, i, K, E, X, ) , U™ (2, K, E, X, n, K, E, X, 11,

Am(Z7K’E,X7/‘L7K’E?X?/‘L)7Um (Z’K’E7X,/J"K’E’X7M)] ><
AT (z’, L(zK.E X, u),L(zK, E,X, u))
Am (Z7K7E7X7/’L7K’E7X7M)

X

EQB

o

(2,K,E, X, 1), ﬁ(zKEX,u)) ““"(z L(2,K,E,X,p), ﬁ(z,K,E,X,M))] |z}

L
( L(z K,E,X,u),fi(z,K,E,X,u)) o A

G KB XAEEXD P (L (5 K B, X)L K B, X)) | 2| (210)
1 = p""(,K,E, X, 1, K,E, X, n) H, [A™ (2, K, E, X, u, K, E, X, n) , U™ (2, K, E, X, u, K, E, X, 11,

A" (2, K,E, X, 1, K, E, X, u) , U™ (2, K, E, X, u, K, E, X, )]
+(1—my)Go [A™" (2, K, E, X, 1, K, E, X, u) , U™ (2, K, E, X, u, K, E, X, ),
A" (2, K, E, X, u, K, E, X, 1) , U™ (2, K, E, X, u, K, E, X, )] x

A (z', L(z K EX,p),L(z K E,X, /L))

¢ B )\m(Z,K,E7X,[L,K,E,X7M)

X

[pe’m (z',ﬁ(z,K,E7X,u),ﬁ(z,K,E7X,u)) — pm (ZI,IA/(Z,K,E,X7M),.Z/(Z,K,E,XJJJ))} \ z} (212)

AT (z', L(z K EX,p),L(zK E,X, u))
;/3 Am('z?K’E?X)/J‘?K)E?X?/’L)

Q(s,5') x

nm(s/7nm(s’l7j7z7K7E7X7/"L7K7E7X7/"L)7/Um (S7l’j7Z,K7E7X7H7K7E7X7IL‘)7
AL (e KB X ) L (2, KB, X ) | 2}

S p’u,m (Z’KaEvalf"aKanXvu); (: vam (S,l,j,Z,K,E,X,/J,,K,E,X,/J,) >0) (213)
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eZSF [ (S’Z7J,ZKEXH’KEXM) (87l,j7Z7K7E7X7H7K7E7X7H):|
A (z ,L(z,K,E,X,u),L(z,K,E,X,u))

/
+& ;6 A" (2, K,E, X, 1, K, E, X, 1) Q (s,8") x

gm (S/,nm(S,l,j,Z,K,E,X,,U,,K,E,X,/.L),Um (57l?jaszaE7X5H7K7E7X7/’L)a
(2 K, B, X, ), L (5, K B, X ) | 2]

20
X (2L (2, K B, X ) L (2 KB, X))

B ’
€ ;ﬂ )\m(z,K7E’X7M,K7E’X’M) Q (s,8") x

am(sl7nm(s’l7j7Z7K7E’X7/’L7K7E7X7/'L)7vm (87l’j7Z7K7E7X7H7K7E7X7H)7
L K B X ) (2 K B X ) | 2}

AT (z'yﬁ (2, K,E,X,p), L (2 K, B, X, u))
§B Am(z7K7E7X7M)K7E’X7/’[/)

Q(s,8') x

Xm(s/’nm(87l,j7Z,K7E7X7H7K7E7X’H)7vm (S7l7j7Z7K7E7X7u7K’E7X7u)’
L KB X ) L (2 K B X ) | 2}

S gm (S)l’j7z)K7E’X7/’[/7K7E7X’/"L)7 (: Z'fnm(s)l7j7Z’K)E7X7I’[”K7E’X7/’[/) >O) (214)

7pe’m (Z’K7E’X7/’L7K7E7X7/’L) +gm(87l’j7Z7K7E’X7/’L7K7E7X’H)

< n"(s,bg 2 K B X p, K E X p) (= if W™ (s, 5,2, K, B, X, p, KB, X ) > 0) (215)

pu,m (Z,K7E,X,M,K,E7X,/,L> —§m(s,l,j,z,K,E,X,mK,E,X,,u) +Oém(S,l,j7Z,K7E,X,/,L,K7E,X,/,L)

—X"(s,0,7,2, K,E, X, u, K, E, X, ;1) <0 (= if f"(s,0,7,2,K,E,X,u, K,E, X, i) > 0) (216)

n™(s,0,5,2, K,E, X, u, K, E, X, u) = 1+h"(s,0,4,2, K, B, X, u, K, E, X, j1)
—f™(s,0,5,2, K, E, X, u, K, E, X, 1) (217)
W (s,0,5,2, K,E, X, u, K, E, X, ) < j (218)
il < fM(s,0,5,2, K, E, X, u, K, B, X, 1) (219)
s, Lgz, K,E, X, u, K, E, X i) < (220)
(s, g, 2, K, E, X, Ky E, X ) [§ —h™ (8,0, J,2, K, B, X, u, K, E, X, 1)) =0 (221)
o™ (s, g, 2, K, E, X, pu, K, E, X ) [ (8,0, 4,2, K, B, Xy Ky E, X ) —mpl] =0 (222)
(s, gz, K, E, X, i, K, E, X, 1) [L— ™ (s,0,4,2, K, E, X, u, K, E, X, u)] =0 (223)
Z/hm (s,1,7,2, K, E, X, ;i K, E, X, 1) i (s, dl x dj) < (1 —y) E (224)

0 = P (KEX K E X u—p“" (2, K,E,X,u, K,E, X, 11)]
[ 1—my) —E/h (s, 7,2, K, B, X, i, K, E, X, 1) pu (s, dl x dj) (225)
s
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Cm (Z’K’E7X7M’K7E’X7/’L) +Im (Z’K7E7X’M7K7E7X’H) +Am (Z’K7E’X’/’L7K7E7X’H)

= > / &*sF [n"™(s,1, 5,2, K, B, X, i, K, B, X, 1), k™ (5,1, , 2, K, B, X, i, K, E, X, )] pu (s, dl x dj)

Z/k’" (5,1,5,2, K, B, X, 1, K, B, X, i) 1 (s,dl x dj) = K

> / v (8,15, 2, K, B, X, 1, K, E, X, 1) p (s, dl x dj)
= H[Am(Z7K7E7X7:LL7K7E7X7ILL)’Um(Z?K7E?X7/’L7K7E?X7/"L)7
Am (Z)K7E?X7/’[/7K7E?X?/’[/)7Um(Z7K7E)X?/J’7K7E7X7I’(‘)]

