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Abstract: This paper introduces a general method for computing equilibria with heteroge-
neous agents and aggregate shocks that is particularly suitable for economies with private infor-
mation. Instead of the cross-sectional distribution of agents across individual states, the method
uses as a state variable a vector of spline coefficients describing a long history of past individual
decision rules. Applying the computational method to a Mirrlees RBC economy with known ana-
lytical solution recovers the solution perfectly well. This test provides considerable confidence on
the accuracy of the method.
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tion.

1 Introduction

This paper introduces a general method for computing recursive equilibria of economies with both
idiosyncratic and aggregate shocks. While the method is quite general and can be applied to

a large class of models in which individual decision rules can be well approximated by spline

“I thank participants at various seminars and conferences for useful comments. The views expressed here do
not necessarily reflect those of the Federal Reserve Bank of Chicago or the Federal Reserve System. Address:
Federal Reserve Bank of Chicago, Research Department, 230 South LaSalle Street, Chicago, IL 60604. E-mail:
mveracie@frbchi.org. Phone: (312) 322-5695.



functions, it is particularly useful for computing equilibria of economies with private information.
Economies with private information are difficult to solve because promised values are contingent
on the realization of the aggregate shocks. This makes one of the endogenous state variables, the
distribution of agents across promised values, not only infinite dimensional but state-contingent.
Contrary to existing alternatives, the computational method described in this paper can handle
this case without difficulty. Additionally, it has three features that make it attractive as a general
computational method: 1) it keeps track of the full distribution of agents across individual states,
2) it can handle irregular shapes for this distribution, and 3) it incorporates the distribution’s
exact law of motion.

My basic strategy for the computational method is to parametrize individual decision rules
as spline approximations and to keep long histories of the spline coefficients as state variables.
Starting from the deterministic steady-state distribution, I use the history of decision rules implied
by the spline coefficients to obtain the current distribution of agents across individual states. I do
this by performing Monte Carlo simulations on a large panel of agents. All individual first-order
conditions and aggregate feasibility constraints are then linearized with respect to the history of
spline coefficients. The resulting linear model is then solved using standard methods. I show that
a simple transformation can be applied to this solution in order to handle the case of contingent
endogenous state variables.

After describing the computational method, I use it to solve the mechanism design problem of
a Mirrlees economy with aggregate shocks. The economy, which belongs to the class considered
in Veracierto (2019), is populated by agents that value consumption and leisure using logarithmic
utility functions and which are subject to idiosyncratic shocks to their value of leisure. These
shocks take only two possible values, are i.i.d. over time and across individuals, and are private
information. Output, which can be consumed or invested, is produced using capital and labor
as inputs to a Cobb-Douglas production function subject to aggregate productivity shocks. The
aggregate shocks follow a standard AR(1) process.

A social planner designs dynamic contracts for the agents in this Mirrlees real business cycle
(RBC) economy. Following the literature, a dynamic contract is given a standard recursive for-
mulation where a promised value to the agent describes its state. Given the current state, the
contract specifies current consumption, current hours worked, and next-period state-contingent

promised values as a function of the value of leisure reported by the agent. Since the model has a



large number of agents and the shocks to the value of leisure are idiosyncratic, the social planner
needs to keep track of the whole distribution of promised values across individuals as a state vari-
able. Given this distribution, the aggregate stock of capital, and the aggregate productivity level,
the social planner seeks to maximize the present discounted utility of agents subject to incentive
compatibility, promise keeping, and aggregate resource feasibility constraints.

Solving this mechanism design problem not only illustrates the applicability of the compu-
tational method to a problem that other methods cannot handle, but provides a strong test for
it. The reason is that in Veracierto (2019) I provide a sharp analytical characterization of the
solution to this mechanism design problem. In particular, I characterize the cyclical behavior of
the consumption and leisure allocation rules across promised values, as well as the optimal amount
of cross-sectional inequality in consumption and leisure over the business cycle. I also provide an
analytical characterization for the optimal cyclical behavior of all macroeconomic variables in the
economy. I find that the computational method passes this test extremely well: It recovers all
the analytical results exactly. Since nothing in the computational method exploits the functional
forms or structure of the Mirrlees RBC economy considered, this provides significant evidence
about its accuracy. This finding indicates that the method should prove useful in a variety of
other settings.

The paper is closely related to a vast literature on computational methods, but it has salient

2 The seminal papers by Krusell et al. (1998) and Den Haan (1996) summarize the

differences.
cross-sectional distribution with a small set of moments. In contrast, the method in this paper
keeps track of the whole distribution. Den Haan (1997) and Algan et al. (2008) also keep track
of the whole distribution but parametrize the distribution with a flexible exponential polynomial
form, allowing them to solve the model using quadrature and projection techniques. For many

applications this may be an accurate and convenient approach, but for economies with odd-shaped

distributions, it may not be.®> The method in this paper is able to handle odd shapes for the cross-

2See Algan et al. (2014) for a survey of computational methods.

3For instance, Achdou et al. (2017) have shown that in the Krusell et al. (1998) model with discrete income
shocks (which has been widely used in the literature), the cross-sectional wealth distribution has spikes not only at
the borrowing constraint, but in the interior of the state space. These types of distributions are generally difficult

to describe with a flexible exponential form.



sectional distribution as long as it is generated by smooth individual decision rules.

In addition to projection methods, the literature has explored perturbation methods, which
are essentially local approximation methods around a deterministic steady state. Early versions
include Campbell (1998), Dotsey et al. (1999), and Veracierto (2002) — the last two in the context
of (S,s) economies.* Perhaps the most widely known perturbation method is Reiter (2009), which
is closely related to Campbell (1998).5 Instead of parametrizing the cross-sectional distribution as
a polynomial, Reiter (2009) keeps a finite histogram of the distribution as a state variable. While
the perturbation method allows him to greatly reduce the coarseness of the histogram, a limitation
of Reiter’s method is that the law of motion for the distribution needs to be approximated, and
this can be a highly non-linear mapping.® Instead, my method here embodies the exact law of
motion for the distribution. Winberry (2018) introduces a very interesting perturbation method
which, similarly to Algan et al. (2008), parametrizes the distribution with a flexible exponential
polynomial form. The perturbation method allows him to carry a polynomial of large order as a
state variable (or, equivalently, a large number of moments), which greatly improves the description
of the distribution. However, his method also relies on an approximation for the law of motion of

the cross-sectional distribution. Another powerful method has been introduced by Boppart et al.

4The method in this paper is actually a generalization of the approach used in Veracierto (2002).

°The recent method in Ahn et al. (2018) is an adaptation of Reiter’s method to continuous time. Other
perturbation methods in the literature include Preston and Roca (2007) and Mertens and Judd (2018), both of
which perturb a deterministic steady state with no aggregate or idiosyncratic shocks. In contrast, the method in

this paper perturbs a deterministic steady state with no aggregate shocks but positive idiosyncratic uncertainty.

SFor instance, consider the Krusell et al. (1998) model. As has already been mentioned, in this model there
is generally a mass of agents with the lowest idiosyncratic income level and zero assets (these agents are at the
borrowing constraint). Now consider the steady state assets level chosen by these agents when they transit to
a higher idiosyncratic income level. Suppose that this assets level falls within the first range of the histogram.
Whenever there is a positive aggregate productivity shock, this choice of assets will generally increase. If the
aggregate shock happens to be small enough that the modified assets level still falls within the first range of the
histogram, there will be no effects at all on the histogram. However, if the shock is large enough that the modified
assets level falls within the second range of the histogram, there will be a discrete reduction in the size of the first
bar of the histogram and a discrete increase in the size of the second bar. Thus, the histogram bars change quite
non-linearly with respect to the assets level chosen. This non-linearity problem can only be exacerbated when

reducing the coarseness of the histogram.



(2018). This method requires computing transitionary dynamics after an unexpected aggregate
shock, starting from a given deterministic steady state. In many contexts this can readily be
done. However, in economies with private information it can’t. The reason is that since the
distribution of agents across individual states is state-contingent, when the shock hits the economy
the distribution shifts endogenously. As a consequence, there is no fixed starting point from which
to start the deterministic transitionary dynamics. In fact, not only Boppart et al. (2018) have
difficulties handling state-contingent distributions: none of the other papers cited above have
addressed this case. On the contrary, the method in this paper can handle state-contingent
distributions perfectly well.

The paper is organized as follows. Section 2 presents the computational method. Section 3
discusses its general applicability. Section 4 tests the method using a Mirrlees RBC economy with
known analytical solution. Finally, Section 5 concludes the paper. All proofs are provided in an

accompanying Technical Appendix.

2 The computational method

This section describes a general method for computing stationary equilibria of economies with
heterogeneous agents and aggregate shocks. Although the method will be applied later on to an
economy with asymmetric information, it is described here in general terms to make it applicable
to a wide variety of settings.

The basic framework is as follows. The economy is populated by individual decision makers

that solve maximization problems of the following form at every time period ¢:”

ZRh<Sa a, X1, T2, [uhl,t—‘rl (Sv a,)]a/ ) [uth (87 a/)]a’ ) Ztapbpt-‘rl)ws +

S

Uh1,t4+1,Uh2t

vpe(a, x1,r9) =  max {Et

S a

Et ZZﬂh(a7 CL/, Zty Pty pt+1)vh,t+l (ala xll (87 a/) ) xl2 (87 a/)) Th [CL> ala Un1,t+1 (Sa &/) y U2ht (S’ a/)] ws }
(2.1)

"In what follows I use the convention that a variable is dated ¢ if its value becomes known when the date-t
aggregate shocks realize. If the dating of a variable x is clear from the context, I avoid dating it explicitly and its
next period value will be denoted by z’. In particular, I avoid dating the arguments of individual value functions

and decision rules.



subject to

xll <S7a/) = Ghl (aax17$2757a/7uh1,t+1 (S,CL/)) 5 (22)
xl2 <S>a/) = Gh? (a’xlax%S?a/auh?t (57@/)) ) (23)
0 < B |Cn (w2 luni (5,0, s [wnzn (5,020 ppin )| (24)

where h is the permanent type of the individual (e.g., being a household or a firm), a is a vector of
individual states that take a finite number of values (e.g., persistent idiosyncratic shocks), z; is a
vector of aggregate shocks, x; is a vector of individual state variables whose values are contingent on
the realizations of a and z;, x5 is a vector of individual state variables whose values are contingent
on the realization of a but independent of z;, s is a vector of i.i.d. idiosyncratic shocks with
distribution 1, up 441 is a vector of (@', z441)-contingent decision variables, upo is a vector of (a')-
contingent decision variables, p; is a vector of equilibrium prices (whose stochastic process is taken
as given by the individual), G, and Gjs define the laws of motion for x; and x5, respectively, Cj,
is a vector valued function defining constraints on up ¢41 and wpg, By, is a function that describes
the discounting of future payoffs (allowing for idiosyncratic and/or aggregate preference shocks,
as well as discounting using market prices), and 7, describes the transition probabilities for a
(potentially affected by the individual’s decisions).® While a and s take a finite number of values,
all other variables take real values.” The solution to this sequence of maximization problems is a
stochastic process for vpt, Un1 41, and upg:, which are all functions over (a, 21, z2). The permanent
type h implicitly defines the space in which (a, z;,x5) lie.!?. There is a finite number of different
permanent types in the economy.

The distribution of h-type agents across individual states (a, 21, x2) at the beginning of period

8While the dependence of Up1,+1 OF Upgy on @' is not critical, the dependence of wp1 41 on 241 is what
distinguishes it from wup2;. Any decision variable that is not contingent on z;;; is assumed to be included in wupg;.
The same assumptions apply to x; and zo. The presence of individual state and decision variables that depend on

the realization of the aggregate shocks plays a crucial role in economies with private information.