U™z, K,E,X,u, K,E, X, n) = X+E—Z/hm(s,l,j,z,K,E,X7M,K,E,X,u)u(s7dlxdj)
s
+Z/fm(s,l,j,z,K,E,X,M,K7E,X,u)u(s7dlxdj)
s
Define
Az, K,E,X,n)=A" (2, K,E, X, i, K, E, X, 1)
U(z, K,E, X, u) =U" (2, K, E, X, u, K, E, X, 1)
L(z,K,E,X,u)=L(z,K,E, X, ;)
(2, K, B, X, p) =r*"™(2, K, E, X, i, K, E, X, )
r (2, K, B, X, 1) = oA (2, K, B, X, i, K, E, X, p) ™"
p’ (2, K, E, X, 1) =p"" (2, K, E, X, u, K, E, X, 1)
pt (2, K,E, X, ) =p""™" (2, K,E, X, u, K, B, X, 11

pe (Z’K7E’X7/"L) :p6)m (Z’K’E7X7M’K7E’X7/’L)

N2 (2, K, B, X, 1), L(2,K,E, X, 1)

K FE X N =
1 KB X, 2) = B N (5 K, B, X, K, B, X, 1)

Mz, K,E,X,p) = C™ (2, K,E,X,u, K,E, X, p)+ 1" (2, K,E, X, u, K, E, X, )
+r (2, K, E, X, p)) U™ (2, K, E, X, 11, K, E, X, i) — 7" (2, K, E, X, u) K
A, 2, K,E, X, u) = X" (2, K,E, X, u, K, E, X, )
c(kyz, K,E, X, 0) =C" (2, K, E, X, 1, K, E, X, j1)
m(k,z, K, E, X, u) =U™ (2, K,E, X, u, K, E, X, )
i(ky2, KB, X, 1) = 1" (2, K, B, X, i, K, E, X, ) + 7% (2, K, E, X, ) k — % (2, K, B, X, i) K
(s, 4,2, K,E, X, u) =€ (s,1,5,2, K, E, X, i, K, E, X, 1)

Oé(S,l,j7Z,K7E,X,M) = Oém(s,l,j,Z,K,E,X,,lj,7K,E,X,,U)
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X(S7l7j7Z’K7E7X7u) :Xm(S,l,j,Z7K,E7X,/J,K,E7X,,[L)
7](87l7j7Z’K7E7X7u) :nm(s7l7j’Z7K’E7X7#7K7E7X7u)
f(87l?j’Z’K’E?X7/‘L):fm S7l7j’Z7K’E7X?#’K7E7X7M)

h(S,l,j,Z,K,E,X,/,L

(
y=h"(s,1,4,2, K, B, X, u, K, E, X, j1)
k(s,l,5,2, K,E, X, u) = k"™ (s,1,4,2, K, E, X, u, K, E, X, )
n(s,l,j,z2, K, B, X, u) =n"(s,l,4,2, K, E, X, u, K, E, X, j1))
v(s,l, 4,2, K, E, X, u) =™ (8,1, j,2, K, E, X, u, K, E, X, j1))
ale,, 2 K, E, X, j1) = %Am (2, K, B, X, 11, K, B, X, 1)

ule.w.z K. B, X, p) = U™ (2. K. B, X, jn. K. B X, )

ble,x,z, K, B, X,u) = %H[Am(z,K,E,X,u,K,E,X,M),Um(z,K,E,X,M,K,E,X,,u),
A"l(Z,K7E,X,M,K,E,X,/,L>7Um(Z7K,E7X,M,K,E7X,M)]

ez KB Xo) = Y [ 07 (51002 K B X KB X ) s )
S

In addition, define recursively the following value functions:

C(K/vzaKanXvu)l_a —
l1-0o

+BE{B[1 = d)k+i(k 2, K, E,X,p),2", L (2, K,E, X, p)] | 2}

B(k,z, K, E, X, 1) +om(k,z, K, E, X, 11)

W(S7Z’j’z3K’E’X7M) = eZSF[n(83l7j’Z7KﬂE7X?M)’k(87l7j’Z’KﬂE7X?M)]
+pu (Z7K’E7X7ILL) f(87l’j7Z’K7E’X7/’L) 7pe (Z’K7E’X7u) h(S,l,j,Z,K,E,X,,U)

7,’,,]6 (Z,K,E,X,/.L) k(S,l,j,Z,K,E,X,,[L) 7p’U (Z,K,E,X,[L)U(S,l,j,Z,K,E,X,,[L)

+g Zq(Z,K,E,X7M,Zl)W(SI7TL(37l,j,Z,K,E,X,M)7’U(S,l,j7Z,K7E,X,/,L),ZI7L(Z7K,E,X,M))Q(8,8/) | z

R(e7x7Z7K7E7X’H) = pe(Z7K’E7X7u)d(e’z’Z7K7E7X7u)+pv(Z7K’E7X’u)b(e’z’Z7K7E7X7u)
+p* (2, K,E, X, p) [x+e—d(e,x,2, K, E, X, u) —ule,x, z, K, B, X, )]
+r* (2, K, B, X, p)ule,x,z, K, E, X, u) — ale,z, 2, K, E, X, 11)

a(am,&K,E,X,,u),u(e,%Z,K7E,X,u),
A(Z7K’E7X7/'1‘)’U(Z7K7E,X’M)
+& |q(z, K, E, X, 1, 2') R ale,z,z, K, E, X, n),ule,z,z, K, E, X, 1), z
( ) ule,z,z, K, B, X, ) — G ( ), ul 2 ,
Az, K,E, X, 1), U (2, K, E, X, 1)

zl)L(Z)K7E’X7/’[/)

Using these definitions, the homogeneity of degree one of H and G with respect to (a,u), and the homogeneity of degreee
zero of H and G with respect to (A, U), equations (200)-(207) together with equations (208)-(230) imply equations (12)-(50).
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4 Steady state equilibrium

4.1 Steady state conditions

In order to compute a recursive competitive equilibrium it will be first necessary to compute a steady state equilibrium for
the deterministic version of the economy, i.e. one in which the aggregate productivity level z is equal to zero. This section
describes the conditions that such steady state equilibrium must satisfy. Using equations (51)-(79), Lemma (19), Lemma
(20), the conditon that z = 0 and the condition that the vector (K, F, X, u) is constant over time, we get the following
steady state conditions.