9The reason I introduce the i.i.d. shocks s explicitly instead of subsuming them in the vector a is because of
the restrictions across realizations of s that equation (2.4) allows for. These cross-restrictions play a crucial role in

certain economies with private information (e.g. representing incentive compatibility constraints).

10T avoid introducing a subscript h for these variables in order to simplify notation. However, the context will

always make clear the permanent type h that they correspond to.



t is described by a measure py;. The law of motion for uy, is given by the following equation:

e ({a'} x X x Xp) = ¢ ({d'} x X1 x ) (2.5)
+ Z (/ Th [CL, ala Un,t+1 (CL, T1,T2,S, CLI) , Uh2t (CL, Z1,T2,S, CL/)] d,uht) 1/137
s B

for every a’ and Borel sets X} and X5, where

B = {(a,z1,73) : Gpi(a,x1, 22,8, a ,up 441 (a, 21, 22,8,d")) € X}

and G (a, 1, %o, 8, a’, upgy (a, 11,22, 8,d")) € X} (2.6)

The measure ¢, describes an exogenous endowment of new agents (e.g., to accommodate exogenous
entry of firms in a firm dynamics context or newborns in a households life cycle context), while
the second term describes the endogenous evolution of the distribution. Observe that since wup; 441
is contingent on the realization of z,;, the same is generally true for p, ;1. I assume that pu,,
¢n, and 7y, are such that the total number of h-type agents py, is constant over time and equal to
I';,, independent of the stochastic process {un1,¢41, Unat }oy-

In what follows, it will be useful to differentiate the h-type of agents that are infinitely lived
and for which the maximization problem (2.1)-(2.4) is independent of a and s. Henceforth, all
variables corresponding to such “representative” types of agents will be denoted with a subscript
r, while the h subscript will be reserved for heterogeneous types. An important characteristic of
representative types of agents is that the measure ji,; describing their distribution across individual
states will have mass at a single point (x,1¢,Z,2¢—1). Therefore, it will be convenient to replace

i+ with that single point and replace the law of motion (2.5)-(2.6) with

Trig+1 = G (xrl,ta Lr2t—15 Url t+1 (iUrl,t, xr2,t—1)) ) (2-7)
Trot = Gro (xrlta Trot—1, Urot ($r1,t, $r2,t—1)) . (2-8)

The stochastic process for p;, which is taken as given in the maximization problems (2.1)-(2.4),

is an equilibrium process if for every ¢,

Q (Zt7 [Z (/ Mh(a> T1,T2, [uh2t ((I, xy,T2,S, a/)]a/)dﬂht) %] ) [leta er,tfla Upog (xrlta er,tl)L) = 07
s h
(2.9)
where @ is a vector valued function (of the same dimensionality as p;) describing aggregate fea-

sibility and/or market clearing conditions, M, is a vector valued function that determines which



moments of y; are arguments of @, and (2,14, Tr24-1, Urat) are the states and decision functions
of the r-type of representative agents. Observe that the z;,;-contingent decision variables wp; 441
and u,1 +41 do not enter Q).

The vector of aggregate shocks z; follows an AR(1) process z;11 = Nz;+e41, where Ey [e444] =

The high dimensionality of the equilibrium objects makes computing stationary equilibria for
this type of setting a nontrivial task. My approach will be to replace these objects with a finite
set of numbers that approximate them arbitrarily well. Moreover, the finite representation will
be chosen in such a way that the law of motion corresponding to equations (2.5)-(2.6) will be
a linear mapping. All first-order conditions and aggregate feasibility constraints will then be
linearized with respect to the variables in the finite representation (at their deterministic steady
state values), delivering a linear rational expectations model that can be solved using almost
standard methods.!! Since under the chosen finite representation the law of motion corresponding
to equations (2.5)-(2.6) is already linear, this method has the advantage that the linearization
does not introduce any further approximation errors to it: The method not only keeps track of
the distributions puy, arbitrarily well over all of their supports, but also uses their exact laws of
motion. Since the method performs a linearization at the deterministic steady state equilibrium

values of all variables, it requires computing these values as a first step.

2.1 Computing the deterministic steady state

While computing a deterministic steady state for this type of model is standard, this section
describes in detail a specific algorithm that serves to introduce objects and notation that will be
needed later on. Throughout the section, I assume that a deterministic steady state equilibrium
exists.

In order to compute a steady state, I start by making z; identical to zero and fixing the price
vector at some value p. For each r-type of representative agent, the vector of time invariant
state and decision variables (z1,, Za,, U1, ug,) can then be directly obtained from the first-order
conditions of the corresponding maximization problem.

I find it convenient to solve the maximization problems given by equations (2.1)-(2.4) using

1 The “almost” qualifier will be clarified later on.



spline approximations and value function iterations.'? To start, I restrict each component of the
vector of endogenous individual state variables (xy,x3) for each h-type agent to lie in a closed
interval and define a set of grid points in it that includes the extremes.'® The Cartesian product
of all these sets of grid points defines a finite set of grid points for (x;,z5), which is described
by a vector (zy;, i’gj)ji .- Given the value function v;, from the previous iteration, which is used

to evaluate (zf,x}) (possibly outside the grid points), the maximization problem in equations

(2.1)-(2.4) is solved for only at the grid points (a’:lj,@j)jﬁl. Once, the vectors of new values
’l_Jh = ['Uh (CL, Q_flj, j2j)]a,j’ ﬁhl = [uhl (CL, flj; i’gj, S, a')]w,s’a,, and 'L_Lh2 = [uh2 (CL, Q_Ilj, i’gj, S, a/)]a7j7s7a, are

obtained, T extend their values to the full domain of (x, ;) using splines. These value function
iterations continue until v, converges. Observe that the solution obtained depends on the price
vector p, which has been fixed.

For heterogenous agents, the steady state version of equations (2.5)-(2.6) describes the recursion
that the time invariant distribution p; has to satisfy. This equation corresponds to the case of a
continuum of agents. However, I find it convenient to perform the recursion in the case of a large
but finite number of agents. In particular, consider a large but finite number I, of h-type agents
and endow them with some individual states (a, z1,x2). Using the functions wuy; and wuyy already
obtained, I simulate the evolution of the individual states of these I, agents for a large number of
periods T'. To be precise, if an h-type agent i has the individual state (a,z1,x9) at the beginning
of the current period, then the individual state (a', 7, z4) at the beginning of the following period

is randomly determined as follows:

(i) with probability 7, [a, a’, un1 (a, 21,22, 8,a") , uns (a, 1, 22, 8, a’)] s, it is given by (2.10)
[Gl7 G (@, 21,29, 8, a', up (a, 21,22, s, a’)) ,Gha (a, 71,1, 5, a', ups (a, 21,22, 5, a’))] )

(ii) with probability 1 — Zﬂ' la,a',upy (a, 21,29, 8,d") , ups (a,x1, Ta, 5,a’)| 15 it is determined by ¢y,.

s,a’

Observe that the transition in (ii) takes place when the individual dies and is replaced by a

12For representative agents with state contingent state variables 1, it will be important to follow the procedure

described in this paragraph as well since the steady state objects described here will be needed later on.

13When restricting each of these variables to lie in a closed interval, one should modify the steady state maxi-
mization problem (2.1)-(2.4) to incorporate the corresponding constraints on zj and x4. The use of splines is what

requires each component of (z1,x2) to lie in a closed interval.



newborn whose initial state is unrelated to the state of the predecessor.
Simulating the I;, agents and their descendants for T periods using the law of motion in (2.10),
I obtain a realized distribution (a*, x?, xé)fil of individual states across the Ij, agents. Doing this

for every h-type, the aggregate feasibility conditions can then be computed as

Ip,
Q (0, [E (Fh[—h E My(a', 25, 25, [uhg (a’,x’l,x;,s,a’)}a,)> wsl ,[xrl,a:rg,urz]T> =0. (2.11)
s h

i=1
Observe that by the law of large numbers, equation (2.11) will become an arbitrarily good ap-
proximation of equation (2.9) as all I, and T tend to infinity.

If equation (2.11) is not satisfied, the price vector p must be changed until it is. This represents

a standard root finding problem.

2.2 Computing the stationary stochastic solution

As I already mentioned, computing the stationary stochastic solution requires linearizing the
first-order conditions to the maximization problems given by equations (2.1)-(2.4), the laws of
motion (2.5)-(2.6), the laws of motion (2.7)-(2.8), and the aggregate feasibility conditions given
by equation (2.9) with respect to a convenient set of variables.

In order to illustrate some of the issues involved in the linearization of the first-order conditions,
I will use equation (2.1) as an example since it represents the most complex type.!* The first issue
is the existence of a continuum of equations (2.1), since (z1, x5) take a continuum of values. I solve
this “curse of dimensionality” by considering the equation only at the grid points (7, i’gj)ji , that
were used in the computation of the deterministic steady state. Another issue is that each of this
finite number of equations depends on the infinite dimensional object vy, 441, since it is a function
of (2, %), and I need to evaluate these variables outside the grid points. In this case, I solve

the “curse of dimensionality” by considering that vj, 41 is a spline approximation and, therefore,

“Equation (2.1) enters the set of first order conditions if the transition probabilities 7, depend on UR1,t41 OF
up2¢. In this case, the level of vy, enters the first order conditions and the definitional equation (2.1) must be
included. If 7, does not depend on upy 41 Or up2e, only the derivatives of vy enter the first order conditions.
However, the issues discussed here in the context of equation (2.1) apply to other first-order conditions, including
the definitional equation for the derivatives of wvp;. For reasons I will explain in Section 2.3, it is important to
write first order conditions using the derivatives of the value function and not as second order stochastic difference

equations.

10



is completely determined by the vector U 41 = [vn41 (@, Z1j, Toj)] i.e., by the value of the

a,j’
function at the grid points. Consequently, after substituting equations (2.2)-(2.3) into equation
(2.1) and linearizing at the corresponding steady state values, I am left with the following finite
set of equations:

0= E{L}, (Ung, Uni,e+1, Unat,s 26, Pty Pet1, Ohat1) } s (2.12)

where U1 141 = [Un1e41 (@, T1j, Toj, S, a’)]avj,s’a/, Unat = [unat (@, T1j, Toj, S, a’)]a’j’s’a, and L} is a vector
valued linear function with the same dimensionality as vy;.

Particular attention should be given to the first-order conditions corresponding to grid points
(a,Z1;,Z2;) for which the deterministic steady state choice of some component of 7} (s,a’) or
x4 (s, a’) hits one of the extremes imposed by the use of spline approximations. At these grid points,
the maximization problem (2.1)-(2.4) should be modified by imposing the constraint that the
corresponding component of equation (2.2) or (2.3) must evaluate to the corresponding extreme.
The first-order conditions used at these grid points should be those of the modified problem. A
consequence of this is that if the optimal choice of some component of 2 (s,a’) or 7} (s,a’) hits
an extreme in the steady state solution, it will always hit it in the stochastic solution. This
will certainly distort the stochastic decision rules close to the extremes, so in practice one should
choose these extremes far enough that the invariant distribution p;, puts little mass close to them
(minimizing the relevance of these distortions).

Linearizing the aggregate feasibility conditions described by equation (2.9) presents more com-
plicated issues because of their dependence on the integrals [ i Mhd,uht} ,- Lo make progress, these
integrals must be represented with a convenient finite set of variables. To do this, I follow a
strategy that is closely related to the one used in Section 2.1 for computing statistics under the
invariant distributions. In particular, for each heterogenous type of agent h, consider the same
large but finite number of agents Ij, used in that section and endow them with the same realized
distribution of individual states (a’, x%, x%)fil that was obtained when computing the steady state.
Now, assume that these agents populated the economy N time periods ago and consider the his-
tory {un1 t4+1-n, th,t—n}i:[:l of decision rules that were realized during the last N periods (where ¢
is considered to be the current period). Since these decision rules are spline approximations, this
history can be represented by the finite list of values {@n1 t41-n, Iah2,t7n}iv:1~ Using this history of

decision rules, I can simulate the evolution of individual states for the [, agents and their descen-

11



dants during the last N time periods to update the distribution of individual states from the initial

i i inIn o AR Iy : a1 -
3 {2 7 (2 7 1
(a*, 2, 24),", to a current distribution (at, xly, x2,t—1)i:1‘ In particular, I can initialize the distribu-
. . . . . . . 7/ 7: Z o /L Z 74
tion of individual states at the beginning of period t — N as (aj_y, #},_y, @b, y_1) = (a', 2}, xb),

for i = 1,...,I;. Given a distribution of individual states [(ai_n,mit_n,x§7t_n_1)}lh at period

i=1
t —n, the individual state (ai_,,,, 2%, 1, %5, ,) of cach agent i at period ¢t —n + 1 is randomly

determined as follows:

(i) with probability m, [aj_,,a', U 4y (5,0")  Uhy s (s,0")] U, it s given by (a', Gy 41 (s,0),

Z2,t—n (3’ a/)) ) where (u21,t+1—n (37 a,) 7u’;7,2,t—n (S’ a/) 7G21,t+1—n (37 a/) ) ZQ,t—n (a/)) are the
values of (Untt+1-ns Un2,t—ns Gr1, Ghe) evaluated at (aj_,,a’, @}, ,, 2, ,_1,s,d),

(ii) with probability 1 — Z T (A, @ Uy g (5,0)) Uy (5,0")] 1), it is determined by ¢,

s,a’

I,

i=1 at

Proceeding recursively for n = N, N —1, ..., 1, I obtain a realized distribution (a, 2%, 25, ;)
the beginning of period ¢. This distribution can be used to compute statistics under the distribution
the- In particular, having followed the above procedure for each h-type of heterogeneous agents,

I can rewrite equation (2.9) as

Ip,
1 S ) o )
0 = Q 2t Z FhI_ZMh(ai7 ':Ellu :CZZ,t—l? [uth (a;, xllta xZQ,t—la S, a/)}a’) ws )
s hi=1 h
3 [$r1t7 Tr2t—1, Urat (wrlta er,t—l)]T) (213)

Since upo; and u,9¢ are spline approximations, they can also be summarized by their values at the
grid points g and u,9:.'° As a consequence, equation (2.13) can be linearized at the deterministic

steady state values to get the following finite set of equations:

0=L“ (Zt, [{ahl,t+1—n}nNzl ; {fth,t—n}gzg i [Tr1e, Trog—1, ﬂer]r) (2.14)

where £ is a vector valued linear function.®

15For simplicity, I assume here that all representative agents have state-contingent states z,,. However, for
representative agents with no state-contingent states, instead of writing equation (2.13) in terms of their decision
rules u,o¢, it is often more convenient to write it directly in terms of the values of their type-2 decision variables
at date ¢. Consequently, for this type of representative agents, @i,2; in equations (2.14) and (2.18) is not a vector

of spline coefficients but a vector of values for type-2 decision variables.

6Taking numerical derivatives of equation (2.13) with respect to each spline coefficient in the list

12



My approach of representing the distribution uy, with a finite history of values greatly simplifies
the description of the law of motion in equations (2.5)-(2.6). In fact, updating the distribution
tne is merely reduced to updating those histories. In particular, the date-(t 4+ 1) histories can
be obtained from the date-t histories and the current values #1441 and 49 using the following

equations:

Unl,(t+1)—n =  Uhlt—(n—1) (2.15)

Up2,(t+1)—n = Uh2t—(n—1), (2.16)

for n = 1,...,N. Observe that the law of motion described by equations (2.15)-(2.16) is already
linear, so no further linearization is needed. Also observe that the variables that are N periods
old in the date-t history are dropped from the date-(t + 1) history. Thus, the law of motion
described by these equations introduces a truncation. However, introducing a life cycle structure
to the h-type of heterogenous agents will make the consequences of this truncation negligible. The
reason is that the truncation only affects agents surviving for N consecutive periods and, given
sufficiently small survival probabilities and/or a sufficiently large N, there will be very few of these
agents. Apart from this negligible truncation, there are no further approximations errors in the
representation of the law of motion given by equations (2.5)-(2.6) — a crucial benefit of using the
computational method described in this paper.

Since all 114441 and u,9, are also spline approximations they are summarized by their values

at the grid points t,1¢ 441 and U9;. The laws of motion (2.7)-(2.8) can then be linearized to obtain

0 = Lo (Tr1441, Trits Tro—1, Urites) (2.17)

O = ﬁGTQ (xr2t; L1ty er,tflv aer) ) (218>

where £ and £¢2 are vector valued linear functions of the same dimensionality as Tp1 441 and

Trot, Tespectively.

[{ahl’t+17n}iv=1 , {ﬂhg,t,n}ﬁfzo} . requires simulating I;, agents over N periods. Thus, obtaining the linear function
L requires performing a large number of Monte Carlo simulations. Moreover, minimizing sampling errors requires
a large value for Ij, (in practice I work with panels of about 10 million individuals). While this seems a daunting
task, it is easily parallelizable. Thus, using massively parallel computer systems (such as GPU accelerators) can

play an important role in reducing computing times and keeping the task manageable.

13



Once all equations have been linearized, I am left with a stochastic linear rational expectations
model with a non-standard feature — namely, that some of the decision variables during the current
period and some of the endogenous states during the next period are contingent on the realization
of the aggregate shocks during the next period. Fortunately, this difficulty can be handled easily.
The reason is that the stochastic state-contingent solution that I seek can be easily constructed
from the solution to the deterministic version of the model, and this version has a standard
structure that can be solved using well known methods. In what follows, I describe the linear

stochastic model in detail and show how to perform this transformation.

2.3 Solving the linearized model

Define the following vectors:

z, = :[{Aﬂm,mfn}f:l]h,[Axm]r], (2.19)
wp, = :[{A@hz,t—n}ivﬁ]hv[Al’ﬂ,t—l]r]a (2.20)
Vi1 = [[Atnenly,, [Adeenl,], (2.21)

yp = _{Avht,A (%) 7Ath>Auh2t:|h, {Ava (%) ,Aqﬁ,AumL,Apt} , (2.22)

where A represents deviations from steady state values. Ouvp/0x and @, are the derivatives of
vpe and the Lagrange multipliers of constraints (2.4), respectively, evaluated at the grid points
of the h-type of heterogeneous agents. 0v,;/0x and ¢4 are similar objects but for the r-type of

representative agents. The linearized model can then be written as

[\]
[\)
w

0 = Bllxi + Blg.I?fl + Clzy? + Dlzt,

0 = A21$,}+1 + Bo1p + Baow} | + 0213/,51+1:

[\]
[\]
(@)

0 = Aspr? + Bsywf + Baow? | + Caoy?,

S VS S S
[\ [\
(@) i~
S— S— N— N—

0 = Huwz+ Hpa} |+ Joyi + Koy + Kyl + Myz,
0 = E; {Fszﬂl??“ + G52It2 + Hsll’g + H52$f,1 + J52?Jt2+1 + K51yt1+1 )
—|—K52y152 + L5Zt+1 + M5Zt} (227)

Zt+1 = NZt + Ett1, <228)

where (2.23) represents the aggregate feasibility constraints (equation 2.14), (2.24) is the law of

motion for z} (equations 2.15 and 2.17), (2.25) is the law of motion for 27 | (equations 2.16 and
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2.18), (2.26) is the first-order conditions for up; ;1 and u,q .41 evaluated at the grid points (which
must hold almost surely), and (2.27) represents the constraints (2.4), the first-order conditions for
upze and w9, the definitions of vy, and v,4 (e.g., equation 2.12), and the envelope conditions for
Ovp/Ox and 0v,/0z, all evaluated at the grid points (these equations must all hold in expecta-

tion).'” T seek a recursive solution to equations (2.23)-(2.28) of the following form:

I§+1 = Qllx% + ngmf_l + Uiz + O12441, (2.29)
7 = Qo) + Qoowy | + Uaz, (2.30)
yt1+1 = q)nllf% + q)12513't2,1 + Dz + Az, (2.31)
yi = Ouay + Pppxy g + Doz (2.32)

My strategy will be to construct it from the recursive solution to the deterministic version of
equations (2.23)-(2.28), in which 4, is set to zero and the expectations operator is dropped.!®
This deterministic version has identical structure as the system analyzed in Uhlig (1999) and can

be solved using identical methods.'® Its solution has the following form:

Ty = Puw 4 Pori 4+ Quz, (2.33)
x7 = Pox; + Porl |+ Quz, (2.34)
?Jtl+1 = Rllx% + R12$,52_1 + Sz, (2.35)
yp = R21$% + RQQ$t2_1 + S22 (2.36)

Proposition 1 Let (2.33)-(2.36) be the solution to the deterministic version of equations (2.23)-
(2.28). Define Q1 = Pr1, g = Pra, Qa1 = Py, Qg = Pog, Uo = Qa, P11 = Ry, P12 = Ry,

17 Actually, only the constraints in (2.4) that hold with equality are included in the system of equations. Also,

only the Lagrange multipliers of these constraints are included in G; and G+ in equation 2.22.

I8For this strategy to work it is important to write the first order conditions for the heterogeneous agents in
equations (2.26)-(2.27) using the derivatives of the value functions and not as second order difference equations.
For representative agents with no state contingent state variables it is often more convenient to write their first
order conditions as second order difference equations. It is only for this reason that =7, z7,, and z,1, are included

in equation (2.27).

19Tn fact, I use the same notation as Uhlig (1999), page 38, to facilitate comparisons. The only difference is that
the variables here written as z} and y;,, are there written as z;_; and y;. However, in a deterministic context this

difference is immaterial (it can be considered a simple notational issue).
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D91 = Roy, Pog = Rao, 'y = 5, and

0, = YACHK ' JS,, (2.37)
Uy = Y[Ay CouKy' JinRoQs + Ay Cor Ky KunSs + Ay Cor Ky My (2.38)
A = —K'JpRn0, — K JunSs, (2.39)
I = —K'JpRauV, — K JuRwQy — K ' KypSy — K My, (2.40)
where
T =[I - A Co Ky o Ron ] ™ (2.41)

Then, (2.29)-(2.32) solves the stochastic system (2.23)-(2.28).
Proof. The solution is verified using algebraic manipulations and the law of iterated expecta-

20

tions. []

3 (General applicability

The computational method just described is applicable to a wide variety of models, but these
models must satisfy certain conditions. A key feature of the computational method is that it uses
a finite history of past decision rules to describe the current cross-sectional distributions of agents
across individual states. For this strategy to work, the model considered should incorporate
a significant life-cycle structure for the non-representative types of agents. In particular, their
expected (or deterministic) lifetimes should be sufficiently short relative to the model time period.
Otherwise, one may have to use prohibitively long histories of past decision rules in order to
characterize the cross-sectional amount of heterogeneity accurately.