1

r=g-149 (231)

max{ﬁn [(1—7rn)l+j,8,7‘]—|-(1—Wn)Q((l—Wn)l+j75)+‘I’7pe}v }

) (232)
max {Fn [(1—mp) s, 7]+ (1 —mp)Q((1—mp)l,8) + \I/,p“}

£(s,1,5) Zmin{

Q(n,s) = min { Z B max[¢ (s',n,0) — p%,0]Q (s,s) ,p”} + Z Bmin(¢, 7 (s',m,0),p°]Q (s,5") (233)

s'>0 s'>0
=m0 3 B Q (s, 5) + Q (5,0) " (234)
s'>0

p° = F, [n(s),s,r]+ (1 —m,) Q(n(s),s) + ¥, (235)
pt = F, [a(s),s,7] + (1 —m,) Q(A(s), s) + T, (236)
p’ = Z Bmax[¢ (s',0,9(s)) — p%,0]Q (s, ) (237)

s'>0
n(s,l,7) = max{min {(1 — ) I+ j,n(s)} ,min {(1 — 7,) I, 7a(s) } } (238)
h(s,l,j) = max{n(s,l,j) — 1,0} (239)
f(s,1,7) = max{l — n(s,l,7),0} (240)
sFy [n(s,1,4),k(s,1,9)] =, (241)
v(s,l,j) = max {v(s) — (1 — w,)n(s,l,7),0}. (242)
p* =@c” +p"Hy(A, U, A U) + Bp* + (1 — mu) Gu(A, U, A, U)B [p° — p"] (243)
1=p"Ho(AUAU)+ (1 —m,) Ga (AU, A U)S [p° — p¥] (244)
Z/h(s,l,j)u(s,dl < dj) < (1— ) G[A,U, A, U] (245)
0= [p° — p'] la ) GAU, A U] — Z/h(s, L) (s, dl % dj) (246)
Z/v(s,l,j)u(s,dl x dj) = H[A,U, AU (247)
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Z/n(s,l,j)u(s,dl xdj)+U=1 (248)

40K+ A= Z/est (s, 1, 3), k(s 1, 3)] o (s, il x dj) (249)

S [ bt di x dj) = K (250)

E=G[AU, AU (251)

X=U—-G[AU, AU (252)

n(sLx ) =3 [ Q (s,5') 1 (s,d x ) + 00 () T (£ x ) (253)
s JAg)m(s,l,j)eL and v(s,l,j)ET}

Observe from Lemma (22) that if {C™, ™, n™ k™, f™ K™ 0™ U™ A™} is a solution to the MSP’s with exogenous
stochastic process (121, U, IA/), conditions (200)-(207) are satisfied, z is identical to zero, and the aggregate state (K, E, X, j1)

is constant over time, then equations (231)-(253) must hold.

4.2 Invariant distribution

The following Lemma characterizes a support to the invariant distribution yu that satisfies equation (253).!
Lemma 23 Let M be a natural number satisfying that
(1 — 7)™ max {7 (Smax) » ¥ (Smax)} < min {2 (Smin) ;¥ (Smin)} - (254)

Define the set N as follows:

N = { u "0’ {(1 — ) n(s), (1 —m) als), (1 —ﬂ'n)kv(s)}} u{0}.
Then, the set
P = {(s,l,j) cseS, leN,andje {S'Lejs {max [t (s') — (1 — ﬁn)l,()]}} u {0}}
is a support of the invariant distribution .
Proof. From equations (238) and (242) we know that an establishment of type (s,l,j) transits to a next-period type

(s',U',7"), with s’ randomly determined,

I =n(s,1,5), (255)

and

j' = max{v(s) — (1 —m,)l',0}. (256)

Define
0) —
PO = U {(5,0,0)}.

n the statement of the lemma Smax and smin denote the largest and smallest positive values for s, respectively.
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Since establishments are created with (I,) = (0,0), P describes the set of all possible types (s,[,j) of establisments of
Z€ro age.
Define
NO = {0}.

Since n(s,1,§) = 0 whenever (I,5) = (0,0), N© describes the set of all possible employment levels of establishments of zero
age.
Starting from N(©) define recursively a sequence of sets P™ and N (™) as follows:

P~ {(stg)sesent M mdje { U fuaxilsn -0 -m)to)}uor

s_1€8
N = { U {n(s) 7 (s),0 (s)}} U {n: n=(1— 1) Nm_1 for some nym_1 € N<m*1>} ,
form=1,2,...,00.
From equations (238), (242), (255) and (256) we know that P(™) contains the set of all possible types (s,l,5) of
2

establishments of age m, and that A" contains the set of all possible employment levels of establishments of age m.

By induction, it can be shown that:

m—1
e = f M= m) (). (= m) 06, (1= m) 0 ()} o). (257)
form=1,2,...,00.

A direct consequence of equation (257) is that N=1) = Af(m) for every m > 1. Thus, the set N™ in fact contains

all the possible employment levels of establishments of age m or younger. Moreover,
NN = g 1= m)™ i (s), (1= m) ™ a(s), (L= m)" B (s) ] (258)
s

for m =1,2,...,00, where “/” denotes set difference.

In what follows it will be shown that there exists a M < oo such that A'™) contains the set of all possible employment
levels of establishments of all ages m = 0,1, ...,00. To prove this it suffices to show that there exists a M < oo such that no
establishment of age M + 1 will choose an employment level in the set A/(M+1) JN e all establishments of age M + 1
will choose an employment level in the set A/(M) 3

Let M satisfy equation (254). Since 0 < 7,, < 1, such a M exists.

Let (s,1,5) € PM+1),

Suppose that n(s,1,7) € N+ /N M) - Since N M+ /N (M) gatisfies equation (258), and M satisfies equation (254),
it follows that

n(s,l,j) < (1 - Wn)M max {7 (Smax) ; ¥ (Smax)} < min{n (Smin) ,  (Smin)} - (259)

20bserve that the “max” and “min” operators in equation (238) have been disregarded in the construction of the sets Pm) and N(™) . Thus,
the set of actual types of establishments of age m and the set of actual employment levels of establishments of age m are smaller than P™m) and

N | respectively.

3This condition is sufficient because whenever an establishment reaches age M + 1, its age can be reset to M without consequence. This

procedure can be repeated an infinite number of times.
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Also, since n(s, [, j) satisfies equation (238) and (s,1,5) € P+ we have that

n(s,l,j) € {n(s),n(s), (1 —m,)l}U { U g0 (3_1)} . (260)

s—_1€

From equation (260) and the last inequality in equation (259), we then have that
n(s,l,j) = (1 —mp)l.