Another feature of the computational method is that it uses spline approximations to describe
decision rules. This approach can accommodate a large class of decision rules but could become
quite costly in certain cases. If the decision rules have ranges with sharp non-linearities, describing
them accurately may require adding many grid points at those ranges. This could increase the
computational costs significantly, since introducing more spline coefficients increases the number
of aggregate state variables in the system (the computational method must keep track of the

history of the additional coefficients). Another reason for the added complexity is that calculating

20See Technical Appendix 6 for a complete proof.
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numerical derivatives accurately at narrowly separated grid points requires having a good definition
of the invariant distribution over the subranges that they define.?! Since the invariant distribution
is obtained by performing Monte Carlo simulations, this may require working with a huge panel
of agents. For these reasons, it is important to inspect the invariant distribution and decision
rules at the deterministic steady state of the model and evaluate if the invariant distribution puts
enough mass on ranges of non-linearities to justify the added complexity.

The spline decision rules will also only approximately describe the critical values at which a
constraint becomes binding. Moreover, the computational method assumes that if a constraint
binds (does not bind) at a given grid point in the deterministic steady state, that it will always
bind (not bind) in the stochastic solution.? While this assumption is likely to hold at most grid
points, it may not hold at grid points that are sufficiently close to true critical values. In many
cases these approximation errors will have unimportant consequences for the aggregate dynamics
of the model. For example, if the invariant distribution puts little mass around the computed
critical values, it will be largely irrelevant what happens in those ranges. Even if the invariant
distribution puts significant mass around those critical values, the consequences of missing the
associated constraints by small amounts are likely to be unimportant if the decision rules are
sufficiently smooth. Problems may arise when the invariant distribution puts considerable mass
close to the critical values and the decision rules are sharply non-linear around them. In these
cases, the computational method may fail to capture the aggregate dynamics of the model correctly.
Certain (S,s) economies fall in this category.

This does not mean that every (S,s) model is outside the scope of the computational method
described in this paper. Many (S,s) models incorporate natural drifts that move agents away from
the (S,s) thresholds, making the invariant distribution put zero mass around them. For example,
these drifts could be generated by an exogenous depreciation rate of capital in an investment

irreversibilities model (e.g. Veracierto (2002)), an exogenous quit rate of workers in a firm dynamics

21Recall the linearization of equation (2.13).

22 In particular, for each grid point (a, Z1, Z2;) in the maximization problem described in (2.1), if some component
of equation (2.4) holds with equality (strict inequality) at the deterministic steady state, the linearization performed
in the construction of equation (2.12) implicitly imposes that this same component always holds with equality (strict

inequality) at the stochastic solution.
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model with either firing costs or matching frictions (e.g. Veracierto (2008a), Veracierto (2016)), or
an endogenous arrival rate of agents in an islands model with undirected search (e.g. Veracierto
(2008b)). In such models, the computational method described here could be applied perfectly
well. In fact, this method is a generalization of the one used in the papers just mentioned. Instead
of using spline approximations, the (S,s) adjustments in those papers allowed me to completely
describe the decision rules with a finite number of (S,s) thresholds. Also, the drifts already
mentioned made agents transit the (S,s) ranges of inaction in finite time and produced invariant
distributions with finite support. As a consequence of this, I was able to describe the aggregate
state of the economy using a finite history of (S,s) thresholds (or, equivalently, the finite support of
the cross-sectional distribution). The computational method introduced in this paper generalizes
that same approach to economies with general decision rules and cross-sectional distributions of
agents with infinite support.

The rest of the paper illustrates the computational method using a model that has this more
general structure. In particular, it illustrates the method using a Mirrlees RBC economy.?® There
are two main reasons for this choice of model. The first reason is that the computational method
can easily handle state-contingent distributions whereas other methods in the literature cannot.
This difference calls for illustrating the computational method using a model with private informa-
tion. The second reason is that in Veracierto (2019) I provide a sharp analytical characterization
of the solution to the Mirrlees RBC economy considered here. Comparing the properties of the
numerical solution to the theoretical results found in that paper provides an ideal test case for
evaluating the accuracy of the method. It turns out that, while the computational method does
not exploit the structure of the Mirrlees economy in any way, it recovers those analytical results

exactly.

23 A natural alternative would have been to use the Krusell et al. (1998) model, since it has been widely used
in the literature. While the invariant distribution of that model generally puts positive mass at zero assets, the
critical asset values at which agents start accumulating zero next-period assets have no mass in them. Moreover,
the decision rules are quite smooth around those critical values (and approximately linear away from them.) Thus,
the computational method could be perfectly applied (once the model is modified to incorporate some type of life

cycle structure).
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4 A Mirrlees RBC economy with known solution

The economy is populated by a unit measure of agents subject to stochastic lifetimes. Whenever
an agent dies they are immediately replaced by a newborn, leaving the aggregate population level

constant over time.?* The preferences of an individual born at date T are given by

Er {i Ao In (¢;) + ayIn (1 — ht)]} , (4.1)

t=T
where o is the survival probability, 0 < 8 < 1 is the discount factor, and «; € {ar,ay} is the
idiosyncratic value of leisure (where ay < ap). Realizations of oy are assumed to be i.i.d. both
across individuals and across time. The probability that oy = a4 is given by ¥;. A key assumption
is that ay is private information of the individual.

Output, which can be consumed or invested, is produced with the following production func-
tion:

Y, =e* K, (H 77, (4.2)

where 0 < v < 1, Y} is output, z; is aggregate productivity, K, i is capital, and H; is hours worked.

The aggregate productivity level z; follows a standard AR(1) process given by:

Zt4r1 = P2+ €441, (4.3)

where 0 < p < 1, and €;4; is normally distributed with mean zero and standard deviation o..

Capital is accumulated using a standard linear technology given by
Kt = (1 - 5) Kt,1 + Itu (44)

where [; is gross investment and 0 < § < 1.

4.1 The mechanism design problem

In what follows, I will describe the mechanism design problem for this economy. To do this, it
will be convenient to distinguish between two types of agents: young and old. A young agent is

one that has been born at the beginning of the current period. An old agent is one that has been

24As in Phelan (1994), the stochastic lifetime guarantees that there will be a stationary distribution of agents

across individual states.

19



born in some previous period. The social planner must decide recursive plans for both types of
agents. The state of a recursive plan is the value (i.e., discounted expected utility) that the agent
is entitled to at the beginning of the period. Given this promised value, the recursive plan specifies
the current utility of consumption, the current utility of leisure, and next-period promised values
as functions of the value of leisure currently reported by the agent. The social planner is fully
committed to the recursive plans they choose and agents have no outside opportunities available.

A key difference between the young and the old is in terms of promised values. Since during the
previous period the social planner has already decided on some recursive plan for a currently old
agent, the planner is restricted to delivering the corresponding promised value during the current
period. In contrast, the social planner is free to deliver any value to a currently young agent since
this is the first period they are alive. Reflecting this difference, I will specify the individual state
of an old agent to be their promised value v and their current value of leisure s (henceforth, I
will refer to the value of leisure ay by its subindex s € {L, H}). At date ¢, their current utility
of consumption, utility of leisure, and next-period promised value are denoted by s (v), nost (V)
and w,s 11 (v), respectively, where w,s .11 (v) is a random variable contingent on the realization
of z;41. In turn, the individual state of a young agent is solely given by their current value of
leisure s. At date ¢, the agent’s current utility of consumption, utility of leisure, and next-period
promised value are denoted by s, nys and wy, 41 respectively, where wy .41 is also contingent
on the realization of z;,1.

The social planner seeks to maximize the weighted sum of the welfare levels of the current
and future generations of young agents, subject to individual incentive compatibility and promise
keeping constraints, as well as aggregate feasibility constraints.?> Veracierto (2019) describes this
economy-wide planning problem in detail. However, in order to map the mechanism design prob-
lem into the structure described in Section 2, it will be convenient to decompose that planning
problem into a sequence of sub-planning problems. In each period, there are two sub-planning
problems: one sub-planning problem concerned with providing insurance and incentives to indi-
viduals, and another sub-planning problem concerned with making production and investment

decisions. In these sub-planning problems, the joint stochastic process for the shadow price of

25The welfare levels of the current old agents are predetermined by their promised values at the beginning of the

period.
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labor (in terms of the consumption good), ¢;, and the shadow price of the consumption good
(in utiles), A, are taken as given. The solutions to these sequences of sub-planning problems
correspond to those of the economy-wide planning problem if certain side conditions are satisfied.

The sub-planning problems for individuals differ depending on whether the individual is young

or old. For every date ¢, the sub-planning problem for old individuals is as follows:

A
Pot (U) = max Z 77st {ch(nost) —C (uost) + QO'Et ;\+1 Po,t-‘,-l (wos,t+l>:| } (45)
S t
subject to
Uort + ALNort + BOE: [Wor 14+1) > Uomt + apnomt + BOE: [Wom t41] (4.6)
U= Z {uest + QgNost + BO-Et [wos,t—i-l]} @st, (47)

where h (n) are the hours worked implied by the utility of leisure n (i.e. h(n) =1—¢"), and ¢ (u)
is the consumption level implied by the utility of consumption u (i.e. ¢(u) = e*). Observe that
the current “social profits” in equation (4.5) are given by the social value of the hours worked
by the old agent, net of the consumption goods that are transferred to them. Also observe that
the sub-planner discounts the future social profits of the old individual using the social discount
factor 6, the survival probability o, and the stochastic social discount factor A;1/\;. The social
discount rate # is the Pareto weight of the next-period generation of young agents relative to
the Pareto weight of the current generation of young agents.? Equation (4.6) is the binding
incentive compatibility constraint. It states that the expected value to the individual of truthfully
reporting the low value of leisure L must be at least as large as the expected value to the individual
of misreporting the high value of leisure H. Equation (4.7) is the promise-keeping constraint. It
states that the social sub-planner must deliver the expected value v that was promised at the
beginning of the period.

For every date ¢, the sub-planning problem for young individuals is as follows:

Py = maxz (o {uySt T Ty j{tﬁaEt [yst] + qih(nyst) — ¢ (uyst) + 00 By )\;\:1 P, (wys,tJrl)} }
) (4.8)
subject to
Uyt + apnyre + BBy [Wyre11] > Uyme + apngme + Bo By [Wym 4] - (4.9)

26] assume that Bo < 0 < 1.
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Observe that in this case the social surplus is given by the expected lifetime utility level of the
young agent (in current consumption units), plus the expected social value of the hours worked
by the agent, net of the expected consumption goods transferred to them. Since, conditional on
surviving the young agent becomes old after one period, the function used to evaluate next-period
continuation values is P, ;4.

For every date t, the sub-planning problem for production decisions is

_ A
t

Observe that the social surplus generated by this planning problem is given by output net of the
value of the labor input and the value of investment.

The economy-wide distribution of old agents across promised values v at the beginning of
period t is given by a measure p;, while the number of young agents is constant over time and
given by 1 —o. Given the stochastic sequence of decision rules [Uost, Tosts Wos 141, Uysts Tyst wyS,tH]S
that solve the corresponding sub-planning problems for individuals, the law of motion for u; is

given as follows:

s (B) =0y | b+ (1—0)o S w, (4.11)
s {v: wos,t41(v)EB}

8 Wys t+1€8

for every Borel set B. Equation (4.11) states that the number of old agents that have a promised
value in the Borel set B at the beginning of the following period is given by the sum of two terms.
The first term sums all currently old agents that receive a next-period promised value in the set
B and do not die. The second term does the same for all currently young agents.

The economy-wide stock of capital at the beginning of period t is equal to K;_;. Given the
stochastic sequence of decision rules [Hy, I;] that solve the sub-planning production problems, K

follows a stochastic process given by
Kt - (1 - 5) Kt—l + ]t (Kt—l) . (412)

The side conditions that the stochastic shadow prices {q;, \i};~, need to satisfy at every date

t are the following:

(L—=0) ) e (uy) s + /ZC (tost (V) Ysdpsy + 1 (K1) = € K Hy (K q)' 7, (4.13)
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and

Hy (K;_ 1) =(1-0) Zh (nyst) Ys + /Zh (Nost (V) Vsdpay. (4.14)

Equation (4.13) describes the aggregate feasibility constraint for the consumption good. It states
that the total consumption of young and old agents, plus aggregate investment cannot exceed
aggregate output. Equation (4.14) is the aggregate labor feasibility constraint. It states that the
input of hours into the production function cannot exceed the total hours worked by young and

old agents.

4.2 Applying the general computational method

In this section I show that the mechanism design problem described above has the general structure
described in Section 2. As a consequence, the deterministic steady state optimal allocation can
be computed as in Section 2.1 and the stationary stochastic optimal allocation can be computed
as in Section 2.2

There are two permanent types h of agents in this economy: production sub-planners and
individuals sub-planners. The production sub-planner has a “representative” type so I denote it
with subscript . The h subscript is reserved for individuals sub-planners.

There are no z;-contingent states xy,; for production sub-planners (observe that the notation
for aggregate shocks z; coincides with the general setting). However, it does have a non-contingent
state: the stock of capital. Thus, x9,.;—1 = K;_1. The vector of decision functions wug,; is given
by (Hy, I;). The function G,o in equation (2.8) is then given by equation (4.12). The counterpart
for the maximization problem given by equations (2.1)-(2.4) is equation (4.10), with v,y = Py,

x9 = K, there is no a, z1 or s, py = (¢, A¢), and

R, = e*K'H!™" —¢H, — I,

i1
. =0
8 o

(1—5)K+]t.

GT2

Observe that there is no equation (2.2) or (2.4).
For individuals sub-planners there are two values for a: y (young) and o (old). There is no
uncontingent state x,, and the z;-contingent state is the promised value, i.e. x; = v. Observe

that m,(y,y) = 0, m(y,0) = o, m(0,0) = 0 and m,(0,y) = 0 (these transition probabilities are
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independent of individual decisions). The idiosyncratic shock s corresponds to the index of the
idiosyncratic value of leisure ay (the notation for the probabilities 1, coincides in both contexts).

When the sub-planner is deciding over an old individual (i.e. a = 0), the maximization problem
in equations (2.1)-(2.4) is described by equations (4.5)-(4.7). Thus, vy, = Py, the z;1-decision
variables [up1 441 (s, a’)], are given by wos 41 and the uncontingent decision variables [upy; (s,a")],,

are given by (Ust, Nost). Also,

Rh = ch(nost) —C (uost) )

_ 0>\t+1

Bh = )
A

Ghl = Wos,i+1,

and Cj, in equation (2.4) is given by equations (4.6)-(4.7). There is no Gps.

When the sub-planner is deciding over a young individual (i.e. a = y), the maximization
problem in equations (2.1)-(2.4) is described by equations (4.8)-(4.9). Thus, vy = P, the z4-
decision variables [up1 41 (s,a’)],, are given by wy,,41 and the uncontingent decision variables

[upoe (s,0a")], are given by (wys, nyst). Also,

Uy st + QsNyst + 50—wy57t+1

Rh = )\t + qth(nyst) —C (uyst) )
Aty
= 0
Bh >\t ;
Ghl (aa S) = Wys,t+1,

and (Y, in equation (2.4) is given by equation (4.9). There is no Gjs.

The distribution s of h-type agents across individual states (a,x1,22) at the beginning of
period t is described by the measure y; when a = o0 and by the total number of young agents 1 — o
when a = y (since the decision rules of young agents do not depend on promised values, there
is no need to specify an explicit measure across promised values for young agents). The law of
motion in equation (2.5) for @’ = o is then given by equation (4.11), with ¢, ({a'} x &) = 0.

Finally, the vector valued function @) in equation (2.9) is given by equations (4.13) and (4.14).
The moments in M, that enter the first component of @ are ¢ (uys) and ¢ (uos (v)), and the

moments that enter the second component of Q are h (n,s) and h (ngs (v)).*

2TWhile this section has shown how to map the Mirrlees RBC economy to the general structure of Section 2,

24



4.3 Testing the computational method

Having shown how to map the Mirrlees RBC economy into the general structure of Section 2, I use
it to test the accuracy of the computational method. The reason, as has already been mentioned,
is that in Veracierto (2019) I establish key features of the stationary solution analytically. In
particular, I demonstrate that under the logarithmic preferences assumed here that the following
properties hold:

Property 1: uyq, nys, and wys,41 fluctuate over the business cycle by amounts that are
independent of the reported type s,

Property 2: each of the allocation rules s (v), Nost (v), and wys 441 (v) are strictly increasing
linear functions that are parallel across reported types,

Property 3: st (v), Most (v), and wps 11 (v) shift over the business cycle while keeping their
slopes constant, and the shifts are independent of the reported type s,

Property 4: the cross-sectional distributions of promised values v, of log-consumption s,
and of log-leisure n,g, shift horizontally over the business cycle while maintaining their shapes,

Property 5: aggregate consumption Cy, aggregate hours worked H;, and aggregate capital K,
are exactly the same as in the stationary solution to the following representative agent planning
problem:

V(zt, Ki—1) = max{u (C}) + an (1 — Hy) + 0E; [V (2141, Kt)]} (4.15)

subject to

Ci+ K, —(1-0)K,y <e*K] |H 7, (4.16)

where & = apip + agy. 1 refer the reader to Veracierto (2019) for the economics behind these
results, as well as for results corresponding to other preferences. What I am interested here is to
show that the computational method recovers the above properties exactly. In order to do this I
must first parametrize the model.

Following the RBC literature, I select a labor share 1 —~ of 0.64, a depreciation rate ¢ of 0.10,

a private discount factor 3 of 0.96, a persistence of aggregate productivity p of 0.95, and a variance

the reader interested in implementing this method to other models may want to review Technical Appendix 7.
This appendix is rich in concrete implementation details, such as listing each of the first order conditions and their
arguments, and classifying each first order condition into one of the five types given by equations (2.23)-(2.27).

The appendix also shows how the general linearized model (2.23)-(2.28) simplifies in this particular application.
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2

2 equal to 4 x 0.007%, all corresponding to a time

of the innovations to aggregate productivity o
period of one year. The social discount factor 6 is chosen to be the same as the private discount
factor 5. The values of leisure oy, and ay are chosen to satisfy two criteria: That aggregate hours
worked H equal 0.31 (a standard target in the RBC literature) and that the hours worked by
old agents with the high value of leisure and the highest possible promised value 7,5 (Umax) be
a small but positive number. The rationale for this second criterion is that I want to maximize
the relevance of the information frictions while keeping an internal solution for hours worked.
The resulting values for oy and ay are 1.643 and 2.177, respectively. I treat both values of the
idiosyncratic shock symmetrically and chose v, = ¢y = 0.50. In terms of the life-cycle structure,
I choose o = 0.975 to generate an expected lifespan of 40 years.

While the above parameters are structural, there are a number of computational parameters
to be determined. The number of grid points in the spline approximations J, the total number of
agents simulated I, the length of the simulations for computing the invariant distribution 7', and
the length of the histories kept as state variables when computing the business cycles N are all
chosen to be as large as possible, while keeping the computational task manageable and results
being robust to non-trivial changes in their values. Their chosen values are 20, 223, 1000, and
273, respectively.?® It turns out that under these computational parameters, the linearized system
described in Section 2.3 has about 12,000 variables (a large system indeed).

Finally, the lower and upper bounds for the range of possible promised values vy, and vpax
were chosen so that the fraction of agents in the intervals [vy,vs] and [v;_1,v,] are each less than
0.01%. Thus, truncating the range of possible values at vy,i, and vy,.« should not play an important
role in the results. The chosen values for vy, and v, are —35.0 and —16.3, respectively.

Before turning to the business cycle results, I illustrate different features of the model at its

deterministic steady state. Figure 1 shows the invariant distribution of promised values across the

J — 1 intervals [vj, vjﬂ]jz_f , defined by the grid points of the spline approximations. We see that
the invariant distribution puts very little mass at extreme values. In consequence, in what follows

I will report allocation rules only between the 6th and 16th grid points. The reason is not only

28Given the value selected for the survival probability o, less than 0.1% of individuals survive more than N
periods. Thus, the truncation imposed by keeping track of a finite history of decision rules introduces a very small

approximation error.
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that there are too few agents at the tails of the distribution for them to matter, but also that
being close to the artificial bounds vy, and vy,., greatly distorts the shape of the allocation rules.

Figure 2.A reports utilities of consumption for old agents u,r (v) and u,g (v) across promised
values v, at the deterministic steady state. We see that both u,; and u,y are strictly increasing in
the promised value v, are linear, and are parallel to each other. Figure 2.B shows the same for the
utilities of leisure n,r, (v) and n,g (v), and Figure 2.C for the next-period promised values w,r, (v)
and w,y (v). Since these figures could be tricking the naked eye, Figure 2.D, depicts the vertical
differences across reported types u,g (v) — tor (V), Nog (V) — nop (v) and w,op (v) —w,r, (v). We see
that the different pairs of functions are indeed parallel to each other. Thus, Figure 2 verifies that
Property 2 holds at the deterministic steady state.

The discussion of business cycle dynamics that follows is centered around the analysis of
the impulse responses of different variables to a one standard deviation increase in aggregate
productivity. Figure 3.A shows the impulse responses of the utility of consumption of young
agents wu,r, and u,y. We see that the two impulse responses overlap perfectly, thus satisfying
Property 1. Figure 3.B shows the impulse response of the utility of consumption of old agents
with a low value of leisure u,, (v), at each of the eleven grid points (Uj);i& While the figure shows
eleven impulse responses, only one of them is actually seen because they overlap perfectly. This
means that, in response to the aggregate productivity shock, the linear function u,; depicted in
Figure 2.A shifts vertically over time while keeping its slope constant. Figure 3.C, which does
the same for u,p, is identical to Figure 3.B. Thus, not only u,p shifts over time keeping its slope
constant, but its increments are the same as those of u,;,. We have thus verified that wu,;; and
Uy satisfy Property 3. Figure 4 is analogous to Figure 3, except that it depicts the behavior of

the utilities of leisure nys and [ngs (vj)];iG.

Figure 5 is also analogous to Figure 3 but depicts
the behavior of the promised values wys 11 and [wps 11 (vj)];i& A quick inspection verifies that
Figures 4 and 5 have the same characteristics as Figure 3. Thus, Properties 1 and 3 are fully
satisfied.

Figure 6 shows the impulse responses of the cross sectional standard deviations of promised val-
ues, log-consumption and log-leisure. We see that in response to a positive aggregate productivity
shock, all these standard deviations remain flat. Thus, Property 4 is satisfied.

Finally, Figure 7.A shows the impulse responses of aggregate output Y;, aggregate consumption

C;, aggregate investment [;, aggregate hours worked H; and aggregate capital K;_; for the Mirrlees
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RBC economy. Figure 7.B reports the impulse responses for the same variables but for the
representative agent economy planning problem (4.15)-(4.16). We see that Figures 7.A and 7.B
are the same. Figure 7.C verifies this by reporting the differences between the Mirrlees economy
and the representative agent economy, for each of the macro variables considered. Thus, Property
5 is perfectly satisfied.