Suppose, first, that j = 0.
Suppose that some establishment of age M transits to (s,l,j). From equation (256), this implies that

0 =max{v(s—1) — (1 —mp)I,0},

for some s_; € S.
But, from equation (259)
n(s,0,g) = (1= m) L <5 (s.1),

for all s_; € S. A contradiction.
Hence, (s,1,7) € PM+D does not correspond to an establishment of age M + 1.
Suppose now that j > 0.
Let s_; be such that (1 —m,)l+j =70 (s_y) (since (s,1,5) € PM*Y such an s_; exists).
Then, from equation (238) we have that
n(s,l,7) = max {min {v (s_1) ,n(s)}, min {(1 — 7,) I, 7(s)}},
and, therefore, that

n(s,l,5) = (1—mp)l <7(s) and n(s,l,j) = (1 — mp,) 1 > min{v (s—1),n(s)}. (261)

The second inequality in equation (261) contradicts equation (259).
We conclude that no establishment of age M + 1 chooses an employment level in the set N/(M+1) IN (M) Tt follows that

the set PM+1 is a support of the invariant distribution ;. m

4.3 Steady state computational algorithm

This section describes the algorithm used to compute a steady state equilibrium. It will be convenient to do so under the
functional forms that will be used later on. In particular, the production function F' is here assumed to have the following
form:

F(n,k)=n"k’, (262)

where v > 0, 6 > 0, and v+ 6 < 1. Observe that under this functional form Fj becomes

Fy (n, k) = on k71 (263)
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and F;,, becomes:

(264)

6
N _ )
B, (n,s,r) = sTon 17 5 F] '

Lemmas 24-26 provide certain homogeneity results that will be used in the computational algorithm.

Lemma 24 Suppose that F is given by equation (262). Let &(s,1,j;p", p%,pY), Q(n,s;p*, p%,p¥), ¥ (p*), n(s;p*, p%,p°),
n(s;p",p°,p"), v(s;p", p%p"), n(s, 1, j;p", 0%, "), his, L, 3;p", % p"), f(s,1,5;p", 0%, p"), k(s, 1, 3;p", 0% p"), v(s, 1, j; p", p°,
p¥) be the solutions to equations (232)-(242), given prices (p*,p°,p?). Then,

E(s, AT LTI A 0, ApY) = A&(s, L Gip", 5, ), (265)
Q (/\W+9 Tn,s; A\p", Ap®, \p ) = A2 (n,s;p",p°%p") (266)
U(Ap") = AV (p") (267)

n(s; Ap" ApS ApY) = ATETa(sipt,p,p) (268)

(s A, A, ApY) = AT Ta(s pt,p, p) (269)

B A", A ApY) = ATTT(s ", ) (270)

n(s, ATFT Tl ATFT T3 ApY, Ap®, ApY) = ATHS Tn(s,l,7;0%, 0% p") (271)
h(s, ATFTT 1], ATHT T3 A", Ap®, ApY) = ATHT Th(s,l,j;p",p% ") (272)
(s ATTTL AT J 0% A ApY) = AT (s, 15 pt, b p) (273)
(s, ATFIT 1], ATFIET 17 Ap®, Ap®, Ap¥) = AT T k(s, 1, j; p*, p° ,0") (274)
v(s, ATFIST 1], ATFIET T3 Ap®, Ap®, Ap¥) = ATFIET To(s, 1, j;p%, %, p") (275)

for every A > 0.
Proof. The claim follows from guessing and verifying equations (265)-(275) in equations (232)-(242). m

Lemma 25 Suppose that F is given by equation (262). Let p (p*, p¢,p?) be the invariant distribution that satisfies equation
(253) and P (p*,p°,p’) be the finite support in Lemma 23, when prices are given by (p*,p®,p”). Then, for every A > 0,

(s,0,5) € P (0,9 p") & (s, ATTTLATTG) € P (W, 0, Ap”) (276)

and

(s,0,5) € P(p“,p°,p") = u(s,1,4;p", 0% p") = 1 (8, ATFTT AT ApY, Ap®, /\p”> :

Proof. Equation (276) is a direct consequence of Lemmas 23 and 24.

From Lemma 23, observe that equation (253) can be written as follows. For every (s',1’,j') € P (p*,p°, p"),

MCRNSININOEDY > Q(s,8 ) p(s,Lgip"p% ") + oy (T, 5'), (277)
s (l7j)EB(s7l/,j’;p”,pe,p”):
where
B(s,U',5p",0%p0") ={,7) : (s,1,5) € P(p*,p%,p"), n(s,1,5;p",p%, p") = 1" and v(s,,5;p",p%,p") = j'}, (278)
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and where Z (I',5") =1 if (I',j) = (0,0), and Z (', j') = 0, otherwise.
For the same reason, we have that for every (s/, AT U, )wigﬂlj'> € P (Ap*, Ap©, \p?),
1—6 1—6
p (8’7 AT AT G Ap*, Ap© Ap”)

- > > Q (s,5') u (s, ATTTLATITT 45 2", ', 1)

S 1-6 1—06 1—6 1—6
(Aml,)\mj) eB(s,/\m——ll',/\mj';Apu,,\pe,Apv>:
oy (s)T (A—wiﬁl I AT j/) 7 (279)
where
B (s ATTTU AT 0w A" ) = {(ATTILATITTS ) ¢ (s ATTTLATITS) € P O, M '),
1-0 1-0 . “ . » 1-0_
n(s, ATFI-T 1, A5+9-T 5; Ap®, Ap®, Ap¥) = A7+9-1]
and v(s, AT [, AT j: ApY, Ap®, Apt) = A—wiﬁlj'} . (280)
Observe, from equation (280) and Lemma 24, that
B (s, ATTTUATTI 0 00 0" ) = {(ATTTLATTS) < (s,0,4) € P (0", 0, 0"),
n(s, 1, j;p",p,p") = 1" and v(s, 1, j;p", p°, p") = §'} - (281)
From equations (278) and (281) we then have that

l;ﬂ 1;3 ; Lﬁ / Lﬂ -/ u e v - /o U e v
ATHTI AT ) € B (8, \70-1 1/, A5%0-1 57 Ap®, A\p®, \p® ) & (1,5) € B(s, I, 5';p", 0%, p") (282)