We have thus verified that the general computational method, when applied to the Mirrlees
RBC economy with logarithmic preferences, reproduces all the analytical properties found in
Veracierto (2019). Since nothing in the computational method exploits the functional forms or
structure of the economy considered, this provides significant evidence about its accuracy. This
finding indicates that the computational method introduced in this paper should prove useful in

a variety of other settings.

5 Conclusions

In this paper I introduced a general method for computing equilibria of economies with heteroge-
neous agents and aggregate shocks. Its basic strategy is to parametrize individual decision rules as
spline approximations and to keep long histories of the spline coefficients as state variables. The
resulting representation of the model is then linearized at the deterministic steady-state. Three
important features make this approach attractive as a general computational method: 1) it keeps
track of the full distribution of agents across individual states, 2) it can handle irregular shapes
for this distribution, and 3) it incorporates the distribution’s exact law of motion. In addition, the
computational method is able to handle cases in which the cross-sectional distribution of agents is
state-contingent. This last property makes the method particularly useful for computing aggregate
fluctuations of economies with private information.

The computational method was then illustrated using a Mirrlees RBC economy with known
analytical solution. Contrasting the numerical solution to the theoretical solution allowed me to
test the accuracy of the computational method. The method passed the test with flying colors: it
reproduced all the theoretical properties of the solution perfectly well. This finding suggests that
the computational method should prove useful in a variety of other applications.

While the features of the computational method mentioned above are extremely attractive,

I would like to conclude the paper with two caveats. The first one is that, since linearizing the
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model with respect to each of the elements in the history of spline coefficients requires perform-
ing a massive number of Monte Carlo simulations, the method turns out to be rather slow.?’
This should not be a problem when calibrating the deterministic steady-state of a model, since
the computational method needs to be applied only once (after all parameter values have been
determined). However, it makes it impractical for estimating a model using formal econometric
methods. The second caveat is that the computational complexity grows exponentially with the
number of endogenous individual state variables. The reason is that as the spline approximations
are defined over state spaces of increasing dimensionality, the number of spline coefficients in the
system grow accordingly. As a result, models with two endogenous individual state variables could
only be handled if the decision rules are sufficiently smooth to be described with a relatively small
number of grid points. Models with two endogenous state variables and significant non-linearities,
or with more than two endogenous individual state variables are currently outside the scope of

the method.
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Figure 1: Invariant distribution of promised values
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Figure 2: Steady state allocation rules
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Figure 3: Impulse responses for consumption utilities
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Figure 4: Impulse responses for leisure utilities
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Figure 5: Impulse responses for promised values
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Figure 6: Cross-sectional heterogeneity

0.001

1 0001 1 3 5 7 9

Time since shock
-0.003

-0.005
-0.007
-0.009

-0.011

e promised values (v) —essmconsumption (c) —essm|eisure (n)

37



Figure 7: Macro variables
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6 Proof of Proposition 1

The deterministic version of equations (2.23)-(2.28) is given by:

0 = Bux + Ba? | + Cray? + D1z, (6.1)
0 = A21$%+1 + Boyty + Boox} | + 021y151+1g (6.2)
0 = Aspa? + Bax; + Bsprr | + Csoy?, (6.3)
0 = Hpx, + Hprp  + Jyio + Koy + Kioyp + Mz, (6.4)
0 = Fsoxjy + Guox} + Hyixy + Heowy 4 Jsaypyy + K19y 1 + Kooy + Lszei1 + Ms46.5)
2ie1 = Nz (6.6)

The following Lemmas is used in the proof of Proposition 1.

Lemma 2 : Suppose that equations (2.33)-(2.36) are the recursive solution to equations (6.1)-
(6.6). Then,

Py = —Ay' By — Ay CoRyy (6.7)
Py = —Ay' By — Ay Co1Ryy (6.8)
Q1 = —AyCnS (6.9)
Ry = —Ky'Hy — Ky'JopRoy Py — Ky JipRos Py — Ky Kus Ry (6.10)
Ry = —Kj'Hyy— Kj' JioRo1 Pro — K JiaRog Poy — K3 Ko Roo (6.11)
Si = —K;'JpRuQi — Kj' JuRnQs — Ki' JnSaN — K ' KisSs — Kii' My (6.12)

Also,

0 = [FsaPuPiy+ F5oPayPoy + Gy Pyy + Hsy + J5oRo1 Py + JsaRoo Poy + K1 Ryy + Ko Ry @y
+ [FsoPo1 Pig + FsoPas Poo + Gso Pag + Hso + Js2Ro1 Pra + Js2Roo Pog + K51 Ria + KsoRao) 27,
+ [FraPo1Q1 + Fya Pos Qo + F5aQo N + GsaQa + Js2 Ro1 Q1 + J52R20Q2
+ J5059N + K5151 + K5052 + LsN + Ms] z (6.13)



Proof: From equation (6.2) we have that

x%+1 = _A511321$§ - A2711322It271 - A51lc2lyg+1 (6.14)
= —A;llBglx% — A511322x152_1 — A;llcgl [Rlll'tl + R12$t2_1 + Slzt}
= _A2_11B211’% — A;llBQQZL‘?_l — A2_11021R11[L% — A2_11021R12$§_1 — A;lnglSlzt

== [—AQ_IIBgl — A2_11021R11] [Etl + [—A2_11B22 - A2_11021R12} (L’?_l + [—A;lnglSl} Zt

where the second equality uses equation (2.35). Equating coefficients with equation (2.33) gives
equations (6.7)-(6.9).

From equation (6.4) we have that

Yrow = —Ki'Hpwp — K 'Hixp | — Kt Jwyi — Ko Kayp — K Myz,

= —Ky'Hpx; — K 'Hypa} | — Ki' Jio [Ranay + R} 4 Sazi44)
— K 'Ky [32117% + Rggx?_l + ngt} — K ' Myz,

= —Kj'Hyr — K 'Hipxp | — K JpRoixy, — Ky JpRoex? — Ky Ji2Sa Nz
— K 'Ky Royx! — K  KygRyow? | — K Ky Sozy — K My

= —Ky'Hyz, — K Hpp | — K JpRoy [Puz) + Poxi ) + Q2]
—K4_11J42R22 [PQL'E% + P22$§_1 + QQZt} — K4_11J4252N2t
—Ki'KpnRoz, — Ky KigRoowp | — Ky ' KuaSaz — K Mazy

= —Ky'Hypx, — K Hpap | — Ky' JpRo Phaf — Ky JipRoy Proa | — Ky Jin R Q12
— Ky JpRay Py — Ky Jip Raa Poawy | — Koy JipRas Qa2 — Kif' J12S2N 2,
— K ' KpRow} — K Ky Roow? | — K Ko Sazy — Kt My,

= [—K4_11H41 — Ky ' JigRo1 Py — K" Jig Rog Py — K4_11K42—R21} )
+ [~ K4 His — Ky JioRoy Py — Ky Jip Roo Poy — Ky Kus Rop | @

+ [~ Ky JiRn Q1 — Ky Jo Rpo Qo — K" Ji2SoN — K KiaSs — K4_11M4} 2

where the second equality uses equation (2.36), the third equality uses equation (6.6), and the
fourth equality uses equations (2.33) and (2.34). Equating coefficients with equation (2.35) gives
equations (6.10)-(6.12).
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Finally, from equations (2.36), (2.33), (2.34), and (6.6) we have

Virn = Rowwgy + Rosaf + Sozen (6.15)
= Ry [Pnil?tl + Ppoa}  + let] + R [P21£13t1 + Pypa} | + QQZt] + Sa Nz
= Ry Puz; + RuPiai | + RnQiz + Roa P + Ros P | + RynQa2 + S2N 7,

= [Ro1 P11 + R Py !Ei + [Ro1 P12 + Rog Poo ﬁ_l + [R21Q1 + Ro2Q2 + SaN| 2
From equations (6.5), (6.15), (2.33), (2.34), (2.35) and (2.36) we then have

= Faxj + Gsu} + Hsiwy + Hsox | + Jsayiy + Ksiypy + Ksoyp + Lszir + Msz
= F52x?+1 + Gsow? + Hsyw} + Hsp2? | + Jso [R21$t1+1 + Rogpa? + S2Zt+1]
+Ks1yis1 + Ksoyi + Lszes1 + Msz
= Iy [me%ﬂ + Pyaji + Q2Zt+1} + G52 [Pml’% + Pypa} | + QQZt} + Hyz; + Hsa}_
+J52Ro1 [PUZU% + Proa; , + let] + J52Rao [PZNU% + Pypa} | + QZZt}
+ 529Nz + K51ytl+1 + Ksoy; + Lszer1 + Msz,
= FsoPyy [Puzy + Pty + Q2] + FsaPos [Py + Pootp | + Qozy] + F5Q2N 2
+GsaPorwy + Gsa P | + Gs2Qoz + Hsixy + Hsoa_y + Jsz [Ra1 Pry + Roo P 2
+J52 [Ro1 P2 4 Ras Pas) @7y + Js2 [Rn1 Q1 + Ro2Qa + S2 N 2
+ K51 [Ruz) + Riosxy y + S12i] + Kso [Ronw} + Roox}_y + Saz| + Lszisr + Ms2,
= FyoPo Poyxy + Fso Py Piot_ + FsoPa1 Q12 + FioPaa Poiy + FraPooPoowy | + FoPpnQo
+F52QoN 2 + Gsa Pty + Gsa Py | + G52Qaz + Hsywy + Hipwy | + Jso [Roy Pry + Roo P 2y
+J52 [Ro1 Pia 4 RaaPas) 27—y + Js2 [Rn1@Q1 + Ro2Qa + S2 N 2
+ K51 [Rnx% + Ripxy | + Slzt] + Ko [Rmfi + Rop | + SQZt] + L5211 + Msz
= [FsoPo1Pi1 + FsoPoo Py + GsoPo1 + Hy1 + J52Ro1 Pii + J52Roo Poy + K51 Riy + KsoRo] 2y
+ [F52 Py Piy 4 FsaPyy Pyy + G52 Pag + Hsg + JsaRo1 Prs + Js2 Roo Pas 4+ K51 Rio + KsaRoo] a7,
+ [FraPo1Q1 + FsaPoz Qo + F5aQo N + GsaQo + Jsa Ro1 Q1 + J52 2202
+ J5259N + K551 + K520 + Ls N + M) 2

Thus, equation (6.13) is satisfied. m

Proof of Proposition 1: By assumption, equations (6.1) and (6.3) are satisfied by equations
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(234) and (236) Since le = P21, QQQ = PQQ, ‘112 = QQ, (I)Ql = Rgl, (I)QQ = RQQ, FQ = Sg, equations
(2.23) and (2.25) are then satisfied by equations (2.30) and (2.32).

Observe that equation (2.24) evaluates as follows:

A2y 1 + Borwp + Boox? | + Corypis (6.16)
= Ay [qu% + Quor? |+ Uiz, + @1zt+1} + Byx; + Boya? |
+Co1 [P112) + Prox}_y + Dizg + Arziga ]
= A Puz; + AnPiox? | + Agy V12 + A ©O1 2041 + Borx; + Byox? |
+C21R11$% + 02131230,52_1 + Co1 Ty 20 + Co1 Ay 24
= [Ao1 P11 + Bay + Co1 Ry xtl + [A21P1o + By + Co1 Ryo) xf_l
+ [Ao1 Wy + Con T 20 + [A2101 + O Ay [N 2y + €444]
= [A91Pi1 + Bar + Co1Rit] @) + [A21 Pig + Bag + Co1 Rig] a7,
+[An V1 + Ol + A1O1N + CALN] 2z + [A2101 + Cor Ay 441
= [=Ba1 — Co1Ruy + Bay 4 Co1Rut] @y 4 [—Bas — Ca1Ris + Bag + Co1 Rig] 4
+ [Ag1 V1 + O Ty + At O N + Coi Ay N 2 + [A2101 + Con Ay €114
= [An V) + Oy + A O1N + Co1 A1 N| 2 + [A21©O1 + Cor1Ai] 414
where the first equality uses equations (2.29) and (2.31), the second equality uses the fact that
Q1 = P11, Qq9, P11 = Ryy, P1o = Ry, Poy = Roy, Pog = Roo, and 'y = 55, the third equality uses

equation (2.28), and the fifth equality uses equations (6.7) and (6.8).
Observe that

An Oy + CyAy = Ap0y — Oy K JipRo©1 — Co K51t J4sSs (6.17)
= Ay [I — Ay Cou K ' JoRot ] ©1 — Co1 K 7' JunSo
— Ay [I = A5 O K i Ror | [ — A3} Coy K JaaRoy ]~ A5 O Ky Jin S
—Co1 K1t J42.Ss
= Ay A Co K JieSs — O K J4eSo
= OnK;'JiSy — Coi K JinSo
=0

where the first equality uses equation (2.39), and the third equality uses equations (2.37) and
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(2.41).
Also observe that

AWy + Coi 'y + A O N + Co1 Ay N (6.18)
= AV, + Cnly
= AnVy — Ky JipRn Uy — Cot Ky Jip RooQo — Con K Kip Sy — Con Ky M,y
= Ay [I — A2_11021K4_11J42321} Uy — Co1 Ky JoRoo Qo — Con Kt Ko S — Co Ky My
= Ay [I — A2_11021K4_11J42321} T [A2_11021K4_11J42322Q2 + A Cn K Ko So + A2_11021K4_11M4]
—Co1 Ky Jip RpaQo — Cot K i KipSy — Cot Ky My
= Ay [A511021KL1J42322Q2 + Ay Cyn Ky Kip Sy + A§11021KL1M4]
—Cn Ky JioRnQo — Con Ky Kiyp Sy — Con K3y My
= CnKj'JnRoQs + Co Ky KinSs 4+ Con Ky My — Cor Ky Jio Roa Qo
—Co1 Ky K252 — Coy K ' My
= 0
where the first equality uses equation (6.17), the second equality uses equation (2.40), the fourth

equality uses equation (2.38) and the fifth equality uses equation (2.41).
From equations (6.16), (6.17) and (6.18) it follows that equation (2.24) is satisfied.



Observe that equation (2.26) evaluates as follows:

Huyxl + Hipx} | + Jioyiy + Kaypoy + Koyi + Myz (6.19)
= Hpw, + Hpr; |+ Ji [(D21!Et1+1 + Ooo} + FQZt—H} + Ky [‘I)nwtl + Ooxy g + iz + A1Zt+1}
+ Ky [lex% + Popr? | + F2zt} + Myz
= Hpw, + Hp} | + JoRux . + JRot} + JinSez1 + KnRuxy + Ky Ry,
+ KTz + KAz + K Roywf + KipRoot] g + KipSaz + Mazy
= Huyaz{ + Hpz} | + JpRay [Qlﬂi + Quaxy_ + Uiz + @1Zt+1}
+Jpo Roo [lex% + Qopr? | + \IIQZt} + 12892141 + Ky Ruwy + Ky Risa? |+ Kyl z
+ KMz + Kip Ry + Ko Rooa} | + KuaSoz + Mz
= Huz} + Hypa? | + JipRoi Phx; + JoRo1 Pax? | + JiaRoy W12 + JioRo1©1 2041
+JioRoo Po1wf + JioRoo Pt} | + JipRoaQoz + Ji2Saz41 + KRy + Ky Riswy
+Knl12z + KnAizeo + KipRorv) + KipRaowp | + KipSaz + Myzy
= [Hu + JoRan P14 JisRas Poy + Kyt Ryy + KypRot]
+ [Haz + J1oRo1 Pro + Jyo Roo Pog + K41 R1a + KyaRoo) 20?_1
+ [Ja2Ro1 W1 + Jyo Rop Qo + Kunl'y + Ko So + My| 2 + [Jio R21©1 + Jy252 + Kyn A1) 241
= [Hu + JioRo1 Py + JioRoo Poy +
Ky (_KzﬁlHlﬂ — K ' JioRo1 Piy — Ky JuoRoo Poy — K4_11K42R21) + Ko Rot]wy
+[Hyz + Jao Rt Pro + Jao Roo Pro
+Kq (—K4_11H42 - K4_11J42R21P12 — K4_11J42322P22 — K4_11K42R22) + K42R22]$?,1
+ [Ja2Ro1 W1 + Jio Rop Qo + Kinl'y + Ko So + My| 2 + [Jio R21©1 + Ji2S2 + Ky M) 241
= [Hu + JoRanPii + JisRys Poy — Hyy — JioRoy Py — JioRya Py — Ko Roy + KipRoy) 2
+ [Hyz + JioRo1 Pio + JioRas Pas — Hap — JusRo1 Pra — JyoRoo Poy — KusRos + KusRoo 77
+ [Ja2Ro1 W1 + Jyo Rop Qo + Kunl'y + Ko So + My| 2 + [Jio R2101 + Jy2S2 + Kyi A1) 2041

= [JoRa V1 + JioRoo Qo + KTy + Ky2Ss + My 2z + [J12R2101 + J42.S2 + KynAi] ze44

where the first equality uses equations (2.32) and (2.31), the second equality uses the fact that
®1y = Ri1, P12 = Rig, Doy = Ry, Pog = Rao, and 'y = S, the third equality uses equations (2.29)
and (230), the fourth equality uses the fact that QH = PH, 912 = Plg, le = P21, QQQ = PQQ,
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Uy = Y2, where the sixth equality uses equations (6.10) and (6.11),
Observe that

J1oRo101 + Jy2S2 + KAy = JpoR2101 + J12Ss — J1aR2101 — J425 (6.20)
=0

where the first equality uses equation (2.39).
Also observe that

Jio Ry V1 4 JyoRooQo + Ky I’y 4+ Ky255 + My (6.21)
= JpRu Uy + JyoRyQo — JioRo1 V1 — JyoRooQo — K42 So — My + K4255 + My

= 0

where the first equality uses equation (2.40).

From equations (6.19), (6.20) and (6.21) it follows that equation (2.26) is satisfied.

It remains to show that equation (2.27) holds.

Applying conditional expectations to equations (2.29)-(2.32) and using the fact that Q17 = Py,
o = Pra, Qa1 = Por, Qag = Paa, Vo = Qa, P11 = Rup, P12 = Riz, Poy = Rar, oo = Rag, I'y = 5o,

we have

Ey(z) = Puz+ Poxi+ ¥+ O1N]z, (6.22)
By (7)) = Puzy + Pov, + Qoz, (6.23)
E, (yt1,) = Rux;+ Rl |+ [T+ AN]z, (6.24)
Ei(y;) = Roix, + Ry} | + Sa2. (6.25)

From equations (6.9) and (6.12) we have that

Q1 = —A2_1102151
= A2_11021K4_11 JiaRo1 G + A2_11021K4_11 Jaa R0 Qo + A2_11021K4_11 J12So N
+ A Co K Ky Sy + Ay Cot Kt My

Hence,

[] — A2_11021K4_11J42R21} Ql - A2_11021K4_11J42R22Q2

+ A Co K JiaSo N + A Coy K Kyp S + Ay Coy K My
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Using equations (2.41), (2.38) and (2.37) we then get that
= 7T [A2_11021K4_11 J1aRooQa + A5 Cor Ky JinSo N + A Coy Ky Kya S + A2_11021K4_11M4]
= T [A} Cu K JioRoaQo + A3 Con Kt Kua S + A3 Con Ky My ] + T A Cor Ky Jua SN
= U, + 6N (6.26)
Also, using equations (2.40), (2.39), (6.26) and (6.12) we have that
Ty + AN (6.27)
= —KQIJ42R21‘I’1 - KQIJ42R22Q2 - K4_11K42S2 - K4_11M4 - K4_11J42321@1N - K4_11J4252N
= —K; 'Ry [V + O1N] — K ' Jis Rn Qo — Ky Kip Sy — Ky My — K J4aSo N
= 5

Using equations (6.26) and (6.27) we can then write equations (6.22)-(6.25) as follows:

>
NS
00

1 2
= Pnzy + Por, | + Q1

>
B
S

1 2
= P21$t + P22xt—1 + Q224

&
Lo
S

Ey (ytl—',-l = Ruyz; + Rprl | + Siz,

o~ o~~~
~—_—  — ~—

=2
w
—_

= Ryw; + Ropa? | + Soz.
From equation (6.31) we have
Er1 (Y741) = Rty + Roat} + Sazep
Using the Law of Iterated expectations and equations (6.28) and (6.29) we then get
Ey (yi1) = RBauEi(z)y,) + RnE: (2]) + S2E (2141) (6.32)
= Ry [P11$t1 + Pz, + let}
+Ros [Porz; + Pty + Q2] + S2Nz
Also, from equation (6.29) we have
By (27)) = Paxyyy + Poxi + Qa2
Using the Law of Iterated expectations and equations (6.28) and (6.29) we then get
Ey (27,,) = PuE(vy4) + PoE (27) + Q2E; (241) (6.33)
= Py [letl + Prox} | + Q1Zt]

+ Py [Py + Pt} | + Qo) + Q2N 2
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Observe that equation (2.27) evaluates as follows

Fs E, (mfﬂ) + G52 F (xtz) + Hyiwp + Hsow? | + Jso By (yfﬂ) + K51 Fy (ytlﬂ) + K50 Fy (yf)
+LsNz + Msz

= FyoPo [Puzy + Pioxy | + Q12] + F5oPas [P} + Pooy | + Qo] + F5oQaNz
+Gs2 [Pml‘% + Pypa} | + Q2Zt} + Hsz; + Hsoa}_ ) + J52Ron [Pn!ftl + Proai_ + let}
+J52Ros [P} + Pooty_| + Qo] + J525:N 2
+ K5 [Rnl’% + Rppx? | + Slzt} + Ko [Rglxtl + Ryl | + ngt] + LsNzy + M5z,

= F52P21P11$§ + F52P21P12$?_1 + F5oPo1 Q12 + F52P22P21$L} + F52P22P22$?_1 + F5oPooQ22
+F52QaNz + Gso [Py + Prox_y + Qaz] + Hszy + Hsoa}
+JsoRo1 [Pz} + Prow_y + Q12] + JsaRas [Py + Poop_| + Q2] + J5252N 2
+ K5 [Rllxtl + Ryp? | + Slzt} + K59 [Rglxtl + Ropx? | + ngt] + Ly Nz + M5z,

= [F5oPs1 P11 + F5oPooPoy + G52 Py + Hsy + JsoRo1 Piy + J5oRoo Por + K51 Ry + Kso Roy ﬂvtl
+ [F52Po1 Py 4 Fsa Py Pyy + G52 Pag + Hiz + JsaRo1 Prs + Js2 Roo Pao + K51 Ri2 + Ko Roo] 47
+ [FroPo1Q1 + FspPosQo + FspQoN + G52Qo + JspRo1Q1 + Js2 R Qo
+ J5299N + K511 + K5959 + Ls N + Ms] z

= 0

where the first equality uses equations (6.33), (6.32), (6.30) and (6.31), and the third equality uses
equation (6.13). Thus equation (2.27) is satisfied m
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7 Mirrlees economy: Linearization

This appendix first lists each of the first order conditions for the Mirrlees RBC economy, describes
the arguments involved in each first order condition, and states the total number of each first order
condition. The appendix then classifies each of the variables involved into the vectors defined by
equations (2.19)-(2.22), classifies each first order condition into one of the five types given by
equations (2.23)-(2.27), and provides the total number of equations of each type as well as the
total number of variables. Finally, the appendix shows how the general linearized model (2.23)-
(2.28) simplifies in the Mirrlees RBC economy, as well as the corresponding transformation given
by equations (2.37)-(2.41).