Using equation (282) and the fact that 7 ()\ T l, )\W}*ﬁlj') =Z(l',j"), equation (279) can be written as follows:
;o= =0, w e v
p (5 AT AT A, ) =
Z Z Q(S,S/)u (37)\w41rggll7)\7}rgflj;)\pu’)\pe,)\pv) + oy (S/)I(l/7j/)-
s (LJ)EB(s,,5"5p",p®,p?):
But this is the same as equation (277). It follows that
p (8 ATV AT 00 A ") = (5, 550 ).
[ ]

Lemma 26 Suppose that F is given by equation (262). Let &(s,1,j;p%, p%,p°), Q(n,s;p", p%,p"), ¥ (p*), n(s;p*, p%,p°),
n(s;p",p% p°), v(s;p*, 0, p"), n(s, 1, 50", p,p"), h(s, L, 3;p", 0% p"), f(s,L, 3", 0% p"), k(s,1,5;p", %, p"), v(s, L, 5;p", p°,
p¥) be the solutions to equations (232)-(242), let u (p*,p°, p¥) be the invariant distribution that satisfies equation (253) and

let P (p*,p®,p*) be the finite support in Lemma 23, when prices are given by (p*,p¢,p). Then, for every A > 0,

E/n(s,l,j;)\p“,)\pe,)\p“)u (s,dl x dj; A\p*, Ap®, \p®) = )\viﬁlz/n(s,hj;p“,pe?p“)u(s,dl x dj; p*, p%, p”)283)
S S

Z/h(s,l,j;)\p“,)\pe,)\p“)u (s,dl x dj; A\p*, Ap®, \p®) = )\viﬁlz/h(s,hj;p“,pe?p“)u(s,dl x dj;p*,p%, p”)284)
S S

Z/v(s,l,j;)\pu,)\pe,)\p“)u (s,dl x dj; A\p®*, Ap®, Ap®) = )\viﬁlz/v(s,l,j;pu,pe,p”),u (s,dl x dj; p*,p°, p”)(285)
S S

Z/k(s,l,j;)\p“,)\pe,)\p“)u (s,dl x dj; \p*, \p®, Ap?) = )\we—‘lz/k(s,hj;p“,pﬂp“)u(s,dl x dj; p*,p%, p”Y286)
S S
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Z/Sn(s,l,j;kp“,kpe,/\p”)”k(syl,j;Ap“,/\pe,Ap”)ou(sydl x dj; Ap", Ap©, Ap”) (287)

= AW3*12/sn(s,l,j;p“,p“’,p”)“ﬁ(s,l,j;p“,pe,p”)"u(s,dl x dj; p*,p°,p")
S

Proof. We shall prove equation (283). The proofs for equations (284) and (287) are analogous.
From Lemmas 24 and 25 we have that for every (s,l,7) € P (p%,p%,p") :

n(s, ATFTT L AT 3 Ap®, Ap®, Ap®) (s, ATEOT L ATEIT s Apt, Ap®, ApY) = AT n(s, 1, ji p*, p°, Y )als, L, 5 p, p° p).

Therefore,
1-0 1-0 | 1-0 1-0 |
> n(s, ATFTTL ATFTT i Ap®, Ap®, Ap®) (s, ATFO-T 1 ATFIT s Ap®, Ap®, Ap”)
(s,0,4)€P(p*,p°,p¥)
= AT > n(s, 1, jip", %P (s, 1, j;p*, p,p"),

(s,1,5)€P(p*,p°,p¥)

and from equation (276),

> n(s, AT LTI Ap™, Ap®, Ap® (s, ATFITL AT i A, Ap®, Ap) =
G,\ﬁff_lz,,\ﬁ;%j) €P(Ap™,Ap, Ap?)
_1=6 . .
AT > n(s, L, 3ip", 0% p")u(s, L, j;p*, %, p¥).
(s,,))EP(p™,p°,p")
Thus,
> n(s, L, 55 Ap", Ap©, Ap® ) (s, L, 5; Ap*, Ap©, Ap?) =
(8,L,1)EP(Ap™,Ap®,Ap")

AT > n(s, 1,5 p", 0% p")u(s, L gsp*, p%, p°),
(s,1,5)€P(p*,p®,p")

which is equation (283). W

Two computational algorithms will be described: One for the economy with no externalities and another for the economy

with externalities.

4.3.1 Algorithm for economy with no externalities

In the economy with no externalities the recruitment technology is assumed to be given by

G (a7 u, A7 U) = Lla
[u® + a?]?

H(au,AU) = ——
[u? + a®]?

In this case, we have that

U.A 1 AN
AUAU)=HAUAU)=s —— =U{——F— = A

o
|
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1
Gu(A,U,A7U):{U7}
(Z)¢+1

Therefore, equations (243), (244) and (247) become:

1
Tt

)

(3

(1-23)p" =<p0"+{p“+(1—7ru)6[pe—p”]}{

s+1
1
1={p"+ (1 —m)Bp° —p"}{ ——
{p" +( )Blp p]}{1+(§)¢}

v —_ e u 1—%_ %
Z/v(s,l,j)u(s,dlxdj):U{{p + (1 —m,)Bp° —p"]} _Ll}

{p*+ (L —my)Bp® —p ]} 77
The computational algorithm is given by the following steps.

Step 1: Fix pg = 1.

Step 2: Choose some p§ > p§ (it is convenient for the first choice to be p§ = py).

Step 3: Choose some pg

Step 4: Set j = 0 and solve for the functions (s, 1, 0; g, p§, py), Q(n, s;py, 5, py) and ¥ (py) that satisfy equations
(232)-(234) when j = 0 and prices are given by (p§,p§, p§). (This can be done through value function iterations).

Step 5: Solve for the function £(s,l, j;py, p5, py) that satisfy equation (232) when j > 0 and prices are given by
(py, 05, py)- (Observe that given the output of Step 4, this takes only one value function iteration).

Step 6: For each s, solve for the thresholds n(s;pY, p§, py), 7(s; Py, p§, PY), U(s; Py, p5, py) that satisfy equations (235)-
(237) (This can be done through standard root finding methods),

Step 7: Construct the functions n(s,, j; pg, p§, pg), h(s, 1, 45 0, PG, p6): (8,1, 3 P8 PG P0), k(8,1 35 05, PG, p6) and v(s, 1, j;
Py, p§,py) as in equations (238)-(242).

Step 8: Construct the finite support P (py,p§, py) as in Lemma 23.