Similarly to equations (2.19)-(2.22), J denotes the total number of grid points used in the spline
approximations. However, given that promised values must lie in a closed interval, the functions
Wort (v) and w,rs (v) may hit the limits of those intervals when v is close to those limits. In what
follows, I denote by .J; the lowest grid point for which w,r; (7;) is larger than the low limit and J;
the largest grid point for which w,z; (7;) is smaller than the high limit. Similarly, I denote by J3
the lowest grid point for which wey (7;) is larger than the low limit and J; the largest grid point

for which w,p (0;) is smaller than the high limit.

7.1 First order conditions

1) Equation
_1
0=t — M [(1 = @) uyre + 1|77 " by, + M&ye

becomes

0= LuyL (Auy[/7t, A In fyta A In )\t)

Number of equations: 1
2) Equation

1

0=1vg — M [(1— @) uyme + 17 b — ANy

becomes

0= L“yH (AUyH’t, A hflgyt, Aln >\t)

Number of equations: 1



3) Equation
a1
0=app — Mg [(1 = 7) e + 177"y + Marby

becomes

0= Ly, (Anyry, Aln&y, Aln X, Alng,)

Number of equations: 1
4) Equation

_1

0= agtr — Mg [(1 = 7) nyrre + 177 oy — Meawryn

becomes

0= Ln,; (Anymg, Alnéy, Aln A, Alngy)

Number of equations: 1
5) Equation
0= Boy, + MBo&yr — ON10V L1 (WyL41)

becomes

0= LwyL (A In gyta A In )\ta A In )\t+1, [A In MNt+1 (@J)]J AwyL7t+1>

j=1"
Number of equations: 1
6) Equation
0= Boyvy — )\tﬁUfyt — 0N 10V EN (wa,t+1)
becomes

0= L, (A &y Al A, Aln Ay, [Aln (8)], Awa,Hl)

Number of equations: 1
7) Equation
0= —[(1 = @) ttora (0) + 7% op 4 &t (0) + 0 (0) ¥
becomes
0= Lu,, @) (Dtors (), Ao (0:) , Alnn, (3;))
fori=1,...,J.
Number of equations: J
8) Equation
0= —[(1 = @) torn (0) + 177" oy — & () + 1 (0) Y

x1



becomes

0= LuoH(’TJi) (AUOH,t (@Z> ) Aln got (62) ’ Aln us (T)l))

fore=1,..,J.
Number of equations: J

9) Equation

0=~ [(1 = 7) moze () + 177 "y + aror (v) + e (v) iy
becomes
0= Ly, @) (Anors (0:), Alny (), Alnm, (), Alng)

fori=1,...,J.
Number of equations: J

10) Equation

0= —q [(1— ) nome (V) + 177" gy — aplor (v) + 1 (V) prtby

becomes

0= Ln, @) (Anoms (0:) , Aln o (v;) , Alnn, (0;) , Alng,)

fore=1,.... J.
Number of equations: J

11) Equation
0 = Mfo&or (V) + A (v) Bobr, — ONpy10Y 01 [Wor p1 (V)]
becomes

0= Lu, (o) <A In € (T), Aln Ay, Al (3) , A At [A 0y ()], ) Atorea (m))

j=1"

for i = Jl, cey JQ.
Number of equations: Jy — J; + 1
12) Equation

0 = —A\SB0& (v) + Ay (v) Bovm — ONy10Y N1 [Worr 41 (V)]

x1i



becomes

0= L, ) <A In&o (0;), Aln Ay, Alnn (0;) , Aln Mgy, [Alnmeyy (@j)]J AWop 141 (@))

j=1"
for ¢ = J3, ceey J4.
Number of equations: Jy — J3 + 1
13) Equation

0 = uyrs + arngre + BoEy (wyr 1] — {uyme + arngme + BoEy [wym 1]}

becomes

0= By [Licy (Duyre, Anyr g, Awyr 1, Dtym g, Angr e, Aym )]

Number of equations: 1

14) Equation
0 = Uors (V) + apnor: (V) + Lo Ey [Wor 141 (V)] — {tomt (V) + apnom: (v) + BoEy [womt+1 (v)]}
becomes
0= E; [Lico@) (Dtors (T;) , Anopy (U:) , Aworp11 (i) , Dtoms (0;) s Ao (0:) , Awop 41 (T:))]

fori=1,...,J.
Number of equations: J

15) Equation
0 =0 — {tort (V) + apnors (v) + BoEy [Wor, 141 (V)] } Y1
— {uont (V) + apnom: (V) + BoEy [Wop 41 (V)] } Yn

becomes
0= E; [LPKO(ﬁi) (Ator (05) , Anopy (), Aworp 41 (0:) , Dttopry (0;) , Anopry (U3) , AWop 41 (@z))}

Number of equations: J
16) Equation
0=gq —e"K/,(1-7)H,~
becomes

0=L,(Alng, Aln Ky 1, Aln Hy, Az)

xiil



Number of equations: 1
17) Equation
0=+ 0B {\y1 [e* K] H Y +1- 6]}

becomes

O = Et [L)\ (A ln )\tv A hl Kt7 A ln >\t+l; A ln Ht+17 AZt+1)]
Number of equations: 1
18) Equation
0=(1—0)[(1 =) uyze + 1177 9, + (1= 0) [(1 = @) e + 1177 ¢y
+1/fﬂ-a)wmA@)+1P21¢uhu+i/fU-aﬁmHt@)+1P{’¢Hmu

2t TV 1—v
+ 1, —e* K, |H,
becomes

0= Ly (AuyL,ta Auyp g, [Ator (ﬁj)]jzl VAN (17])]] LAIn L, Aln Ky,

N
A 111 Ht7 Azta {AwyL,t—ny Arwa,t—na [AwoL,t—n (_)]j J10 [Aont n (U])];]4 J3} 0)
n—=
Observe that this linear approximation must be done numerically using Monte Carlo simula-
tions.

Number of equations: 1

19) Equation

0:(1—0){1—[(1 ™)y + 177 }wL+(1—0){1—[(1 )y + 1] }@/)H
+/@—mﬂmmm+WWMWﬁ/$—mﬂwmu+u}mmtm

becomes

0= LH (AnyL,tu AnyH,ta [AnoL,t (@j)]J

j=1"

[An(,}Lt ('I_JJ)]] 1 ,A In Ht,

_\1Js Ja N
{AwyL,t—ja Awa,t—nu [AwoL,t—n (U )]] Jy 0 [Aont n (U])]] J3} )

n=0
Observe that this linear approximation also must be done numerically, using Monte Carlo
simulations.

Number of equations: 1
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20) Equation
OZKt—(l—(;)Kt_l—It
becomes

L[ (A In Kt, Aln thh A In [t>

Number of equations: 1

21) Equation

[AwyL,t+1—m Dwy1-ms [DWor 110 (T)]]2 5, s [DWorr 1 <@j)];‘]ij3:| :[O
= AWy 141, AWy 41, [DAWor 141 (@j)]}]ijl [ AWorr 111 (’D]'>];']4:j3 ;
| 801 B0y D001, B, (Do (@), ;V_—Ol
becomes
0-1, Awyp 41, Dwyp g1, [Dwor p11 (@j)];-]iJl [Awor 41 (@j)];}ijg .
A ) VA 1) (TP 1) I
Number of equations: (N +1)[2+ (Jo — J1 + 1) + (Jy — J3 + 1)]
7.2 Classification of variables and equations
Classify the variables as follows:
o} = { Bty By B @) By @, ) (1)
v ={AInK,} (7.2)
v = { By per, Dy, [Bwor et @), (Do (512, } (7.3)
y? = {AuyL’t, ANy Ay e, Angme A&y, Aln Ay, Aln g, [Alnn, (@jﬂjﬂ , (7.4)

[Ator (@j)]}]:l [ Dtom (@j)]}lzl (Ao (@j)];}:l [Anomy (@j)]}]:l ;

[A ln{ot (T)J)]J AlnHt,AIt}

j=1"

The following Table classifies the different equations into five types. Types 1-5 correspond to
equations (2.23)-(2.27), respectively.
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Equation # | Equation name # of equations Type (1,2,3,4 or 5)
1 Ly,, 1 5
2 wyir 1
3 Ly, 1 5
4 L,y 1 5
5 Ly, 1 4
6 Lo,y 1 4
7 Loy (50) J b
8 Lo,y ) J 5
9 Ly (1) J 5
10 Ly, () J 5
11 Loy, (5, Jy—J1+1 4
12 Loy, (5) Jy— Js+1 4
13 Licy 1 5
14 Licos,) J 5
15 Lpgo,) J 5
16 L, 1 5
17 Ly 1 5
18 Ly 1 1
19 Ly 1 1
20 Ly 1 3
21 L, (N+1) 2+ (o= 1+ 1)+ (Jy— J5+1)] 2

Total number of equations:

1246J+ (- +1)+(Ja—S+1)+(N+1) 2+ (Jo— 1+ 1)+ (Js— J3+1)]

Total number of Type 1 equations:
Total number of Type 2 equations:
Total number of Type 3 equations:

24+ (- + 1)+ (Jy—J3+1)

Total number of Type 4 equations
Total number of Type 5 equations

2

1

CT+6J

Xvi

(N+1)[2+ (Jo = Sy +1) + (s — Js + 1)]




The following is the dimensionality of the different variables:

dim (2, 1) = (N+1)[2+ (Jo— J1 + 1) + (Js — J3 + 1]
dim (z7_,) =1
dim (y;) =2+ (o= S+ 1)+ (Js — J3 + 1)

dim (y%) =9+6J

dim (z) =1

Total number of endogenous variables: (N + 1) [2+ (Jo — J1 + 1) + (Jy — J5 + 1)]+124(Jo — J1 + 1)+
(Jy — J3+ 1) + 6J (same as number of equations).

7.3 Simplified linear system

Under the classifications of the previous section, the linearized model given by equations (2.23)-

(2.28) simplifies to the following:

0 = Bux, + Bzl |+ Ciay; + Diz
0 = A21x%+1 + By + CQlytl+1

0 = Az} + Baoxi | + Caoyp

0 = Juyiq + Kyl + Kiy;

0 = L {Gszxtz + Hsox} | + J52yt2+1 + K51yt1+1 + Ksoy; + Lszi1 + ME)Zt}

and the transformation given by equations (2.37)-(2.41) simplifies to:

01 = YA 'Co K JiS,, (7.5)
Uy = Y[A7' CouKj ' JnRonQs + Ay Co1 Kiy KinSs) (7.6)
AN = K 'JpRn0, — K;'JinSs, (7.7)
[N = —K;j'JpRaV, — K" JnRyoQo — K KypSo, (7.8)
where
T = [I - A3 O Ky JinRon ] ™ (7.9)
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