Step 9: For every (s,!’,j’), construct the set B(s,l’,j';p4,p§,py) as in equation (278) and solve for the invariant
distribution u (s, 1, j; pY, p§, py) that satisfies equation (277) (This can be done recursively).

Step 10: Evaluate [ v (pf, 5§, pt) de (9§, 95, 28), [ 70 (0, 95, 16) dua (08, 05, 5), [ o (0, 06, 98 die (08 06, 98), [ & (08, 06, G)
dp (P, p5, 1) and [ n(pf, p§, ) kWY, p§, p8) du (B, P, DY)

Step 11: Define
1

po+( )5[790 ]

A(pg,p5: o) =

Find the factor A > A (p§, p§, p§) that satisfies that

_1-0 Cu e w e v
/\”*HZ/v(s,l,y;po,po,po)u(s,dl x dj; py, PG, o) (288)
S
1
L ¢ P
-6 u e v u e v ? v 1—m pu e —1
= [1—/\W+91/n(p07p07p0)du(p07p07p0)}{ L{O ( w) 816 o)} 5 }
w2 {pg + (1 — ) Bp5 — pgl} ™7

46



(This can be done using standard root finding methods)
Observe that the left hand side of equation (288) is stricly decreasing in A, while the right hand side is stricly increasing
in A. Morever,

lim  LHS(\) > 0, lim LHS(A) =0

A=A(pg pg.pY)
lim RHS(A\) = 0, lim RHS(\) =1
A—A(pYp5.pY) A—roo

Hence, there exists a unique A (py, p§, py) > A (py, p§, py) that satisfies equation (288).

Step 12: Define U (pg, p§, pg), A (0§, 06, 18), K (08,16, p5), Y (p8, 05, p), and ¢ (pg, pg, py) as follows:

1—6
U (pg,p5,p0) = 1 — A(pg, 05, pp) 770 /n(pﬁ,pﬁ,pﬁ) dp (pg s p6, Po)

3+1
1 B 1
A (o8, 6, 18) [p§ + (1 —m4) B (0§ — p8)] - <A(p3,p8,178))¢
U(py.p§:p3)

0
K (pg,p5,p0) = A (o, 16, p5) 7F0 T /k(pﬁap&pﬁ)du(p&p&pﬁ)

.
Y (pl, 06, p8) = A (08, 06, 06) T | sn(p, 6, p6) k(Y 06, 26) dis (08 PG, PY)
C(p37p87p8) =Y (pgapgapg) - JK (pgvpgvpg) - A (p37p87p8)

Since A (pg, p§, pd) > A (pY, p§, py), observe that U (pg, p§, py) > 0 and that A (p¥,p§,py) > 0.
Step 13: Evaluate the function

f (08, 05:00) = ec(pg, p600)°

-1

U e U o]
A (08, 15, p8) (P8 (1 —m4) B [p — pel} { <M) N 1}

A (P4, p§:pY)
— (1= 8) X (g6, p0) "

1
3

Step 14: In order to satisfy equation (243), go back to Step 3 with a new value for pj§ until

I (pg,16,p0) =0

(This can be done using standard root-finding methods)

Step 15: If

1—6
A (pg,pgs o) 7T /h(pg,pé,pg)du (p,p6,p5) < (1 —my) G A (pg, 5. 16) U (05,06, 05) » A (05, 05, 06) » U (0, 055 28)] 5
(289)
and
0 = [p5—pol{(1—mu)GIlA(pg,p5,p0),U (p5,05:po) » A (o> 16, o) » U (P66, Po)]

1—6
AT [ 6. 8) i <p3,ps,pz>}, (200)

47



(i.e. if equations (245) and (246) are satisfied), then

Pt = A(pg.p§po) o
P = A(po,P5Po) PG
P’ = A(Pg,p6Po) Po

are equilibrium prices. (At this point, exit the algorithm).

Step 16: If conditions (289)-(290) are not satisfied, go back to Step 2 with a new guess for p§ (the search for p§ can be

implemented within a standard root finding method).

4.3.2 Algorithm for economy with externalities

In the economy with externalities the recruitment technology is assumed to be given by

G(a,u,AU) = u%,
[U¢ + A®)?
H(a,u,AU) = a%,
[U? + A?]#
In this case we have that
%
A 1
G(A,U7A,U):H(A,U,A,U):U—l:U{UT} :U{(
[U? 4 A9]? (%) +1
Ga (A7 U7 Aa U) =0
A
Gy, (AU AU)= ——
[U¢ + A?]?
Ha(a,u,A,U)zL1
[U¢ + Ad]2

H,(a,u, A,U) = 0.

Therefore, equations (243), (244) and (247) become:

o

(1-23)p" =<p0”+(1—ﬂu)ﬁ[pe—p“]{

At
@)’

ne _1)7
Z/v(s,l,j)u(s,dlde):U{%}

(p

The computational algorithm is given by the following steps.

Steps 1-10 are the same as in Section 4.3.1.
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Step 11: Define

1
A, P65, p0) = —
Po

Find the factor A > A (p§, p§, py) that satisfies that
_1-06 . uw e w . uw e W
AT /v(s,l,y;po,po,po)u(s,dl X dj; pg > P65 P6) (291)

1
e X (pg)? —11°
= |[L—- A /n(pS,pS,pS)du (pS,pS,pS)} {0—
[ A7 (pg)”
(This can be done using standard root finding methods)
Observe that the left hand side of equation (291) is stricly decreasing in A, while the right hand side is stricly increasing
in A\. Morever,
lim LHS(A) > 0,lim LHS(A\) =0
A—=A(pgps.pY) A—o0
lim RHS(A) = 0, lim RHS(\) =1
A—=A(pg.pg.0Y) A—o0

Hence, there exists a unique A (py, p§, py) > A (py, p§, py) that satisfies equation (291).

Step 12: Define U (p, p§, pg), A (0§, 06, 26), K (08,16, p5), Y (08,05, p), and ¢ (pg, pg, py) as follows:

1—6
U (p5,00,00) = 1 = X(pg, 06, po) 77707 /N(pﬁ,pﬁ,pﬁ) dp (g, P6s Po)

Sl

1 B 1
NCETYDI N <A(pg7pg,pg))¢

U(pg.pg.py)
. A
K (pg,p6:10) = X (P, PG, Pp) 7701 /k(pﬁap&pﬁ)du(pﬁ,pﬁ,pﬁ)

Y (9,05, 98) = A (pl, 95, p3) T | sn(pl, p6, p8) (0l B, p3) i (0, DG, DY)
¢ (P, po:po) =Y (po, PG, p6) — 6K (pg, 6. po) — A (PG, 16 Po)
Since A (pg, PG, o) > A (PS, PG, pG), observe that U (pg, pg, py) > 0 and that A (pg, pf, pg) > 0.
Step 13: Evaluate the function
fw5.p5:p0) = we(py,p5:p0)”
+ (1 = mu) BA (pg, P5, o) [P5 — Po) Gu(A (95165 20) » U (pg, 96, ) » A (PG, 96 o) » U (pg> PG, 16))

— (1= B) A (pg, 6, p0) P

Steps 14-16 are the same as in Section 4.3.1.
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5 Off-steady state dynamics

In this section it will be important to have separate notation for steady state variables. In particular, n*, n*, and v* will
denote steady state threshold functions and p* will denote the invariant distribution. From Lemma 23, we know that p*

has a finite support given by

P = {(s,l,j): s€S8,leN* and j € {S%S{max [0* () — (1 - wn)l,O]}} U {0}}

where

= 8 ot ol ol G ot ol G oot o},

and where M is a natural number satisfying that
(1 — )™ max {7* (Smax) 7 (Smax)} < min {n* (smin) » 7" (Smin)} - (292)

In order to analyze off-steady state dynamics it will be useful to define n,, 1y, and v, as the threshold functions chosen

at date t. In addition, it will be useful to define the following minimum distance:
e=min |a—1"|, (293)
subject to
a,b € D" and a # b,

where

D* = N* U {Sgs {(1 )Mt (s), (1= m) Mt (s), (1 — m)M 5 (s)}} :

The following Lemma characterizes the distribution p,,; under the assumptions that p; and the finite history of

thressholds {ﬂt_k, Tk, Et_k} k0.1 2re sufficiently close to their steady-state values.

M

Lemma 27 Let M be defined by equation (292) and € by equation (293).
Suppose that

ny_y, () =0 (s)] < e/2, (294)
Ine—k (s) —n"(s)] < £/2, (295)
[oe—k () =07 (s)| < /2 (296)

for every s and every 0 < k < M + 1.

Suppose that the distribution p, has a finite support Py given by

Py = {(s,l,j) cs€eS, leN, and j € {S/LEJS {max [v;_1 (s') — (1 — wn)l,O]}} U {O}}

where

U MJl{(l—wn)’“@tkl(s)}}u{u MJl{(l—wn)kmkl(s)}}u

{SES k=0 se€S k=0
{ M-1

U U {(1ﬂn)k5t_k_2(s)}}u{0},

se€S k=0
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In addition, suppose that for every (s,1,7) € Py:

oy (Salaj) = :U’* (Sal*vj*)v

where (s,1*,7*) is the unique element of P* satisfying that |l —I*| < e/2 and |j — j*| <e/24+ (1 —7)e/2.
Then, the distribution p,,q has a finite support Pyy1 given by

Prir = {(S,Lj) :5€8,1€Ny, andj € {s/%s {max [5; (s) — (1 — 7p) z,o]}} U {0}}

where

s = {g B0} oy G {0t
{5 {a-mt o @} v,

seS k=0
Moreover, for every (s,1,j) € Pey1:
Mt+1 (Svlaj) = :U/* (Sal*aj*)

where (s,1*,7*) is the unique element of P* satisfying that |l — I*| < e/2 and |j — j*| <e/2+ (1 —7)e/2.
Proof. Observe that the optimal decision rules at period ¢ — k are given by

N min {(1 —mp,} + 7, ()
ntfk(svlaj) = max . _
min {(1 — ), 7 (5)}

and

vi—k(8,1,7) = max {Tr_r () — (1 — mp) me—x(s,1,5),0},

for k=0,1,...,M + 1.
a) We will first show that P, is a support of the distribution s, ;.

Define the sets A; and B;11 as follows:

A= Y= 7)o (9), (0= )M e (), (U= m) M T B s ()]

Bio1={l':1"=(1~-m,)l, for some | € N;/A;}.
Observe that
Negr =By U {sgs {n; (5) 74 (8),0e—1 (3)}} .

To show that Py is a support of the distribution s, it suffices to show that

(8,1,7) € Pe =>ny (s,1,5) € Nyyq and v (5,1, j) € {S’LGJS {max [7; (s") — (1 — 7n) nt (5,1, 7) O]}} u{0}.

Let (s,1,5) € Ps. Then,

s€8,leN; and j = max [v;—1 (s') — (1 = 7,)[,0], for some s" € S.

ol

(297)

(298)

(299)

(300)

(301)

(302)



From equation (297) we have that

min {(1 — 7, } + 7,1, (s)

ne(s,l,j) = max
J min {(1 — 7)1, 7 (5)}

Using equation (302), we then have that

na(s.1, J) = max min {max.[z_}t_l (s),(1 f_wn) I],n,(s)} | (303)
min{(1 — m,) 1,7 (s)}
for some s’ € S.

As a consequence,
ni(s,1,5) € {(1 = mn) 1,71 (5) sy (5), 01 (5)}

for some s’ € S.

From equations (299) and (300) we have that
l e J\/}/At:nt(s, l7j) c M+1.

Suppose that | € A;. Without loss of generality assume that

L= (1= )" g py (57)

for some s” € S (the cases | = (1 —m,) —p (") and I = (1 —mp,) T¢s—pr—1 (8) can be handled in exactly the
same way).

Then, equation (303) becomes

min {masx [5,-1 (), (1 = 7)™ 2y as (")) 2, (5)}
min {(1 — ﬂ'n)Mﬂt_M (s"), (5)}

But from equation (292) and equations (294)-(296), we have that

n:(s,1,7) = max (304)

(L=m) o () < (U= 7)™ Ao (57)

S (1 - 7rn)M Ne—M (Smax)
S @t—l (Smin)
< T ()

and that

(L=ma) mpar (s) < (U= 7)™ Aemar (57)

< (U= m)" e (Smax)
< 1y (Smin)

< my(s)

< e (s)



Therefore equation (304) becomes

min {'Dt—l (3/) s Ty (S)} )
(1- Wn)Mﬂt—M (s”)

= min{v_1(s'),n, (s)}.

Il
=)
o

nt(svlaj)

Thus, from equation (300), n¢(s,1,7) € Niy1.
From equation (298), observe that
ﬂt(S, lv]) = max {'Dt (8) - (1 - ﬂ-n) nt(sv lvj)u 0}

Thus,
v (s,1,4) € { Y {max [v; (s') — (1 — 7)) ns (8,1, 7) ,O]}} .
Therefore, Py 1 is a support of the distribution p; ;.
b) To prove the second part of the Proposition it will be convenient to define the following (one-to-one and onto)
functions.
For every (s,l,7) € Py:
g = I
g (g) = J°
where (s,1*,j*) is the unique element of P* satisfying that |l — I*| < &/2 and |[[(1 — mp) I + 4] = [(1 — 7p) I* + 5] < /2.
Similarly, for every (s',1’,5') € Pi1:
:+1 (llvj/) = U
Jia (5 = g
where (s',1*,j*) is the unique element of P* satisfying that |I' — I*| < /2 and |[(1 — 7,) I + 5] — [(1 — 7)) I* + j*]| < €/2.

Observe that, by assumption, we have that for every (s,l,7) € Py:

H (5’17]) :M* (S7lr(l7j)7]:(l’.])) (305)

We need to show that for every (s',1,j') € Pr1:

Mt-‘,—l (slv llvjl) = :u‘* (8/7 l;+1<l/7jl)7j:+1<llvj/)) . (306)
Let (S/, ll7jl) S Pt+1-

Using equation (305), we have that

pugr (85 0,57) = Yoo Q) (s (05 5) + e ()T (5,
(s,1,3) € Ge(V,5")

where

gt(l/uj/) = {(Svluj) € Pt: Tt (S,l,]) = ll and Ut (Sulvj) :]l}
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Also observe that

:U* (Slvl:—}-l(llajl)ajt*-}-l(l/ajl)) = Z Q(Sasl) ,U/* (Sal*aj*)_‘_gw (SI)I(l:-l,-l(llvj/)vjfil,-l(llvj/)) )

(5.05,5%) € G* (U7, (57,5711 (125"))

where

g*(l:-i-l(llvj/)aj:-i-l(llvj/)) = {(Svl*aj*) c P n*(s,l*,j*) = l;(-l-l(l/vj/) and U*(Svl*vj*) = j:—‘,—l(l/’j/)}'

To show that equation (306) holds, it then suffices to show that
(l/7j/) = (070) ~ (lr-',-l(l/?j/)’j:—i—l(l/aj/)) = (Oa0)7

(s,1,5) € Gl ") = (8,17 (1,4) , 57 (1,5) € G (U (U, 5, 37 (U, 51),

(:1°,5%) € G (711,30, 57 (1) = (s, 517 (0,570, )7 (57)) € Gl ).

where ([l;‘]fl , [j;‘]fl) is the inverse function of (I}, j5).
b.1) Proof of equation (307).
It is a direct consequence of how I}, and j, ; were defined and equations (294)-(296).
b.2) Proof of equation (308).
Let (s,1,7) € Ge(I',4"). Then, (s,1,7) € Py,

P min {(1 —m,) L+ 7,1 (s)}
min {(1 — 7,) 7 (s)}

and

(1 —mp)l' + 75" = max{v; (s), (1 —m,)1'}.

Observe that (s} (1,7),75 (1,7)) € P*,

(5,15 (0.).37 j»_max{ min {(1= 7)1 (1.9) + 37 (L 3).” ()} }

min {(1 —m,) 7 (1, 5), 7" (s)}

and
(1= mn) (s, 13 (1, 5), 37 (1, 5)) + 0™ (s, 15 (1, 5), 3¢ (1, 5))
= max{v"(s), (1= m)n"(s,1; (1, 5), 47 (1.4))}
Since
(A=)l = (1 =m) I (L) < /2,
(X —mp) {4+ 5] = [ = mn) (1 5) + 57 (L) < /2,
g (s) =" (s)] < /2,
and

71 (s) — 1" (s)] < /2,

54

(307)

(308)

(309)



it follows that
‘n*(sv lf(laj)aj;(l’j)) - l/| < 5/27

and, therefore, that

(V= mn) (s, 85 (1, ), 37 (1 5)) + 0" (s, 85 (1, 9), 37 (L)) = [(1 = 7o) U 4 5] < &/2.

(310)

(311)

Since (s',1',7") € Pey1 and [s',n*(s, 15 (1, 7), 571, 3)), v* (s, 1 (1, 5), 55 (1, 5))] € P*, equations (310) and (311) imply that

Z:Jrl(llvjl) = TL*(S, l;ﬁk(l,]),]:(la]))a
j:+1(llaj,) = ’U*(S, l:(h])ajr(l?]))
Since (s, (1,7),47 (1, 7)) € P* it follows that
(5,07 (1,5), 5t (1,3)) € G- (U5 a (Vs 3, G (U 5))-

b.3) Proof of equation (309).
Let (s,0*,5%) € G*(I;1 (U, §"), 1 (U, §")). Then, (s,1*,j*) € P*,

En(d) = n" (517,57

- min {(1 — 7,) I* 4+ j*,n* ()}
min {(1 — m,) I*, 2* (s)} 7

and
(L=m) L (U, 5") + 35 5) = (L=ma)n” (5,07, 57) + v (s, 1%, 57)
= max {0 (s),(L—m) lf,(I'.5")}.

Observe that (s, 7] (1%, 5%, i1 (7,5%)) € o,

oo L 03, 1 () — ma { min {(1 =) (17 @5%) + 1) 0157 ()} }

min {(1 =) (] (1%,3°). 7 (s) |
and
R L CN (3 I Y N e GV R EN [ e G NP V)
= max {Et (s), (1 —mp) me(s, [L] 1 (0%, %), s (l’ﬂj"))} :
Also, from equation (301), we have that
R P A Gy o N s e G | IR P s e G s R (e ] | RS2

for every s'.

Moreover,

(e [ 6070 0057, 1) @50 e [ 1517 007, 7)1 @570
= (505

95

(312)

(313)

(314)
(315)



and
(e [ )70 @057, 177 @) e [ 1517 @5, 107 @57))
— 7)* (S, 1*7']*)
Hence, from equations (312) and (314), we have that
TR PN S G N S R G | R EN A IR VN P I G 1D
= i)
and
e [, 117 @57 G @] e [ 00 @00, 62 @50))
= j:+l(l/ajl)

It follows that
I'= nt(sa [Lﬂil (l*v.j*)a [‘7:]71 (l*aj*))a

G =l )0 (057, ) (7, 57)-

Since (s, 7,5, ! (l*,j*)) € P, it follows that

(s 071 @), 150071 0,57)) € Gull' ),

56
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